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1 Introduction

Martin Eichler has been famously quoted as saying, “There are five elemen-
tary arithmetical operations: addition, subtraction, multiplication, division,
and modular forms”. What is certainly true is that Modular Forms are one
of the most ubiquitous concepts in moden mathematics. A modular form
is a holomorphic function on the upper half plane H which has a particular
transformation under the action of the group SL(2,7Z). Thus at first glance
one recognises their role in the theory of Complex Analysis. However, they
are in fact historically associated with Number Theory and related areas of

mathematics.

Thus it is unsurprising that the theory of Modular Forms is a well-studied
and rich one. Much is understood and well known, but as yet there still exist
phenomena that are surprising and unexplained. Some of these arise in even
the most elementary examples. The topic we are concerned with is one of

these phenomena.

On the space of Modular Forms one can define a ring of commuting linear
operators called Hecke Operators. The subspace of cusp forms is invariant
(but not pointwise) under the action of these operators. In fact, the space has
a basis of forms with purely integral coefficients in their Fourier expansions.
One may thus wish to ask about the characteristic polynomial associated to
this operator. Regarding this, Maeda has conjectured the following:

Conjecture 1.1 (Maeda, 1997). Let n,k € Z~o. Let f be characteristic
polynomial of the Hecke Operator T, acting on the space Si(SL(2,Z)) of
level 1 weight k cusp forms. Let K be the splitting field of f. Then

(1) f is irreducible over Q,

(2) the Galois group Gal(K/Q) = &, the symmetric group on d letters,
where d = dim Sg(SL(2,7Z)).

We provide some background to define some terms and to give some insight



into the significance of this conjecture. We also describe some of the results
that have arisen in its study, along with our work in extending these meth-
ods. Finally, we give a new result which seeks to extend and generalise the
conjecture by applying it as much as possible to the case of Siegel modular

forms.



2 Classical Modular Forms

We cover some basic definitions and concepts in the theory of Modular forms.
This section follows [Ste07], [DS05] and [Zud13].

2.1 The modular group and the upper half plane

The upper half plane, H, is defined as all complex numbers with strictly
positive imaginary part; i.e. H = {r € C | &(7) > 0}.
Note: We use the notation 7 rather than z to avoid confusion with general

elements of C.

Consider the group of rational 2 x 2 matrices with strictly positive determi-
nant,

GL(2,Q)" = { (a Z) € Msx2(Q)

Cc

ad—bc>0}. (2.1)

a b
This acts on H by fractional linear transformations. i.e. let v = ( d>’
c

then )
at +
= . 2.2
o ct+d (22)
Lemma 2.1. The formula given in equation defines a group action of

GL(2,Q)" on H. That is:

(1) if y1,72 € GL(2,Q)" and 7 € H, then y1(727) = (1172)7,

(2) if vy € GL(2,Q)" and T € H, then (1) > 0.

Proof. (1) follows from an unispiring computation of the left hand and right

b
hand sides of the desired equality. As for (2), let v = (a d) , then
c

N N R AR (ad — be)T _ad—be 5
SO7) \S(CT—J—d) \S( leT + d|? ]c¢+d!2\5(7)' (23)

10



Since ad — bc > 0, |c7 +d|? > 0 and 3(7) > 0, we have S(y7) > 0, as
desired. O

We in fact will wish to specialise to a subgroup of GL(2,Q)". We consider

the group of integral 2 x 2 matrices with determinant 1,

SL(2,7) = { (“ Z) € Moxo(Z)

Since it is a subgroup of GL(2,Q)™, this also has a well defined action on

ad — be = 1}. (2.4)

‘H by fractional linear transformations. In this case, the formula given in

equation 1' reduces to J(y7) = @glg. However, consider the effect of the

matrix v = —I. We see that

—T
T=—=T.
T

So essentially it doesn’t matter whether we consider v or —v, they both have

the same action. Thus we really want to consider the action of the group

PSL(2,7) = SL(2,7) /{1’ .

In the context of Modular forms, PSL(2,7Z) is known as the modular group,

and is generated by the matrices

T:<1 1),S:<O _1). (2.5)
01 1 0

[ From here it still refers to SL(2,7Z) rather than PSL(2,Z). Might have to
change this... |

The action of SL(2,7Z) on H leads us to consider the space of SL(2, Z)-orbits
in ‘H, denoted SL(2,Z) \ H. This allows us to consider the notion of a
fundamental domain for this orbit space, as follows
Lemma 2.2. The fundamental domain for the action of SL(2,7Z) on H is
given by

Fi={reH | |R()| <1/2, |7| >1}. (2.6)

11



The fundamental domain JF; is shown below in Figure 2.1 A, with B showing
some exceptional points of the domain and C demonstrating the transfor-
mation of the domain under the actions of the matrices 7" and S, defined in

equation ([2.5]).

7

AL

Figure 1: Fundamental domain for SL(2,Z) \ H.

2.2 Weakly modular functions and modular forms

Definition 2.1 (Weakly modular function). Let £ € Z. A meromorphic
function f : H — C is said to be weakly modular of weight k if

Cc

f(yr) = (et + d)*f(1), for v = (a 2) € SL(2,Z) and T € H.  (2.7)

A few things are immediately apparent from this definition.

First, to show a function is weakly modular of weight k, one only needs to
check the transformation under the action of the matrices T and S defined

in equation ([2.5)).

-1 0
Second, one can apply the negative identity matrix —I = < 0 1) , to get

f<7>=f(j—§)=f<(‘01 _01) T>=(—1)"”f(7)- 2.9



Thus if & is odd, we have f(7) = —f(7) and thus f(7) =0 for all 7 € H. So

the only weakly modular functions of odd weight are uniquely zero.
oL : . 11

Third, if one applies the matrix T = <O 1) , one has

T+1

rrn =1 (TR ) = fr 4 =0 = 0. (29)

So f(r 4+ 1) = f(7), and thus a weakly modular function is Z-periodic. As a

periodic function, it has a Fourier expansion. This is given by

0o )
f(T): Z ane%rim‘: Z anqn’ Whereq:e%”, (210)

where the a, are called the Fourier coefficients. For a modular form f, let

the notation a,(f) denote the nth Fourier coefficient of f.

The association 7+ ¢ = ¢*™" isamap H — D = {z € C | |z| < 1}. This
follows since if 7 = z + iy, with y > 0, then |q| = |e ?™e*™| < 1. We
may now observe that the preimage of the value ¢ = 0 is given by 7 = ioo.
So one may wish to extend the requirement of meromorphicity on H to
H = HU{ioco}. ioco is known as the cusp of SL(2,Z). If f is meromorphic at
oo (i.e. ¢ = 0), this corresponds to a finite number of negative index terms

in the Fourier expansion.

With these concepts in mind, we may now turn to the full definition of a
Modular form itself:

Definition 2.2 (Modular Form). A modular form of weight k is a function
f :H — C such that:

(1) f is holomorphic,
(2) f is weakly modular of weight k,
(3) f is holomophic at the cusp.

As discussed above, this last condition corresponds to the Fourier coefficients

a, = 0 if n < 0. Thus a modular form is represented by a power series

fla) = 22z ang™

13



Recalling Conjecture [1.1], we in fact want the notion of a cusp form. A cusp
form is a a modular form that is not just holomorphic at the cusps, but
indeed 0 at the cusps. ie. f =Y a,(0)" = 0. Thus a cusp form is a

modular form for which the Fourier coefficient q¢ = O.

2.3 The space of modular forms

We may now wonder if any modular forms or cusp forms even exist. The
following are examples of each:
Example 2.1 (Eisenstein Series). Let k be an even integer. The Eisenstein

series of weight £ is
Gu(r)= > L (2.11)
(mT +n)k
(m,n)€Z\{(0,0)}

The holomorphicity follows from the convergence of the sequence. We will

confirm that it is weakly modular of weight k.
at +b 1
g (CT + d) - Z ar+b k
(mmyezm o0 (M (255) +n)

(er + d)* )
- = (cm +d)"G(7),
(m,n)eZZQ\{([)’O)} ((am + cn)T + (bm + dn))* ( )'G(T)

where the last equality follows since if m and n vary over Z, so too do am+cn

and bm + dn. The Fourier expansion is given by

Gi(q) = —k—f(Qm)k + 2<7T—Z)! Zak_l(n)q”, where ¢ = ™. (2.12)

So this gives examples of modular forms for every possible weight. So we
are well equipped with examples of modular forms. However, we still require

cusp forms.

Given that we have modular forms represented by Fourier expansions, one

could imagine taking products and sums of these expansions such that we

14



could force ayp = 0. However, would this resulting function be a modular
form? It would certainly be a holomorphic power series, but we would need
to confirm that the function is weakly modular. In fact, we have the following:
Lemma 2.3. Denote the set of modular forms of weight k as My(SL(2,7Z)).
Denote the subset of cusp forms as Sg(SL(2,Z)). Then

(1) My(SL(2,Z)) is a complex vector space, and Sk(SL(2,Z)) is a subspace.

(2) The direct sum M,(SL(2,7Z)) = @ My(SL(2,7Z)) forms a graded com-

kEZZO
k even

plex algebra, and S.(SL(2,7Z)) = @ Sk(SL(2,Z)) forms an ideal in

kGZZO
k even

M, (SL(2,Z)).

b
Proof. (1) Let fi, fo € My(SL(2,7Z)) and ay,ay € C. Let (a d) € SLy(Z).
c

Then

(arfi + aafs) (aT+b> = a1 fy (GT—H)) + g fo (m’—i—b)

cr+d ct +d ct+d
= ay(cr + d)* f1(7T) + azer + d)F fo(T)
= (e + d)k(a1f1 + o fo)(7)

So M(SL(2,7Z)) is a complex vector space, and if ag(f1) = ao(f2) = 0, then
ap(an fi + aofa) = aqap(fi) + asao(f2) =0, so Sk(SL(2,7Z)) is a subspace.

a

C

(2) Let f; € M, (SL(2,Z)) and f, € My, (SL(2,Z)), with ( Z) € SLy(2)

as above. Then

at +b at +b at +b
(h112) (CT+d) = h (m—l—d) f2 (m—l—d)

= (er + d)" fulr)(er + d)* fo(7) = (er + )" (fLfo)(7).

So f1fa € My, +1,(SL(2,Z)) and thus M,(SL(2,Z)) is a graded complex alge-

bra. Further, if ag(f1) = 0 and ao(f2) = B, then ao(f1f2) = ao(f1)ao(f2) = 0.
Thus S, (SL(2,7Z)) is an ideal in M,(SL(2,7Z)). O

15



Example 2.2 (Modular Discriminant). The modular discriminant is defined
as
A(T) = (60G4(7))* — 27(140G¢(T))>. (2.13)

This is a modular form of weight 12, by Lemma [2.3]

Further, we have that

ao(A) = (60ag(Gy))* — 27(140a0(Gg))?

\? 276\ 2
= — ] —=27(14 =
(6045) 7( 027-35) 0

thus we have that A(7) is a cusp form of weight 12.

By Lemma we have that Gi(7)A(7) is also a cusp form (where k €
2Z>p). Thus we have examples for cusp forms for all weights £ > 12. In
fact, it transpires that all examples of modular forms will arise from finite
combinations of the examples we have seen. However, before that result we
require a certain technical Theorem. First we require the following notion:

Definition 2.3 (Order of a function). Let f be a meromorphic function. The
order of f at s, denoted vy(f) is n € Z such that f(7)/(7—s)" is holomorphic

and f(s)/(s —s)™ #0.

In fact, for modular forms, the functional equation f (%) = (et +d)* f(7)
implies that the integer vs(f) depends only on the orbit of s in SL(2,Z) \ H.
We now may state the desired result:

Theorem 2.1. Let f be a non-zero modular form of weight k, for k > 2Z>,.

Then
) + 30lh) + 30 (0) + T ) = 15, (2.14)

2 s€Q)
where p = >3 and Q = {r € SL(2,Z)\ H | y7 #i,p Yy € SL(2,Z)}.

Proof. See [Zag08], Proposition 2. ]

The factors 1/2 and 1/3, along with the slightly odd summation index, come
from the stabilisers of the points ¢ and p in SL(2,Z).
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The use to us of Theorem [2.1]is the following result:
Corollary 2.1. The dimension of My(SL(2,Z)) is 0 for k € 2Z + 1 or
k € Zy, while for k € 2Z>o we have

dim My (SL(2.2)) — [k/12] +1, ifk#2 (mod 12) (2.15)
[k/12], ifk=2 (mod 12).

Proof. First, we have seen that dim My (SL(2,Z)) = 0 for k € 2Z + 1 in

equation (2.8). Second, note that the left hand side of equation ({2.14]) is
non-negative, so we have that £k < 0 would imply that f = 0, and thus
dim M (SL(2,Z)) = 0 for k € Zy.

We now find dimensions for the spaces My (SL(2,Z)) for k = 0,2,4,6,8,10

and show that multiplication by A(7) defines an isomorphism
M;_12(SL(2,Z)) = Sk(SL(2Z)). (2.16)
Since Sk(SL(2,7Z)) is the kernel of the following linear map:

My(SL(2,Z)) — C

f=300and" — ao,
we have that dim (M (SL(2,7Z))/Sk(SL(2,7Z))) = 1, in particular M (SL(2,7Z)) =
Sk(SL(2,Z)) & {cGk(T) | c € C}.

(2.17)

Consider solutions (¢, m,n) € Z‘;O to €+%m+§n = % For k =0,2,4,6,8, 10,
there exist unique solutions. This shows that dim My(SL(2,Z)) = 1 for
k=0,2,4,6,8,10.

Solutions for k = 4 and & = 6 show that v,(G4) = 1,v;(G¢) = 1 and
vs(Gr) = 0 for k = 4,6 and vs # p for v € SL(2,Z). This implies that
A(7) # 0 and thus A is nonzero and we can apply theorem . This implies
that vo(A) = 1 and vs(A) # 0. Thus if f € Sp(SL(2,Z)) we have that
g(t) = f(r)/A(7) is well-defined and an element of My 15(SL(2,7Z)), as

required.

Thus, using the isomorphism as induction, we have the desired result. ]

17



Thus if we fix k, we have that M (SL(2,7Z)) is a finite-dimensional vector
space. Thus we can find a finite basis and compute matrices and character-
istic polynomials of any linear operators. In the context of Conjecture
we are interested particularly in Hecke Operators. These are covered in Sec-
tion However, first we wish to explain the term [evel appearing in the

conjecture.

2.4 Congruence subgroups

In the definition of a weakly modular function of weight k, we could consider
other groups than SI(2,7Z) allowing for more examples of weakly modular

functions. Consider the following group:

T(N) = { C Z) € SL(2,2) (Z 2) = (; 2) (mod N)}.

Note first that I'(1) = SL(2,Z). In fact, in general we have that T'(N) =
ker (SL(2,Z) — SL(2,Z/NZ)). This implies that [SL(2,Z) : I'(N)] is finite
for all N € Z~,. This leads us to the following notion:

Definition 2.4 (Congruence Subgroup). Let I' C SL(2,Z). If ['(N) C T for

some N € Z~g, then I' is a congruence subgroup. It is denoted a congruence

subgroup of level N.

The most important examples (besides I'(V) itself) are the following:

a b a b\ [x x

[o(N) = { (c d) € SL(2,7Z) (C d) = (O *> (mod N)}, and
a b a by [1 %

I'(N) = { (c d) € SL(2,7) (c d) = (0 1) (mod N)}

Now we must in general define a modular form with respect to a group of

this form rather than SL(2,Z). For this, we introduce the notion of a weight
k GL(2,Q)*-action on functions f : H — C as follows:

18



b
Let v = (a d) € GL(2,Q)", and k € Z. Then define
c

(10) > ()(r) = (et er )+ (T50). (2as)

We can now extend the definition of a modular from SL(2,7Z) to any congru-
ence subgroup as follows:

Definition 2.5 (Modular Form). Let I' C SL(2, Z) be a congruence subgroup
of level N. A modular form of weight k with respect to T' is a function

f:+H — C such that:
(1) f is holomorphic,

(2) f is invariant under the weight k action of ', i.e. f(z) = (f|xy)(z) for
vel,

(3) flx7y is holomorphic at the cusp for all v € SL(2,7Z).
Then f is denoted a modular form of weight k£ and level V.

In relation to the motivic Conjecture [1.1] we see that level 1 corresponds to
the case I'(1) = I'g(1) = I'y(1) = SL(2,Z), so the condition that the cusp
forms be level 1 simply corresponds to the standard SL(2,Z) case.

One may wonder the need for having the factor of det~ in equation (2.18]).

This is relevant for section Bl

19



3 Hecke Operators

A question that one may ask regarding modular forms is how to find a suitable
basis for the vector space of modular forms of a fixed weight k. A consid-
eration of this problem for the subspace of cusp forms is one of the motivic
reasons for the theory of Hecke Operators. This follows since there exists an
inner product on the space, the Petersson Inner Product, for which the op-
erators arising from the action of the double coset I'; (V) \ GL(2, Q)" /T'1(N)
are normal. This allows us, by linear algebra, to find an orthogonal basis of

forms which are eigenvectors for every operator of this form.

First we recall the action of GL(2,Q)" on H, as defined in equation (2.18)),
that is

(0.0) > () (7) = (et er + @7t (50) . (3

Using this we will define the Hecke Operators as the action of a double coset,
defined in terms of the above. Specifically, we will consider the double cosets
given by SL(2,Z) \ GL(2,Q)*/SL(2,Z). First we have the following:
Definition 3.1 (Double Coset). Let G be a group, with H and K subgroups.
An (H, K) double coset in G is an equivalence class of the equivalence relation
defined by

x ~ y if there exists h € H and k € K such that hzk = y.
This double coset is denoted Hz K.

As stated above, we are interested in the case G = GL(2,Q)" and H = K =
SL(2,Z). In this case, we have the following result:
Proposition 3.1. Let o € GL(2,Q)". The double coset SL(2,Z)aSL(2,7Z)

is a finite union of right cosets:

SL(2,Z)aSL(2,7Z) USL Ja;,  where o; € GL(2,Q)7. (3.2)

We may now define the Hecke Operator arising from a double coset as follows:

20



Definition 3.2 (Hecke Operator). Let o € GL(2,Q)". The Hecke Operator
To o Mi(SL(2,Z)) — M(SL(2,Z)) is given by

N
fr—= fITu=>" flro, (33)
=1

where a; are such that SL(2,Z)aSL(2,Z) = UY,SL(2, Z)«.

The fact that f is a modular form implies that f|T, is independant of the
choice of representatives of «;. Further, for any v € SL(2,Z), the cosets
SL(2,Z)cayry are just permutations of the cosets SL(2, Z)a;. Thus there exist
vi € SL(2,Z) such that («;7y) is just a permutation of (y;a;). We can compute

N N n
(IT)y =D flay =D fluei =Y flas = f|Ta,
=1 =1 1=1

which demonstrates that f|T, is also a modular form of weight k. One can
also confirm that the operators 7T, are linear on M(SL(2,Z)), and that the
subspace Si(SL(2,7Z)) is invariant under the action. We wish to endow the
collection of Hecke Operators with the structure of an algebra. For this, we
will define the product of two Hecke Operators 1,75 to be such that

FI(TaTp) = (F1Ta)[Ts.

The right side of the above we compute as follows

(FIT)ITs =D fleapy) = > m(a, B;0) flo,

j=1 i=1 7€SL(2,2)\CGL(2,Q)*
where
m(a, §;0) = [{(i,7) | o € SL(2,Z)aif;}]
One can confirm that m(«, 5; 0) only depends on the coset SL(2, Z)oSL(2,7Z)

SO we can write

T T5 = > m(a, B;0) flo.

o€SL(2,Z)\GL(2,Q)+ /SL(2,Z)

We now have the following result:

21



Theorem 3.1. The algebra generated by the Hecke Operators T, for a €
GL(2,Q)" is commutative.

Sketch of Proof. Consider the map

¢: GL(2,Q)" — GL(2,Q)"

g — q',

and the map ¢, it induces on the Hecke Algebra. One can prove that
SL(2,Z)aSL(2,Z) = SL(2,Z)a ' SL(2,7Z),

by showing that a minimal set of representatives is given by certain diagonal
matrices. Thus the map ¢, is in fact the identity map, but also has the
property that

0x(TaTp) = ps(Ta)u(T).
A map with this property is often referred to as an antiautomorphism. The

above, along with the fact that ¢, is the identity morphism, shows that
1,15 =TT,
and thus the algebra is commutative, as required. O

Note that the above implies that there is no need to differentiate between a
right- or left-action. So this leads to the more commonly used notation of
T, f for the Hecke action.

The more usual type of the Hecke Operators is those of the form 7,,. For

these, we must consider the set
A, ={y € GL(2,Q)" | dety =n},

which has a decomposition given by the following result:

Lemma 3.1. We have

A= |J sLe2z) (g Z)

a,d>0, ad=n
0<b<n

22



If we denote the above decomposition as A,, = U;SL(2,Z)6,, ;, we then define
fr=Tof =Y flong
J

We now wish to know the effect of the Hecke Operators on the Fourier ex-
pansions. For this, let f(2) =) A(n)q¢". By the definition of the operator

T,, we can compute

-2 E ()

ad=nb (mod d)

CE T (0 S s

ad=nb (mod d) m=1

Note that >, e*™a = d if d|lm, and 0 otherwise. So we have that

Yy (4)"" acms* agm)
m=1 ad=n

dlm
Thus if we write (T,,f)(z) = >_>°_, B(m)q™, then

m=1

a\*/? md
g () an (7).
Really, in the study of Conjecture more commonly we are concerned with
the action of T, specifically on cusp forms. In this case, we may rewrite the
above as follows:

Proposition 3.2. Let f = ) a,q¢" € Sk(SL(2,Z)), and let T, be the mth

Hecke operator. Then we have

(e 9]

(Tuf) )= D d 'amme | 0" (3.4)

n=1 \d|ged(m,n)

This leads to the following extraordinary result
Proposition 3.3. Let f(z) = > A(n)q" be a Hecke eigenform (that is a
simultaneous eigenvector for all the Hecke operators T, ), with eigenvalues

A(n) normalised such that

T.f =n'"*2\(n)f.

23



Then

(1) A(1) # 0.
(2) If A(1) =1, then A\(n) = A(n) for all n.

(3) If A(1) =1 and ged(n,m) = 1, then A(nm) = A(n)A(m).

Proof. We have

e~ 2 () ()

(1) Suppose ged(n,m) = 1. Since a|lm and a|n, we have a = 1. Thus the

above sum is just d = n, so
A(n)A(m) = A(nm).
If m =1, ged(n,m) = 1 for all n, so we have
A(n)A(1) = A(n), for all n.

Thus if A(1) =0, A(n) =0 for all n. So we have A(1) # 0.
(2) If A(1) =1, then A(n) = A(n) by the above formula.

(3) If A(1) =1, then A(n) = A(n), so we have from above
A(n)A(m) = A(nm),

as required.
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4 Studying Maeda’s Conjecture

Since the conjecture was originally posed by Maeda in [HM97], it has received
much attention. Both on the side of the applications of the conjecture, and
the side of attempting to confirm it for various weights. Some might question
the use of the latter, since it doesn’t in fact prove the conjecture, merely
provide some examples. However, in the study of the conjecture, much has

been learnt regarding the structure of the Hecke Algebra.

The following is a summary of weights k£ for which the conjecture has been

confirmed for the Hecke operator T5:

Source weights
Lee-Hung kE <62, k # 60
Buzzard k=120, ¢ prime, 2 < ¢ <19
Maeda k < 468
Conrey-Farmer kE <500, k=0 (mod 4)
Farmer-James k <2000
Buzzard-Stein, Kleinerman k <3000
Chu-Wee Lim k <6000
Ghitza-McAndrew k < 14000

Why choose the Hecke operator T57 This is due to the computational dif-
ficulty of appealing to the action of T, for larger n. To do computations
with Modular Forms, one must store their Fourier coefficients computation-
ally. One chooses a precision, N, which defines the maximum index ¢ for
which the Fourier coefficient is computed. Now, consider the formula given
in equation . To compute the nth Fourier coefficient of the image of a

form f=>" ajqj under T}, at most we need the coefficient a,,,.

How do the Fourier coefficients of these forms come into the computation
of the characteristic polynomial of the Hecke Operator? We know that
Sk(SL(2,Z)) is a finite dimensional vector space. So to compute the ma-

trix of the operator, we need to express the images of a set of basis vectors
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under that operator with respect to that basis. Given that the space is fi-
nite dimensional, it suffices to consider only a number of coefficients equal
to the dimension. So we need to be able compute Fourier coefficients up to
d = dim Sk (SL(2,2Z)) for all forms f and their images T,,,f. So we need to at

most compute the coefficient a,,4 for each basis element.

Thus, computationally, it is best to use the operator T, and vary the weight
k. This has been the choice of the authors above. However, this is not to say
that no work has been done examining the effect of increasing the index m
of the Hecke Operator. Much theoretical work has been done in this regard.
We present some of the results below:

Theorem 4.1 (Conrey-Farmer-Wallace). Let k be a positive even integer.
Suppose there exists n > 2 such that the operator T, acting on S(SL(2,Z))
satisfies Conjecture [1.1. Then so does T, acting on Sp(SL(2,Z)) for every
prime p in the set of density 5/6 defined by the conditions

p# +£1 (mod 5) and p# £l (mod 7).

Theorem 4.2 (Baba-Murty). Let k be a positive even integer. Suppose
there exists a prime p such that the characteristic polynomial of T, acting on
Sk(SL(2,7Z)) is irreducible over Q. Then there exists 6 > 0 such that

N
< N pri h ly(Ty) ¢ ' —_—.
[{¢ < N prime | charpoly(T}) is reducible}| < (log )1+

Theorem 4.3 (Ahlgren). Let k be such that d = dim S,(SL(2,Z)) > 2.

Suppose there exists n > 2 such that the operator T, acting on Sk(SL(2,Z))
satisfies Congecture[1.1. Then

(1) T, acting on S,(SL(2,Z)) satisfies Conjecture for all primes p <
4000000,

(2) T, acting on Sk(SL(2,2Z)) satisfies Conjecture for all n < 10000.

Our results are as stated above on the table, focusing on the computational
aspects of the operator T, on the spaces Si(SL(2,Z)) for various weights k.

Our techniques are based on those introduced by Buzzard in [Buzzard 96]
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and refined by Conrey-Farmer in [CF99]. The techinque is based on the ob-
servation that the Fourier coefficients a,, grow very quickly with the index n.
Furthermore, in the study of this conjecture, what sort of questions are we
asking?” We are investigating some polynomial, and determining irreducibil-

ity and facts about the Galois Group.

Given this problem, it is a standard technique to work over a finite field
F, = Z/pZ rather than Z itself. First we have the following definition:
Definition 4.1 (Reduced Polynomial). Let F' € Z[X] and p € Z a prime,

such that we can write
F=a,X"+a,1+X" '+ ...+ a1 X +ao.

Then the reduction of F' mod p, denoted F, € F,[X] is
F=a,X"4+0 1+ X" '+ .. +@ X +a,

where @; € [, is unique such that @; = @; (mod p) for all ¢ € {1,...,n}.

Now, it is a standard result that given a polynomial F' € Z[X], if the reduc-
tion F), is irreducible then F' is also irreducible. However, what can be said of
the Galois group? For this, we first have the following group theoretic result
Lemma 4.1. Let G < &4 be a subgroup of the symmetric group on d symbols
such that there exist elements 7,7 € G such that T is a 2-cycle and 5 is a

p-cycle, where p is a prime with p > d/2. Then G = &,.

Proof. Fori,j € S ={1,...,d}, write i ~ j if ¢ = j or if the transposition
(7 j) is in G. This is an equivalence relation on S. Since G is transitive, each
equivalence class has the same number n of elements and it follows that n|d,
since d = |S]. Note that n > 1 since G contains at least one transposition,
namely 7;. Let T be the subset of S permuted by 75, and let G be the
subgroup of G fixing S\ 7. Define an equivalence relation on 7" by i ~ j if
i = j or if the transposition (i j) € Gr. As before, each equivalence class
has the same numberm of elements and m|p, since p = |T'|. Since n > 1, we
have m > 1, so m = p since p is prime. But n > m because Gy C G. Thus
n > d/2, so n = d. This implies G = &,. O
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This allows us prove that the Galois Group of a given characteristic polyno-
mial F'is equal to &, for d = dim Sy (SL(2, Z)) if we can exhibit the existence
of just two elements, a transposition and a p-cycle, where p > d/2 is prime.
We wish to infer this from the existence of certain factorization patterns in
F, for various p. The connection between these concepts is given by the
Frobenius elements of the Galois Group. This is a central concept in Alge-
braic Number Theory, and is a common tool for gaining information about

various Galois Groups by looking at finite or local fields (i.e. F,, Q,, etc.).

First we define some terminology:
Definition 4.2 (Cycle pattern). Let 7 € G, be a permutation on d symbols.
Then it can be decomposed into a product of disjoint cycles. The cycle
pattern of T is

dydy? ... d
if its decomposition contains exactly m; cycles of length d; for alli € {1,...,t}.
Definition 4.3 (Factorization pattern, Separable). Let K be a field and let
H € K[X] be a polynomial. The factorization pattern of H is

mi Jmso my
Ay d

if H has exactly m,; irreducible factors of degree d; for all i € {1,...,t}. We

say H is separable if it has distinct roots over K, the algebraic closure of K.

We can now state the main result that we wish to use, with a proof due to
John Tate:

Theorem 4.4. Let F' € Z[X] be monic, let p be a prime and let F, € F,[X]
be the reduction of F' mod p. If F,, is separable, then there exists an element
o of the Galois group of F' such that the cycle pattern of o is the same as the
factorization pattern of Fp.[|

Proof. Let xq,...,x, be the roots of F. Let K = Q(x1,...,2,) be the
splitting field of F. Let Gp = Gal(K/Q). Let Ap = Z[z1,...,z,] and let p

Thttp://www.math.mcgill.ca/labute/courses/371.98 /tate.pdf
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be a prime ideal of Ag such that pNZ = pZ. Since F is monic, A is integral
over Z. Thus p is not invertible in Ax and we can therefore find such an ideal
p. Further, this ideal is maximal since p NZ = pZ is maximal in Z. Further,
the field Er, = Ap/p = F)[71, T2, ..., T,), where Z; € F,, is unique such that
T; = x; (mod P), is the splitting field of F),.

Since Ep, is a finite extension of the finite field F},, the Galois group Gr, =
Gal(EF, /F,) is cyclic generated by the automorphism = +— z”. Let D, =
{0 € Gp | o(p) =p}. D, is a subgroup of G called the decomposition group
at P. Given an automorphism o € D, we can construct an automorphism
7 € Gr, = Gal(Ep,), where (7) = o(z). Since o(p) = p, we have that & is
well defined and further that this association is injective. We can thus define
an injective homomorphism
¢: D, — Gp,
o +—— 0.
We wish to show that this is in fact an isomorphism. Thus we must show

that it is surjective.

First, we will demonstrate that the fixed field of ¢(Dy) is F,. Let a € Ap.

Then by the Chinese Remainder Theorem, there exists an element x € Ap

such that * = a (mod p) and z =0 (mod o~ !(p)) for all ¢ € G\ D,. Then
[[ Xx-0c@)ezX] and X" ][ (X-5(@)cF,[X].
0€Gr a€Dy

Thus all the conjugates of @ are of the form (@, which implies that the fixed

field of ¢(D,) is F, as desired.

Let 0, € D, be the unique element such that ,(Z) = 7, which we can find
by injectivity. Then o, is the unique element of G such that o,(z) = 2? for
every © € Ap. Since the homomorphism x — T is a bijection between the
roots of I and F),, we thus have that the groups D, and G'r, are isomorphic,

as desired.

Then, since the cycle pattern of 7, is determined by the orbits of the action

of G, on the roots of Fj,, and since the group GF, acts transitively on the
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roots of each irreducible factor in the factorization pattern of F),, we have
that the cycle pattern of o, is equal to the factorization pattern of F,, as
desired. O

In the literature, this is often referred to as follows:

Definition 4.4 (Frobenius Element). Let F' € Z[X] be a monic polynomial
with splitting field K, Galois group Gr = Gal(K/Q) and let p be a prime
such that F, is separable. Let p € Ok be a prime above p. The Frobenius
Element Frob, € G is the unique element with cycle pattern equal to the
factorisation pattern of F, as determined by Theorem [4.4]

All in all, this leads to the following result of which we made use:
Lemma 4.2. Let F' € Z[X] be a monic polynomial of degree d. Suppose that

there exists primes p1, P2, p3 such that
o I, is irreducible over IF,, (denoted a prime of type 1),

o F,, =q192 ... 9y, where g; is irreducible for all i € {1,...,r}, degg =
2, and deg g; is odd fori € {2,...,r} (denoted a prime of type 11),

o F,, = hihy... hg, where g; is irreducible for all i € {1,...,s} and
deg g1 = ¢ with € > d/2 a prime (denoted a prime of type III).

Then F' s irreducible over 7. and the splitting field has Galois group equal to
the full symmetric group &g .

Proof. Since there exists a prime p; such that F}, is irreducible over ), , we

immediately have that F'is irreducible over Z.

As for the Galois group, the existence of the primes p, and p3 allows us
to find elements of the Galois group Frob,, and Frob,,, where p, and p3
are primes lying above ps and ps, respectively. These elements have cycle
pattern equal to the factorisation pattern of Fj,, and F,,. Thus, let n; =
deg(go) deg(gs) . . . deg(g,) and ny = deg(hy) deg(hs) . .. deg(h,). Then Frob,’

is a 2-cycle and Frob,? is a {-cycle, where ¢ > d/2 is a prime.

30



Then, since the Galois group is a subset of the symmetric group &, which
contains a 2-cycle and a ¢-cycle, where ¢ > d/2 is a prime, by Lemma [4.1| we
have that the Galois group is equal to the symmetric group &, as desired. [

So what does this all mean for us? It allows us to confirm that the Galois
group of a given polynomial F' is equal to the full symmetric group by only
looking at factorization patterns of F}, for various primes p. We can now fully
describe the algorithm we used to study the conjecture, for the operator 75

on the space Si(SL(2,7Z)) for a given weight k:

(1) Compute the Victor Miller basis B for S,(SL(2,Z)) up to precision 2(d+
2), where d is the dimension of Si(SL(2,7Z)).

(2) Compute the matrix M of the Hecke operator 75 with respect to the

basis B this is very efficient since the basis B is echelonized.

(3) Pick a random prime p < 220, uniformly over this range. (This choice
of upper bound gives a large enough range so that it is likely to contain
primes of type we are looking for, but not so large that the arithmetic

over [F, gets too expensive.)

(4) Reduce M mod p and compute the characteristic polynomial F), € F,[X].
The characteristic polynomial is computed by the Linbox library (see
[DGGT02]).

5) Is F, irreducible? If so, p is a prime of type I. The irreducibility test uses
p
FLINT (see [Har10]).

(6) Factor F,, over [, and use this factorization to decide whether p is a
prime of type II or III. The factorization is done by FLINT.

(7) Repeat from step (3) until we have found at least one prime of each type.

This algorithm is based on the algorithm originally employed by Buzzard and
later refined by Conrey-Farmer. Our main input was to improve the choice of

prime to a random method. The original method was a consecutive method,
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in which to find the primes of each type one would simply test the primes
in order. It turns out that significant time savings can be made by using
a random approach, suggesting that low primes are generally unsuitable for

this purpose.

We will now make this precise by looking at the expected length of time
to find primes of the desired types by a random method. That is, we must
determine the density of primes of the right types within the set of all primes.
For this purpose there is a very precise result known as the Theorem of
Frobenius, which can be stated as follows:

Theorem 4.5 (Frobenius). Let F' € Z[X] be monic, let K be the splitting
field of F and let G = Gal(K/Q). Then the density of primes p for which F,

has factorization pattern dy"* ...dJ" is equal to

{o € G | the cycle pattern of o is di"* ... dJ"}]|
|G| '

In fact, when we have a specified cycle pattern, there is a specific formula for
the number of elements of &, with that cycle pattern, which is given in the
following;:

Lemma 4.3. Let an element o of &, have cycle pattern dy"*dy? ... dJ™, where
m; 1s the number of times a cycle of length d; appears in the cycle decompo-
sition of o. The number of elements of &4 of cycle pattern dy""dy™* ...d;" is

equal to

d!
H;:l (d?jmj!) '

However, in many of our cases, we do not know the precise cycle pattern,

C(d™dy> ... dm) =

only certain restrictions which still could correspond to multiple patterns.
For example, for a prime of type II we only have one cycle specified (a 2-
cycle), while the others could be anything as long as they are odd order.
Still, we can find precise statements for the density of each type of prime as
follows. We provide a proof of the formula for primes of type I as an example
of how one can use Lemma [4.3] Proofs of the formulas for the other prime

types can be found in [GM12].
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Proposition 4.1. The density of primes of type I is
1

Proof. Primes of type I correspond to d-cycles in G,4. Each such cycle can be

written uniquely as a sequence 1,ay,...,aq_1, where ay, ..., aq_1 € {2,...,d}

can appear in any order. Therefore there are (d — 1)! d-cycles, and by The-

orem the density of primes of type I is

(d—1) 1

d! d’
]

In order to state our result on primes of type II, recall that for n € Z-, odd,
the double factorial n!! of n is the product of all the odd positive integers
less than or equal to n.

Proposition 4.2. Let d > 2 and let d be the largest even integer such that
d < d. The density of primes of type II is given by

d— 32
D) = =2
2(d —2)!
and satisfies the inequality
1
D[[(d) > ——

Proposition 4.3. The density of primes of type III is

CED DI

d/2<t<d,? prime
If d > 2, then
Dyyr(d) >

ISHNS

We can get a much better lower bound on the density Dj;; by using some

recent results of Dusart on explicit estimates for sums over primes.
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Theorem 4.6 (Dusart, Theorem 6.10 in [Dus10]). Let B ~ 0.26149 denote

the Meissel-Mertens constant. For all x > 1 we have

1 4 1
loglogx + B — + < —. 4.1
5708 (1010g2x 1510g3x) _Zp (4.1)

p<z

We will also need an upper bound on the sum of the reciprocals of primes up
to x, but Dusart’s upper bound only holds for z > 10372. For our purposes,

the following weaker result is sufficient: for all x > 1 we have

1
Z— <loglogz + B + : (4.2)

2
— log” x

(This inequality can be found in Theorem 8.8.5 of [BS96].)
Proposition 4.4. If d > 10, then

1

Dyii(d .
mld) > 51553

We now state the main result we have achieved through this algorithm

Theorem 4.7. Let k < 15000 and let

n €{2,...,10000} U {p prime | 2 < p < 4000000}
U{p prime | p=1 (mod 5)}U{p prime|p=1 (mod 7)}.

Let F be the characteristic polynomial of the Hecke operator T, acting on the
space Sk(SL(2,Z)) of cusp forms of weight k and level 1. Then F is irre-
ducible over Q and the Galois group of its splitting field is the full symmetric
group &4, where d is the dimension of the space Sy(SL(2,Z).

Proof. The statement for T5 is the result of our computations. The statement
for T;, for other values of n follows from applying Theorem 4.1 and Theorem
4,0l ]
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5 Siegel Modular Forms

5.1 Introduction

We are interested in how conjecture behaves as we modify the conditions.
It transpires that there exist modular forms attached to groups other than
SL(2,Z)). The theory of Siegel Modular Forms replaces the group SL(2,Z)
with the group Sp(2¢,Z). In this case Maeda’s Conjecture displays some

interesting properties.

5.2 Preliminaries

We begin with the basic definitions in the theory of Siegel Modular Forms.

The symplectic group is the matrix group

0 on A,B,C,D € M,(Z)
Sp(297 Z) = ( ) c Mggxgg(z> ABT = BAT, CDT = DCT,
© Db and AD"T — BCT =1

This group does not act on the upper half space H as the group SL(2,7Z)
does. It acts on what is called the Siegel upper half space, which is defined
as

H,={Z € M,/(C)| Z" =2, Im(Z) > 0}. (5.1)

In the above, the notation Im(Z) > 0 is taken to mean that the matrix made

by taking the imaginary part of each entry of Z is positive-definite.
. A B .
The action of an element v = c D € Sp(2g9,Z) on Z € H, is defined by
7 s yZ =(AZ+ B)(CZ+ D)™ (5.2)

In the theory of classical modular forms, we have a factor of automorphy

(cz + d)*. To generalise this, we introduce the following notion:
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Definition 5.1 (Representation). A representation p of a group G on a

vector space V' is a group homomorphism
p:G— GL(V) (5.3)

where GL(V') is the group of automorphisms of V.

We can now define the focal object of study in the theory:

Definition 5.2 (Siegel Modular Form). Let p : GL(g,C) — GL(V) be a
representation of GL(g,C) on a finite C-vector space V. A Siegel modular
form of weight p is a holomorphic function f : H, — V such that

(1) f(vZ) =p(CZ+ D)f(Z) for all vy = (g f;) € Sp(2¢9,Z) and Z € H,,

(2) if g =1 then f is holomorphic at oo.

An interesting special case is that of scalar-valued Siegel modular forms.
These arise by restricting our attention to powers of the determinant repre-
sentation, i.e.

det” : GL(g,C) — C*

(5.4)
M —  det(M)*

where C* is the multiplicative group of nonzero complex numbers. From this
we get the following:

Definition 5.3 (Scalar-Valued Siegel Modular Form). A scalar-valued Siegel
modular form of weight k and genus g is a holomorphic f : H, — C such
that

(1) f(vZ) = det(CZ + D)*f(Z) for all v = (21

Z €My,

( )

(2) if g =1 then f is holomorphic at oo.
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5.3 Genus 2
5.3.1 Definition and Generators

We now wish to consider the simplest nontrivial example of the theory of
Siegel modular forms. In the above definition, if we consider g = 1, we get
Sp(2,Z) = SL(2,Z) and H; = H. Thus this reduces to the case of classic
elliptic modular forms. So the first nontrivial case of the theory occurs for
genus g = 2. Specifically, we wish to consider the case of genus 2 scalar-valued

Siegel modular forms.

In this case there are a well known body of results and computational tech-
niques. We primarily follow [Sko92]. As in the elliptic case, for a fixed weight
k we get a finite dimensional vector space My(Sp(4,7Z)) with a subspace of
cusp forms Si(Sp(4,7Z)). Taking a direct sum over weights, these forms form

a graded algebra
M. = €D Mi(Sp(4,2)). (5.5)

k even

As with the elliptic case, we have a finite algebraic generating set for the
algebra. This is given in the following theorem of Igusa:

Theorem 5.1 (Igusa). Let 14,16, Y10, Y12 be nonzero forms in the one-
dimensional spaces My(Sp(4,7)), Ms(Sp(4,7Z)), S10(Sp(4,Z)), S12(Sp(4, Z)),
respectively. Then

M.(Sp(4,Z)) = @D Mi(Sp(4, Z)) = Cltbs, ¥, x10, X212 (5.6)
keN

i.e. the modular forms 14, g, V10, V12 are algebraically independent and any

element of M,.(Sp(4,7Z)) can be written as a polynomial in these functions.

An immediate consequence of the theorem is that dim M (Sp(4,Z)) = 0 for
k=0,2.

Remark 5.1. Unlike the elliptic case, there do exist Siegel modular forms of
odd weight in level 1, which occur if and only if the genus ¢ is even. For

genus 2, the form of odd weight in the generating set is x35, and there exists

37



a polynomial R in the even weight generators such that x2, = R. Thus if we

wish to consider only even weight forms, we do not need to worry about yss.

5.3.2 Fourier Expansion

As in the elliptic case, we look to express forms as a series expansion. In the
11
case g = 1, this follows from the action of the matrix <0 ) implying that

the forms are Z-periodic and allowing us to make use of Fourier analysis.

This gives us an expression for the form as a series indexed over Z.
In the genus 2 case we consider the matrix
1
S
0

2 s I
0 0 0
0 0 1

0
1

1
0

which is an element of Sp(4,7Z) if and only if S € Msys(Z) is symmetric.
Then let f € My(Sp(4,7Z)). Substituting this into the modularity condition
for f, we have that

f(Z+5) = f(v2) = det (0Z + )" [(Z) = f(Z)

00 1
0= and [ = 0 .
0 0 0 1

So we have that f is periodic in all the individual entries of the argument Z.

where

In fact, the restrictions on Hy and the symmetric matrices in Myyo(Z) mean
that these entries form a space of dimension 3, so the Fourier expansion is
indexed over triples A = [a, b, c|] € Z? corresponding to semi-positive definite
quadratic forms aX? + bXY + c¢Y2. So we have the conditions a > 0 and
b?> — 4ac < 0. Thus we let

Q={A=[a,b,c] €Z| b*—4ac <0, a >0}
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So we have that a Siegel modular form f € My(Sp(4,Z)) has a Fourier

expansion given by
f(Z) = Z Cr(A)e(ar + bz + c1')
A=la,b,c]eQ
where

° G(CL’) — 6271'1'307

o (f(A) € C, and
oZ:(T Z/) with 7,7/ € H and z € C.
z T

a b/2

. Thus we
b/2 ¢ )

Further, these can be represented by matrices M, = (

have

f(Z) =7 Cr(A)er M),

AeQ

5.3.3 Important Forms

We now wish to construct some useful examples of Siegel Modular Forms,
motivated by the classical examples of the elliptic case. Specifically, we would
like to know if there are analogous theories for cusp forms and Eisenstein

series.

One way to define cusp forms is to say that f € My(Sp(4,Z)) is a cusp form
if Ct(A) = 0 for all singular (i.e. non-invertible) matrices A. However, the

coefficients C';(A) are not independent. In fact we have
Ci(B-A) =det(B)"B - Cf(A),

A—l T
for all A € GL(2,Z) such that ( 0 ) € Sp(4,Z). So a more common

approach is to define the following function, called the Siegel ®-operator

which maps Siegel Modular forms of genus g to genus g — 1. So specifically,
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it maps genus 2 forms to genus 1 (i.e. elliptic) modular forms. In this case,

it is given by the following formula:

f(Z) = ZAeQ Cf<A)etr(ZMA) . @(f)(q) = Z Cf([07 0, n])qn-

A cusp form f € My(Sp(4,Z)) is then a Siegel Modular Form such that
®(f) = 0. That is, it lies in the kernel of the Siegel ®-operator. The subspace
of weight k cusp forms is denoted f € Si(Sp(4,Z)). In fact, there is an
alternative characterization given as follows

Proposition 5.1. Let f € M(Sp(4,Z)). Then f € Sk(Sp(4,Z)) if and only
if there exist modular forms g € My_10(Sp(4,Z)) and h € My_12(Sp(4,7Z))
such that

f = gxi0 + hxia.

Proof. First we note that of the Igusa generators, x19 and x12 are cusp forms,
while ¢, and ¢ are not. This is a result of Theorem [5.2] Proposition [5.2

and the formulae given in equation (}5.9)).

(<) : We have that f = gxio + hxi2- We thus compute the desired Fourier
coefficients by

n

Cf([ov 07 n]) - Z (Cg([O’ 07 k])oxm([ov O’ n— k]) + Ch([ov 0’ k])CX12([0, 0’ n— k]))

k=0
n

=Y (Cy([0,0,k])0 + Ci(]0,0,k])0) = 0.

k=0
Thus f € Sk(Sp(4,Z)), as required.

(=) : [ The tricky part - this is an excercise for me. A precise expression for

1, and 1) is probably required. |

We have that f € S,(Sp(4,Z)), so C¢([0,0,n]) = 0 for all n € Z,.
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As for Eisenstein Series, they are defined in a completely analogous way
to elliptic modular forms. That is, for My(Sp(4,Z)), k > 4, the weight-k
Fisenstein Series is defined by
En(Z)= ) det(CZ+ D)™
{C.D}
where the sum is indexed over C,D € Msyo(Z) such that C' and D are
coprime and nonassociated (under left multiplication by GL(2,Z)). Two
integral matrices are said to be coprime if whenever GC' and GD are both

integral, then G is an integral matrix.

We can also compute the Fourier expansions of these Eisenstein Series. First

we must define Cohen’s function, which is given by

0, if N#0,3 (mod 4)
H(k=1,N) = ¢(3 — 2k), if N=0
L(2 -k, (M))Ho(k — 1,N), if N=0,3 (mod 4) and N #0

where

Ho(k —1,N) Z“(

dlf
and N has been written N = Ny f? with f € N, where N is the discriminant
of Q(v—N). Further, ox(n) = >_,, d* is the divisor function and L(s, x) is
the Dirichlet L-function, i.e.

1) ol

:ix(n)_

n=1

Now we have that the Fourier coefficients of the Eisenstein series Ej are given
by
4ac — b*
Cr by = Y @t (k-1 200,
d| ged(a,b,c)

Remark 5.2. If we consider the image of E} under the Siegel ®-operator, we
note that Cg, ([0,0,n]) = ((3—2k)ox(n), which is precisely the nth coefficient
of the weight-k Eisenstein series in degree 1. In fact, for all genus we have

that the Siegel ®-operator maps Eisenstein series to Eisenstein series.
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5.3.4 Maaf] Lifts

At this stage we would like to know the extent to which we are able to use
classical results from the theory of elliptic modular forms in the theory of
Siegel Modular Forms. In fact, many examples of Siegel modular forms arise
as “lifts” of elliptic modular forms. That is, that they lie in the image of

Hecke equivariant linear embeddings from elliptic to Siegel forms.

To define these lifts, we first require the following notion:
Definition 5.4 (Jacobi Form). A Jacobi form of level 1, weight &k and index
m is a function ¢ : H; x C — C such that

a’ d
cT+ cT+ c d

7'ri”m,¢:z2 b
L. ¢ (aHb £ ) = (CT—l—d)k@z”Hl o(7,z) for 7 € Hy, 2 € Cand (a > c
SL(2,7Z);
2. AT, 2+ At + p) = e TmNTEA) (- ) for all A,y € Z; and

3. ¢ has a Fourier expansion of the form

p(rz) = Y dnr)g¢,

n=0 r2<4nm

where ¢ = 2™ and ¢ = ¥,

We denote Ji(SL(2,7Z)) to mean the space of such Jacobi forms of weight k
and index 1 (we do not need to be concerned with higher index forms for
our purposes). Let the subspace of Jacobi cusp forms, which are forms in
which the Fourier coefficients d(n,r) = 0 whenever r* = 4mn, be denoted
S7(SL(2,Z)). Note that any Jacobi form ¢ € Ji(SL(2,7Z)) can have their

series expansion represented by:

b(rz)= D Ce(D)g" P, (5.7)

D, reZ,D<0
D=r? mod 4

where ¢*™7, ( = €?™* where 7 € H and z € C.

We now have define a Maaf} lift as follows:
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Definition 5.5 (Maa8 Lift, see [Sko92|, p. 384). For any integer k£ > 0, let
the Maafs Lift, V', be the map

v Ji(SL(2,2)) — M;.(Sp(4,Z))

o= Z C¢(D)q(r2_D)/4CT —_ Z a(n,r, m)qncr(q/)m’

D,reZ,D<0 n,r,me”L

D=r< mod 4 r2—4mn<0
n,m>0
where q= 627”'7', C: eQTriz’ q/ _ e?wi’r’, and
B 10 r? —4mn

a(n,r,m) = Z a o\ =2 (5.8)

al ged(n,r,m)
and a(0,0,0) = —(Bak/4k)Cys(0).
Theorem 5.2. V' defines a Hecke invariant embedding which maps cusps

forms to cusp forms, and Fisenstein series to Fisenstein series.

For this theorem, we need to know what the Hecke Operators are on the
space Ji(SL(2,Z)) and M (Sp(4,Z)), this is outlined in subsection [5.4]

Any Siegel modular form which is the image of a Jacobi form under the above
embedding is called a Maaf$ Spezialform. However, we needn’t concern our-
selves too greatly with the theory of Jacobi forms. The following proposition
allows us to construct Ji(SL(2,Z)) from elliptic modular forms, and thus
bypass the theory entirely in favour of the elliptic case:
Proposition 5.2 (See [Sko92|, p. 384). Let

A= A4 Z 82(_1)7“q(82+7"2)/4cr’

r,SEL
r# mod 2

— r (82412 r
B=AYY N (=1)rge A
r,SEZL
rZ mod 2

where A = q [0, (1 —¢")**. Then, for any integer k, the map
I MdSLR.Z) @ S:n(SL27) <5 L(SL27Z)
k d
(f.9) — SfA- (qd—qf) B+gB

1s a Hecke equivariant isomorphism of C-vector spaces.
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An important remark is that the Jacobi form I(f, g) is a cusp form if and only
if f is a cusp form. Thus we have an isomorphism between Si(SL(2,7Z)) ¢
Sk+2(SL(2,Z)) and the space of Jacobi cusp forms.

Thus the composition map V o [ is a linear Hecke invariant embedding of
elliptic modular forms attached to SL(2,7Z) into Siegel modular forms at-
tached to Sp(4,Z). In fact, the generators given in Theorem are all

Maafl Spezialformen, given as follows:

Yy = V(I(E4,0)), ve = V(I(E6,0)),

(5.9)
x10 = V(1(0, =A)), x12 = V(I(A,0)).

Remark 5.3. The composition map V o[ is linear (i.e. a morphism of vector
spaces), but not a ring morphism. That is, the product of two Maafl Spezial-

formen need not be a Maafl Spezialform itself.

We now have some good fundamentals for explicit computation of Siegel
modular forms. Coefficients in the Fourier expansion of any form can be
computed via multiplication of the above generators. The fourier expansion
of these generators are computed via composition of the formulas given in
Theorem and Proposition 0.2

5.4 Hecke Operators for ...
5.4.1 ... Elliptic Modular Forms

This is the classical case of the Hecke Operators. This is covered in greater
depth in section

We start with the action of an element of of GL(2, Q)™ on an elliptic modular

form, which is given by

£l (2) = (det )2 (cz + )+ ( i b) .

cz+d
This allows us to define the action of a double coset in SL(2, Z)\GL(2,Q)* /SL(2, Z).

First, we have the following result.
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Lemma 5.1. Let o € GL(2,Q)". Then the double coset SL(2,Z)aSL(2,7Z)
1S a finite union of right cosets

SL(2,Z)aSL(2,Z) = |_JSL(2, Z)as, o; € GL(2,Q)*.

i=1

Now we define the Hecke Operator T,, attached to an element o € GL(2,Q)*
by

Q;

Taf:Zf

where the «; are as given in Lemma 5.1} To define Hecke Operators of the
type T,,, we will first consider the set

A, ={y € GL(2,Q)" | dety = n},

which has a decomposition given by the following result.

Lemma 5.2. We have

b
SL(2,Z)ASL(2,Z) = | ) SL2,2) (“ )
a,d>0,ad=n 0 d
0<b<n

If we express the above decomposition as SL(2, Z)A,SL(2, Z) = U, SL(2, Z)d,,;,
we then set that

Tnf = Zf‘énj
J

The ideal of cusp forms is invariant under the action of the Hecke Operators.

For computation purposes, we wish to know the explicit effect of the T,
operators on the Fourier expansions of Cusp Forms. This is given as follows
Theorem 5.3. Let f € Sx(SL(2,Z)) have Fourier expansion f(z) = Y~ amq™.
Then
o0
(Tnf) <Z> = Z Z dkilamn/dQ qm

m=1 \d|ged(m,n)
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5.4.2 ... Siegel Modular Forms

We will begin with the purely general definition for vector-valued Siegel Mod-
ular Forms of any genus and then restrict to the scalar-valued genus 2 case
when it comes to finding an expression for the action on the Fourier coeffi-
cients. Analogously to the case of elliptic modular forms, we have the action
of a Hecke Algebra. In this case, we consider the Hecke Algebra of double
cosets of Sp(2¢,Z) in the matrix group

A B A,B,C,D € M,(Q)
GSp(29,Q) = e M T g .
p20.Q) {(c D) QQ(Q)‘ ABT = BAT, and ODT:DOT}

Within this, there is a subgroup
GSp(29,Q)" = {7 € GSp(2¢,Q) | det~ > 0}.

The operators are defined in a completely analogous way to those acting
on the space of elliptic modular forms. That is, we define the action of an
element v € GSp(29,Q)*") by

fl(2) = p(AZ + D)™ f(vZ), where v = (é i) :

Asin the elliptic case, for v € GSp(2g, Q)*, there exist {v;}., € GSp(2g,Q)*"
such that

N
Sp(29, Z)vSp(29, Q) = | Sp(29, Z) ;- (5.10)
=1

So we now define the action of the Hecke Operator T, by

N
T'yf:Zf

where the 7; are as in equation (5.10)). Now we define

N
Tnf = Zf|5n,j’
j=1

Yio
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where Sp(2g,Z)A,Sp(2g, Q) = UUJ; SL(2,Z)0,, ;, where

A, = {y € GSp(29,Q)" | dety =n}.

In the scalar-valued genus 2 case, we would like a formula for the Fourier
coefficients of the image of a form under the action of a Hecke Operator,
in terms of the coefficients of the original form. In this case we have the
following result:
Theorem 5.4 (See [Sko92|, p. 386). Let k£ € Z and { > 1. Let

F= Y a@q¢(@)" and TF= > a(Q)q"¢(d)",

Q=[n,r;m]>0 Q=[n,r,;m]>0

(5.11)
where F' € My(Sp(4,Z)) and T, denotes the (th Hecke operator on this space.
Then

' b’ dm/
Q)= > st o 5.12
CL(Q) Z 1 2 Z a t%7t1t27 t% ( )
tg‘tl‘f VEFo(t1/t2)\SL(2,Z)
Q((va)v):[nlvrlvm,]
ti|n to|r’,;m’
where the inner sum is over a set of representatives for Io(t1/ts) \ SL(2,7Z)

satisfying the stated conditions, and where

To(N) = { (Z Z) € SL(2,Z)

As in the elliptic case, the ideal of cusp forms is invariant under the action

c=0 (mod N)} (5.13)

of the Hecke Operators.

5.4.3 ... Jacobi Modular Forms

We include this case of Hecke Theory so that one may confirm the Hecke
equivariance of the Maass lifts from Elliptic Modular forms to Siegel Mod-
ular Forms. To that end, we will directly provide the definition of T, for
¢ € Z~o and then provide the formula for the Fourier coefficients of the im-

age of a Jacobi form under the action of a Hecke Operator.
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Definition 5.6 (Hecke Operator on J ,,,(SL(2,Z))). Let ¢ € Ji.n(SL(2,Z)).

We define the Hecke Operator T, by

D¢ = Ek_4 Z Z (¢|k,mM>|mX

MeT'1\Ma2(Z) Xez2/ez?
det M=¢2
In€Z s.t. ged(M)=n?

where

a b B o [ —C2? ar+b =z
(gb,k’m(c d))(T’Z)_(CTde) ‘ <c7'—|—d)¢(c7'+d’c7'+d

(D|m ()\ M))(T, 2) = e™(N2T + 202) (T, 2 + AT 4 p).

)

To define the formula for the Fourier coefficients, we must first define the

following functions. Consider D € Zxo. This can be written as D =

D, f*

where f € Z~q and Dy is the discriminant of Q(v/D). Let y be the primitive
Dirichlet character (mod Dy) corresponding to Q(v/D), i.e. the multiplicative

function defined by

(%) ifpodd,
1, ifp=2 D=1 (mod?3),
x(p) =
-1, ifp=2, D=5 (mod38),
0, ifp=2 D=0 (mod4)
\
x(—1) = sign D,
and we now can define
Mmm7ﬁn=nw?Mﬂgw(§%)=L
ep(n) =

0, if ged(n, 2) £
We now have the following result:
Theorem 5.5 (See [EZ85], p. 50). Let f(7,2) = D 070> o camn A

n,7)q"¢"

be a Jacobi form of weight k, indexm. Let{ € Z~q be such that ged(¢,m) = 1.

Then we write

(Tyf ) (T, 2) ZZ *(n,r)q"C"

n=0 r2<4mn
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where

c*(n,r) = Z Er2_gmn (@)a"2c(n/ 1),

a satisfying
and
all?, a?[?(r* — 4mn),
“20%(r? — 4 = 0,1 d4
202 dmn) = 0,1 (mod 4), -
(r")? —4n'm = (*(r* — 4mn)/a?,
ar’ = {r (mod 2m).

5.5 Studying the Conjecture
5.5.1 Hecke Invariant Splittings

For an analogue to the conjecture, we would like to consider the characteristic
polynomial of the Hecke Operator T, on the subspace of cusp forms. In
the elliptic case we have that the characteristic polynomial is irreducible.
However even just in the genus 2 case, we have that there are Hecke invariant
splittings due to the Maaf lifts.

Specifically, if f € Sk(Sp(4,7Z)) is a Maafl Spezialform, then T),f is also a
Maafl Spezialform. Within this space is the subspace V(S{(SL(2,Z))) of

such forms which are also cusp forms. Then we can write
Sk(Sp(4,Z)) = V(S (SL(2,2))) ® Si(Sp(4,Z))

as a Hecke invariant spliting, where S} (Sp(4,Z)) is the space of Siegel cusp
forms which are not Maafl Spezialformen. This subspace is often referred to
as the space of interesting Siegel modular forms. The leading notation (i.e.
use of a question mark) gives some insight to the lack of understanding of

this subspace in the theory thus far.

Since the space Sk(Sp(4,7Z)) has (in general) nontrivial Hecke invariant sub-
spaces, the characteristic polynomial will certainly not be irreducible. This

follows since if T" is an operator on a vector space W with W = A @ B and
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TACA, TB C B, then with the correct choice of basis for W the matrix of

MT:<MT|A ° )
0 | Mrlg

where 0 is the zero matrix. Then the characterstic polynomial of T" will be

T can be written as:

M 0
charpoly(T") = charpoly(Mr) = charpoly 7l ‘
0 | Mrlg

= charpoly(Mr|4) charpoly(Mr|g)
= charpoly (7| 4) charpoly(T'|g).

So the characteristic polynomial will factor into a product of the characterstic
polynomials of the operator restricted to the subspaces, so it will certainly be
reducible. However, it is of interest to note what the circumstances for the
reducibility of charpoly(7’) are. If this is the only reason for the polynomial

to be reducible, then it is in some sense “as irreducible as possible”.

Thus, to remove the trivial factorisation over this splitting, we will restrict our
attention to the space S} (Sp(4, Z))ﬂ This leads us to suggest the following as
the correct analogy for Maeda’s Conjecture when considering Siegel Modular
Foms of genus 2:

Conjecture 5.1. Let n € Zwo, k € Zo \ {24, 26. Let S}(Sp(4,7Z)) be the
space of weight k Siegel cusp forms of genus 2 which are not Maaf§ Spezial-
formen. Let f be the characteristic polynomial of the Hecke Operator T,
acting on S;(Sp(4,7Z)). Let K be the splitting field of f. Then

(1) f is irreducible over Q,

(2) the Galois group Gal(K/Q) = &, the symmetric group on d letters,
where d = dim Sg(Sp(4,Z)).

2Check this: The irreducibility of the characteristic polynomial for T acting on
V(S{(SL(2,Z))) is essentially the same question as the genus 1 case of Maeda’s Con-

jecture, since V' is a Hecke equivariant map.
3The reason for this is covered in section m
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5.5.2 Computing the Hecke Matrix

We considered two approaches to this, which will be referred to as the “naive
approach” and “Skoruppa’s approach”, with the second being in reference to
the methods used by Skoruppa in [Sko92]. All computations were done using
the Siegel Modular Forms package for Sage currently under construction by

Martin Raum, Nathan C. Ryan, Nils-Peter Skoruppa, and Gonzalo Tornaria.

Naive Approach

We wish to find the characteristic polynomial of the Hecke Operator 7, acting
on the space S;(Sp(4,Z)). This space cannot be computed directly, since it
is defined to be “the part of Si(Sp(4,Z)) not coming from V (S{(SL(2,Z)))”.
Given this definition, we compute the space S;(Sp(4,7)) by first computing
the spaces Si(Sp(4,Z)) and V(S (SL(2,Z))). Given these, we have

SH(Sp(4,2)) = SSPUZ)) [y (s7(sL(2,2))).

In Sage, we compute a basis for Si(Sp(4,7Z)) using the products Igusa gen-
erators, noting that the form ¥§18x5,x% is a cusp form if and only if ¢ > 1
or d > 1. Further, using Definition [5.5| and Proposition [5.2, we have explicit
formulas for the Maaf lift of elliptic forms, so we can compute a basis for
V(S!(SL(2,Z))). This is implemented in the Sage package.

Then, for each basis element, take a number of Fourier coefficients equal to
n = dim Sk(Sp(4,Z)) (note that these are integral after a renormalisation),
and treat the space as a formal Q-vector space isomorphic to Q™. This allows

us to compute the vector space quotient and find the space S} (Sp(4,Z)).

Here we come accross a difficulty. That is, Sage is rather over-zealously
“helpful” when it comes to formal vector spaces, and will automatically reset
your basis to something of the form {(1,0,0,...), (0,1,0,...), ...}. This is
a difficulty, because we need to keep track of the Fourier coefficients so we

can find which forms these arbitrary vectors actually correspond to.

Naivest Approach
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The difficulty above is keeping track of your basis of coefficients when you
compute the quotient space. This makes it impossible to find what linear
combinations of the forms we know gives us a basis for S} (Sp(4, Z)). However,
we needn’t fully compute this space and the operator acting upon it, as all
we require is the characteristic polynomial of T,,. As observed in subsection
we have that

Charpoly (Tn|Sk(Sp(4,Z))) = charpoly <Tn|sl’i(sp(47z))> Xcharpoly <Tn|V(S,‘C](SL(2,Z)))> s
and so rearranging this allows us to directly compute

charpoly (Tn|sk(8p(4,2)))
charpoly (Tn\v(s,g(SL(z,Z))))

Charpoly (T”|S,Z(Sp(4,Z))) = (515)

So, in full, the algorithm to find the characteristic polynomial of 7T, on the
space S} (Sp(4,7)) is as follows:

(1) Compute the Igusa generators 14, 1, Y10, X12 t0 a precision prec.

(2) Find all multiples that give rise to weight & cusp forms (i.e. solve 4a +
6b+ 10c + 12d = k for a,b € Z> and ¢, d € Z~y).

(3) Compute these products to find a basis for the space Sk(Sp(4,Z)).
(4) Compute bases for the spaces Sg(SL(2,Z)) and Sk2(SL(2,2Z)).

(5) Compute the Maafi subspace V(S7(SL(2,Z))) by computing V (I(f,0))
and V' (1(0,g)) for each f € Sk(SL(2,Z)) and g € Sk12(SL(2,7Z)).

(6) Compute the images of the basis elements for Sy, (Sp(4, Z)) and V' (S{ (SL(2, Z)))
under the action of the Hecke Operator T;,.

(7) Compute the matrices of T5,[g, (sp(4,z)) and Tn|V(S,i(SL(2,Z)))‘ To do this,

we perform the following steps

(a) Compute a number of coefficients a; for each form f in the basis
of Sk(Sp(4,Z)) equal to n = dim Sk(Sp(4,Z) such that the vectors
(ay,...,a,) are linearly independant. If too few coefficients have

been computed to do this successfully, restart and increase precision.
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(b) Repeat the above for the basis of V(S{(SL(2,Z))). If too few co-
efficients have been computed to do this successfully, restart and

increase precision.

(c) Repeat the above for T, f for f in the basis of Si(Sp(4,Z)) and
V(S{(SL(2,7Z))), respectively. If too few coefficients have been com-

puted to do this successfully, restart and increase precision.

(d) Consider the matrices M with columns the coefficient vectors of the
forms T, f, and F' with columns the coefficient vectors of the forms
f, for f in the basis of Sj,(Sp(4,Z)). Then the matrix of T, g, (sp(4,2))
is given by M F~1.

(e) Repeat the above for f in the basis of V(S (SL(2,Z))) to compute
the matrix of T}, |s, (sp(a,z))- If too few coefficients have been computed

to do this successfully, restart and increase precision.

(8) Compute charpoly (75, |s, (sp(1,2))) and charpoly <Tn|v(5i€](SL(27Z)))> and from

that charpoly <Tn|S£(Sp(47Z))) by equation ([5.15)).

As for confirming irreducibility and that the Galois group is equal to the full
symmetric group, we make use of Lemma [4.2) as in the elliptic case. We
have implemented this algorithm in Sage, and are currently running it over
a series of weights. This leads to our current result

Theorem 5.6. Conjecture 5.1 is true for
n=2 and k€ {20,22} U (]28,110] N 2Z).

Weight 24 and 26

One may note that in the Theorem above, we do not claim that Conjecture
5.1 holds for weights 24 and 26. This is due to the rationality of the Fourier
coefficients of the Hecke eigenforms in S} (Sp(4,Z)). For weights up to 26,
all the Hecke eigenforms have coefficients (and eigenvalues) in Q, while for
weights & > 28 the cofficients lie in some number field (i.e. a finite field

extension of Q).
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For weights k < 22, we have dim S} (Sp(4,Z)) = 0 or 1. However, for k >
22, we have dim S}(Sp(4,Z)) > 2. However, we know from above that the
eigenvalues are in Q. Thus since the characteristic polynomial will be a

quadratic over Q with roots in Q, it will certainly be reducible.

This is the only case in which this particular phenomena is observed. This,
along with the Hecke invariant splitting of S (Sp(4, Z)) outlined in subsection
5.5.1 is what has lead some authors to use the phrase "as irreducible as
possible”. Since it is not entirely accurate to say that the characteristic
polynomial is always irreducible, but the only reasons why it would factorise
generally occur in isolation (i.e. the issue in weights 24 and 26), or are
otherwise well understood and one can make a more precise statement that
avoids the issue (i.e. the Hecke invariant splitting, for which one restricts to
the subspace S} (Sp(4,Z)).

Skoruppa’s Approach

Skoruppa was also interested in computing the space S}.(Sp(4,Z)) in [Ska92].
His approach was based on the following technique from linear algebra; sup-
pose you have a linear operator T on a vector space V = A @& B such that
T(A) C A and T(B) C B. Further suppose that we can compute the char-
acteristic polynomial of the matrix of T acting on the subspace B. We
denote this polynomial x(X). By the Cayley-Hamilton theorem, we know
that x(Mr|g) = 0. However, as noted in subsection there exists a

choice of basis on V such that

M 0

ny — Ml | .
0 | Mrls

Now we can compute

o Mala] 0 o xMrla)| 0 ( X(Mz[a) |0
X<MT)X(< 0 | Mrls ))( 0 X(MT|B)>< 0 O>.

However, since the calculation of the characteristic polynomial is independant

of the choice of basis, what we observe is that the substituting Mr into x(X)
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effectively “kills off” the My |p part of it and leaves only those entries coming

from Mrz|4. So if we can calculate My and x(X), we can calculate x(Mr|a).

In our case, given the Hecke Operator T),, since we can explcitly compute
Sk(Sp(4,Z)) and V(S (SL(2,7Z))), we can compute X(Mr, |57 (sp(a,z))), Wwhere
X (X)) is the characteristic polynomial of T}, acting on the subspace V' (S{ (SL(2, Z))).

5.5.3 The Computational Price of Products

In the algorithm presented in subsection [5.5.2] by far the most computation-
ally expensive part is step (3). That is, computing the products of the Igusa
generators which give rise to the basis for the space Sk(Sp(4,Z)). This is
simply due to the fact that taking the products of series indexed over three
variables is long. For example, when computing the above algorithm for
weight 80 with precision 1600, computing the products took 3.5 hours, while

everything else took in total 84 seconds.

The question then is how best to reduce the number of products required to

compute this basis.

Method 1: Precompute powers

The first method was based on the observation that a lot of the products had
common terms between them, which one could compute in advance so as not
to have to compute said product many times over. For example, consider

weight 30, in which the products
A*B%*C B°C B?CD AB3D

all have the term B? in common. So in the algorithm outlined above, at the
point where we computed the products, one could precompute F = B? and

reduce the above to
A*EC BE?*C ECD ABED,
which would reduce the total number of products required by 3.
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Extending this, we updated the algorirthm as follows: Once one has deter-
mined the required products to form a basis for Si(Sp(4,Z)), we precompute
all powers of the individual Igusa generators that will be needed for the prod-
ucts. Here is a comparison of the required number of products for this method

and the original method over various weights: A better method would be to

2000

1500

1000

500

L iR iRR-iR-00-00 L
20 30 40 50 60 70 80 90 100

Figure 2: The circles and red line correspond to the original method, the

crosses and blue line correspond to the method of precomputing powers.

completely determine all repeated products so they need not be done more
than once. In the above example, the product B? may appear four times,
but even the product B?C appears three times. So to be able to make use
of the minimal number of products would be ideal, but as of the moment a

method of identifying all repeated products in advance is not clear.

Method 2: Use general Maafl Forms, rather than just the Igusa generators

This is based on a conjecture of Martin Raum in [Raul(]. Raum has conjec-
tured that for any k, any f € My(Sp(4,Z)) can be computed as the product

of no more than 2 elements of the Maafl Spezialschar. Formally,
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Conjecture 5.2. Let k € Z>g, and f € My(Sp(4,Z)). Then either
(1) f € V((SLR.2)), or

(2) there exist ki, ke € Zso such that ky + ko = k and there exist g €
V(Ji, (SL(2,Z))) and h € V(Jy,(SL(2,Z))) such that f = gh.

Raum has confirmed this up to weight 172. However, what has not yet been
determined is a method to identify the Maafl Spezialformen which will give
rise to Si(Sp(4,Z)) for a given k. Using this method, Raum has achieved
the following result:

Theorem 5.7. Let n € Zg, k € {20,22}N([28,150]N2Z). Let S;(Sp(4,Z))
be the space of weight k Siegel cusp forms of genus 2 which are not Maaf Spezial-
formen. Let f be the characteristic polynomial of the Hecke Operator T,
acting on S;(Sp(4,7Z)). Then f is irreducible over Q.

One will note that this is precisely part (1) of Conjecture [5.1}
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6 A Look to the Future

6.1 Higher genus and vector-valued Siegel modular forms

We have been interesting in extending Maeda’s conjecture to the case of
Siegel Modular Forms. Thanks to the package in Sage provided by the work of
Raum, Ryan, Skoruppa, Tornaria we have been able to establish an algorithm
to explore Maeda’s Conjecture in the case of scalar-valued Siegel Modular
forms attached to the group Sp(4,Z). However, as one may have noted from

the definition above, there are many more cases of Siegel Modular forms.

Our definition of Hecke Operators was already in the general setting of vector-
valued forms of any genus ¢g. Further, we can extend the definitions of Fourier

expansions as follows:

Consider a vector-valued Siegel modular form f and the matrix

~(3f)

where [ is the g x ¢ identity matrix, 0 is the g X g zero matrix, and S is a
symmetric integral matrix. Substituting this in to the modularity condition

for f, we see

f(Z+8)=[f(nZ) =p(0Z + 1) f(Z) = f(2),

so again we have periodicity in the coordinates of H,. Recall that in the genus
2 case, we had that the Fourier expansion was indexed over triples [a, b, ¢]
corresponding to semi-positive definite quadratic forms. The generalisation
begins with the following definition

Definition 6.1 (Half-integral matrix). A symmetric g X g matrix m €
GL(g,Q) is half-integral if m has integral diagonal entries, and 2m is in-
tegral.

From such a matrix m, we can define a linear form on the coordinates Z;; of
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H, (for 4,5 € {1,...,9}) by

Tr(mZ) = imm’Zn‘ +2 Z M Zij-
i=1

1<i<j<g
In this way, we can now write

2= Y amen e,

m half-integral

So we have defined Hecke Operators and Fourier expansions fully, however
there are some features that make this more difficult to study in the full

breath of cases:
e Examples of Siegel modular forms are only known for very low genus.

e Further, even in the cases where some examples are known, the full
structure of the ring of Siegel modular forms for a fixed group Sp(2¢, Z),

including generators, is not know for any cases beyond Sp(4,7Z).

e Even when the ring structure is known, not a great deal is known re-
garding lifting maps to higher genus, or other Hecke invariant splittings

of the space.

One case in which some work has been done is the case of vector-valued
Siegel modular forms attached to Sp(4,Z). This work has been carried out
by Ghitza, Ryan, Sulon in [GRS13|. In this case, we are considering repre-
sentations of GL(2,C), which are given by

p = Sym? (W) ® det(W)*,

where W is the standard representation of GL(2,C). So we can write that
the weight of such a Siegel modular form is given by a pair (k, j). The work
done was specifically looking at the case j = 2, that is forms of weight (k, 2),
given by

p = Sym*(W) ® det(W)".

In this case, the work of Satoh gives an explicit generating set. However, we

first need the following construction.
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Definition 6.2 (Satoh bracket). Let F' € My(Sp(4,Z)),G € M/(Sp(4,7Z))
be scalar-valued Siegel modular forms of weight k& and k' respectively, and
let M4 2(Sp(4,7Z)) be the space of weight (k + k',2) vector-valued Siegel
modular forms. The Satoh bracket of F' and G is

1 1 1
[F, G]Q = 2_71'2 <EG82F — EFazG) < Mk+k/,2(Sp(4,Z)),

aZ11 1/2aZ12
0y = )
1/28221 8Z22

where

6.2 Higher level

As opposed to looking to Siegel Modular Forms and increasing the genus,
another avenue by which one can extend the conjecture is to look at the case
of Elliptic Modular Forms attached to I'(N) C SL(2,Z) for N € N. There
has been some interest in this particular generalisation of Maeda’s Conjecture
of late, with much work being done by Tsaknias in [Tsal2] and by Chow,
Ghitza, Withers (not yet available).

Again, here there exists a Hecke invariant splitting of the space Si(I'o(V))
coming from a phenomenon which is quite analagous to the liftings we see in
the Siegel case. This is given by the following definition:

Definition 6.3 (Oldform). Let M, N € Z-, such that M|N, and let t|%

Consider the function

ape: SpTo(M)) — Sp(To(V))

t 0
roe )

An oldform is a modular form f € S24(Ty(N)), where

SHUToN) = D awme (SeTo(M))).

M|N and t| 4
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We can decompose the space Sy(I'g(V)) as follows:

Sk(To(N)) = SP4To(N)) @ Sp™(To(N)).

[ T know that S™ is the orthogonal complement of S°'4 under the Petersson
inner product. What does that tell us about the Hecke invariance of the

decomposition? |

6.3 Satake Parameters

Maeda’s Conjecture is concerned with the characteristic polynomial of the
Hecke Operator T;, acting on the space of cusp forms. Studying the charac-
teristic polynomial of a linear operator is a way of getting information about
the eigenvalues of that operator. However, there are many other ways of
getting such information. One such way which is very prevalent in the study
of Siegel modular forms is that of Satake parameters. These encode much of

the information relating to the Hecke eigenvalues.
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