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Abstract

Using new results on the bounds of the prime-counting function, we are able to
improve on the bounds of a constant that appears in the asymptotic expansion of

the sum of the reciprocal of the prime-counting function.
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Chapter 1

Introduction

The prime-counting function, denoted by 7 (z), counts the number of prime numbers
up to a given number. A well-known result, referred to as the Prime Number
X

Theorem, states that m(z) ~ ==, or equivalently, 7(z) ~ li(z) where li(z), the

logarithmic integral function, is given by

T 1—e T
i) =PV [ -2 i ( / L / . >
o logt e=0\J, logt 11 logt

The Prime Number Theorem was proven in 1896 independently by Hadamard [8] and
de la Vallée Poussin [4]. They both used properties of the Riemann zeta function,
((s), which is the analytic continuation of >~ n~*.

Related to m(x) are two functions referred to as the Chebyshev functions; the first

Chebyshev function, J(x), and the second Chebyshev function, 1(z), are defined as

I(z) = logp U(x) =) logp

p<z pk<z

One direct relation between 7(z) and J(x) is the identity

(o) = 2 / QRGO

B log x tlog?t

The Prime Number Theorem is equivalent to the Chebyshev functions being asymp-
totic to .
One problem related to 7(z) that has been explored relatively recently is re-

garding the asymptotic behaviour of the sum of the reciprocal of 7(x). In 1980, de
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2 CHAPTER 1. INTRODUCTION

Koninck and Ivié [11] showed that
11,
Z —— = —log” N +O(log N)
m(n) 2
2<n<N
In 2000, Panaitopol [12] used an improved formula for 7(z) to show that

1 1
Z — = ElogQN—logN—loglogN—i—O(l)

2<n<N m(n)
Then, in 2002, Ivi¢ [10] found that

1 1
E —— =—log? N —log N — loglog N + C
w(n) 2
2<n<N

Bt i +0 ( ! )
log N (m—1)1log™ ' N log™ N
where C' is an absolute constant and {k,,}., is the integer sequence defined by the

recurrence relation
kv=1, kn+1Ukyp 14+ n—-1)k =n-n
In 2008, Hassani and Moshtagh [9] showed that, for z > 2,
a(z) < Z N 1log2x +logz < B(x)
< 5 <

2<n<x & (TL)

where a(z) = —1.51loglogz + 0.8994 and [(z) = —0.79loglogz + 6.4888, and
concluded that C' =~ 6.9.
In 2016, Berkane and Dusart [2] further improved upon this. Letting

1 1
S(z) = Z i §log2:c+logx+loglogx
2<n<zx

they found that, for x > 150721071,

6
6.68400420 + ———— < S(z) <

2
10 /logllq: - logx
with the upper bound holding also for x > 25555987, giving the bounds 6.6840 <
C <6.7830.

+ 6.78291066

Since then, improved bounds on 7(z) have been found by Axler [1]. His results

rely on work by Biithe [3], whose bounds on ¥(z) and ¥ (z) come from numerical



computation and uses the zeroes of ((s) with imaginary part up to 10!', and Dusart
[5][6], who obtains bounds on ¥(x) and v (z) using various results on the location
and density of the zeroes of ((s), including the numerical verification of the Riemann
hypothesis for the first 10'® non-trivial zeroes by Gourdon [7].

Based on the method used by Berkane and Dusart, and applying the results

found by Axler, we have managed to improve on the bounds of the constant C'.
Theorem 1.1. S(z) — C as x — oo where 6.71433 < C' < 6.74328.

This is a consequence of Theorem 4.1 proven in Chapter 4. The proof of the
theorem starts by using bounds on 7(z) proven in Chapter 3, based on the work of
Axler [1], to express D, ., ﬁ as the sum of quotients involving logarithms and
the harmonic series. These are then compared to their integrals and Euler’s constant
respectively via results proven in Chapter 2. From there, the bound is rearranged

into the form

1

510g2x —logxz — loglogz + C' + R(x)
where C' contains all terms independent of x. After calculating the value of C, it
is then shown that R(z)logx and R(x) V/log™ z for the upper and lower bounds

respectively are bounded by constants for large enough x. Theorem 1.1 then follows

from the fact that R(z) — 0 as x — oo for both the upper and lower bounds.
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Chapter 2

Preliminary Results

2.1 Bounds on sums of quotients involving loga-
rithms

We define the Bernoulli numbers b,, by the exponential generating function

In particular, this gives by = 1, by = —%, by = %, bs = 0, and so on. We denote by

b} the sequence of Bernoulli numbers with b7 = +3. We also define the Bernoulli

polynomials

By(z) = an (Z) b pa

k=0
In particular, B,(0) = b, and B, (1) = b;. Additionally, these polynomials have the

/b Bn(.I)d.T _ Bn+1(b) - Bn-‘rl(a)

property that

n—+1

Next we state the Euler-MacLaurin summation formula.

Theorem 2.1 (Euler-MacLaurin). If a < N are integers and f € C™ ([a, N|), then

/ f(t) Em: i flk=1) f(k—l)(a)) + Ry (a, N)
n= a+1 k=1

where Ry, (a, N) is given by

R, ) = U / £ (@) Bo({} )



6 CHAPTER 2. PRELIMINARY RESULTS

where {x} denotes the fractional part of x.

For fixed integers m > 0 and a > 10, we define the operator

m b
B ()N ) + Z D(N) = f9(a))
k=0
We also define the functions
log 1 1
fl(l‘)_ T ) fQ(x)_ZL'lOg.T’ fg(m)_l'lOng'

We will use the following lemma to get bounds of sums over these functions:

Lemma 2.1. For integers N > a > 10 and i € {1,2,3}, the following hold

Bo(F)(N) + N < 3 fim) [ R0yt
< BN — O

Proof. Starting with the lower bound, using the Euler-MacLaurin summation for-

mula with m = 1, we get that

ifi /f,, t)dt = Bo(f;)(N /f VB ({t}) d

Focusing on the integral on the right-hand side, we get that

-1

3o (-1 a

[ - 1) a
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since By(zr) = 22 — z + %. By the mean value theorem for definite integrals, there

exists £ € (a, N) such that

3 [ 1P - e =510 [0 - o
= QW ) [ 1~ ta

1

_ N [%t - %tﬂ

0

Since fi@) (x) is a decreasing function for z > 10 for each 1, fi(2) &) > fi(z)(N ) and
thus we get the lower bound.
For the upper bound, we use the Euler-MacLaurin summation formula again

with m = 2 to get

i:jfi / (1)t = / 12 ) By ({t}) dt

Focusing on the integral on the right-hand side, we get that

/a " D0 B, (1) dt = ; > ([ Pws 1] - [
=3 [ 1w ({t}?’ -5 a
=5 [ A0 @ -2+ ) a

O Bl - Ry

By the mean value theorem for definite integrals, there exists £ € (a, N') such that

/ FO@) ({13 = 2{ty® + {t}?) dt = / {3 — 2{t}® + {t}dt
= (N —a)fP () /1 th— 21 + ¢2dt
_N—-a
=55 /i ©

Since fi(4) (x) is a decreasing function for z > 10 for each 1, f¢(4) &) > fi(4)(N ) and

thus we get the upper bound. O
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2.2 Bounds on the partial sums of the harmonic

series

Lemma 2.2. For all x > 1, we have that

1 1 1
L N Y R gt
2 +1) = 2, plsr-r< o

1<k<z

where v = lim,, (ZZ:1 % — log n) 15 Fuler’s constant.

Proof. First we will show that each of the following functions is positive for x > 1

1 1 1

1 1
Q2($)=10g<1+5)—x+%
1 20 + 5

@s(x) = x+% B 2z + 1) (z+2)

For Q1 (z), we first note that Q;(1) = 2 —log2 > 0. Additionally, if we try to find

the zeroes of Q1(x), we get that

1 /1 1 k 1
= —=+—=) =1+-
kzzok! (2x+2(x+1)) T2

= ! +Zl L, L)'
822(x + 1)2 E\2z 2x+1)/)

k=3

However, since all terms on the left-hand side of the last expression are strictly
positive when z > 1, Q1(x) # 0 for any z > 1. In addition, the singularities of
Q1(z) are x = 0 and z = —1, neither of which are > 1. Thus, since @Q(x) is
continuous for z > 1, Q;(z) > 0 for all = > 1.

For Q»(z), first note that Qa(z) — 0 as x — co. Now we take the derivative of
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Q2(z) and get

J 3
S CE R A
IR
T ey
(e + ) 2’ ra
x(a:+1)(x+%2
= ! <0

_4x(at +1) (z+ %)2
for # > 1. Finally we observe that Q(1) =log2 — 2 > 0. Thus we conclude that
Q2(z) > 0 for all z > 1.
For Qs3(x), we first note that Q3(1) = &5 > 0. Additionally, if we try to find the

zeroes of Q3(x), we get that

1 20 +5

=0 = =
Qal() 43 22 +6x+4

1
< (22 +5) (x+§) =227 + 6z + 4
5)
= 2x2+6x+§:2x2+6$+4

Thus @3(x) # 0 for any z. In addition, all singularities of Q3(z) are in the range
x < 0. Thus, since Q3(z) is continuous for x > 1, Q3(z) > 0 for all z > 1.

For our next step, we define

1 1 1 1

L(z) = E—loga:—%, U(z) = Z E—log:c—m

1<k<z 1<k<z

We will use these to bound ~, giving the required result. For the lower bound, let

n € N. Then

3
£

1 1
k=1
"1 | 1+ 1 | 1+1 +1 1
= ——logn——+ ——1o — —_— -
—~k s 2n n+1 & n 2n 2(n+1)

1

L(n) + Q:(n) > L(n)

So the sequence {L£(n)},ey is strictly increasing and limits to . Additionally, if

x € [n,n+ 1), then
d 1 1
Gl@) ==+ 55 <0
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and thus L£(z) is strictly decreasing between each integer. Thus we get that

L(z) <sup L(z) <sup L(n) =7

z>1 n>1

For the upper bound, let n € N. Then

n+1 1
Un+1)=>» ——logn+1)— —
—~k 2(n+2)
1 1 1 1
= —  _log(1+= _
Z/{(n)+n—|—1 og( +n>+2(n+1) 2(n +2)

1 2n+5
=U(n) — log (1 - 5) Tt D +2)

=U(n) = Qa(n) — @s(n) <U(n)

So the sequence {U(n)},en is strictly decreasing and limits to . Additionally, if

x € [n,n+ 1), then

d 1 1
~U@)=——+—" <0
de{(x) x + 2(z +1)2 <

and thus U(x) is strictly decreasing between each integer. Thus we get that

U(z) > infU(z) > infU(n) =~

r>1 n>1



Chapter 3

Bounding the prime-counting

function

3.1 Bounds on the first Chebyshev function

Lemma 3.1. We have, for all x > 19035709 163, that

0.15
V() >z — —3I
log” x
and, for all x > 1, that
0.15
I(r) < T+
log” x

Proof. We will start by showing that, for all z > €3, that

From Corollary 1.2 of [5], letting R = 5.69693, we have, for x > 3, that

_ log
e R

N

8
[9(z) — x| < V8 z (log x)
VTVR

Now define the function

log x

g(x) = (log ) ¥ e V5

Differentiating, we get that

13 9 log 1 11 log =
/ —_ — 1 4 - R — -
g(x) = (logz)te

11



12 CHAPTER 3. BOUNDING THE PRIME-COUNTING FUNCTION

We note that ¢/(z) > 0 for z > e 1, so g(z) is monotonically decreasing for

x> e " . Thus, we get, for all z > ¢, that

g(c70) T 0.148x
VR log>z  log®x

Next, from Corollary 4.5 from [6], we have, for z > 0, that

|U(z) — x| <

Y(x) —9(x) < (1+1.47 x 1077) Va + 1.782

This also holds in absolute value since ¥(z) < ¢(x). Additionally, from Proposition

3.2 in [6], we have, for x > €%, that
[Y(z) — x| <ew

where for each b; the corresponding value of ¢; is given in Table 1 of [6]. If we

assume, in addition, that o < e+, then we get that

[9(2) — 2| < [0(x) — ()] + [¢(2) — 2]
< (14147 x 107z + 17827 + &2

((1 +1.47 x 1077) log® x N 1.78log” x oo ) x
= i T3
NG NE) & log® =

1+1.47 x 107763 1.78b;
S ( + ) 1+1 +1 +5ib?+1 .T3
ebi 3 e?bi log T

By going from bg = 35 to b3y = 4500 and substituting the corresponding values of
g;, we find that the expression in brackets above is less than 0.15 for all values of

i €{8,...,37}. Thus we conclude that |[J(z) — z| <

0152 for all z > €30,
log® x

Next we will show that 9¥(z) < z + %;352 for 1 < x < €%. From Theorem 2 in

I
[3], we have that ¥(z) < x — 0.05\/x for 1 < x < 10%. Since €3* < 10", the result
immediately follows.

Finally, we will show that J(z) > z — 1%;—?9; for 19035709163 < x < €. Again
from Theorem 2 in [3], we have that ¥(z) > = — 1.95\/x for 1423 < z < 10'. Now,

define the function

~ 015z

) =
9(x) log3x

Taking the derivative, we get that

~ 0.075logx —0.45

g (‘CE) ﬁ10g4$
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which is strictly positive for z > €. Additionally, we note that g(34 485879 392) >
1.95. Thus we conclude that 1.95 < ol;gs)%i for x > 34485879392. Thus we conclude
that 9(x) >z — 212% for 34485879392 < 1 < .

log® =

Next, equation (6.2) on page 2004 of [3] tells us that, for 100 < z < 5 x 10'°,

—0.8< x_—W

NZS

Thus, from Lemma 1 of [3], we get that, for 10000 < z < 5 x 100,

< 0.81

9(x) > o~ 181VF - 0.82% — 1.03883 (2 + 2# + 207 logz )

Now let
100 _ 64

T 1563 21125
We observe that hi(x) > 0 for all x > 1. Next let

2
5

hl (33)

10 10 8 s 2
ha(e) = T7o% - g5=¥ — 5

We note that hy(23) > 0 and h)(x) = %, and thus ho(z) > 0 for z > 23. Now let
2 2577

1 1 2
hs(z) = —p38 — s — 1—310gx -2

3 )

We note that hg(19449) > 0 and hjy(z) = 2% and thus hy(z) > 0 for z > 19449.

T

Finally, we let

hy(z) = xF — 25 — 2275 log @

We note that hy(783674) > 0 and hy(z) = 250 and thus hy(z) > 0 for v > 783 674.
Thus, for 783674 < z < 5 x 109,

9(z) >z — 1.81y/x — 0.827 — 2 x 1.03883x3

Now let
g1(2) = 4322% — 5402% + 2882 — 60

We observe that g; has only one real root at z ~ 0.45593 and that g;(1) = 120 > 0,
and thus g;(z) > 0 for all z > 1. Next let

B w’ 3w’ n w’
~160log>w  640log*w  9601og’® w

go(w) —10.86w
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We note that go(5) > 0 and that

d (gz(w)) _ wig(logw)
dw w 11520 log® w

and thus go(w) > 0 for w > 5. Next let

w® w®

T 1280log°w  3840logt w

g3(w) — 5.43w?* — 2.07766

We note that g3(7) > 0 and g4(w) = go(w), and thus gs(w) > 0 for w > 7. Finally,

we let

w9

ga(w) = 11520 log® w
We note that ¢4(7.46497465501) > 0 and g¢j(w) = g3(w), and thus g4(w) > 0 for

w > 7.46497466501. If we then consider w?g,(w) and make the substitution z = w!?,

— 1.81w? + 2.07766w + 0.8

then we get that
0.15x 1 1
= > 1.81y/x + 0.8z% + 2.0776625
log” x
for z > 29946 085320. Thus we conclude that J(z) >z — 1232 for 20946 085320 <
x < 34485879 392.

Finally, for 19035709163 < z < 29946 085 320, set f(z) = (1 — :232). Setting

log® x

h(z) = z*—0.152 +0.45, we observe that h(z) has no real roots and h(0) = 0.45 > 0

and thus h(z) > 0 for all real z. Since f'(x) = %, f(z) is strictly increasing for
x > 0. Next, letting p, denote the n'" prime number, we note that, for p, < z <
Pnt1, W) = F(pyn) while f(x) < f(pny1) since f is strictly increasing. Thus we only
need to check that ¥(p,) > f(pns1) for (19035709 163) < n < 7(29946 085 320),

which we do by computer. ]

3.2 Bounds on 7(x)

Lemma 3.2. We have, for all x > 10031975087, that

() < -
w(x
logz — 1 — @ — 15’52936
and, for all x > 38099531, that
x
7T<x)>logx—1— 1 2.85
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Proof. First we define the function

Jn,zo(ﬂf)ZW(ﬂco)—ﬁ(mo)+ - +/z:< L )dt

logzg logx  log*z log”t  log’t

If we assume that |¥(z) — z| < gﬁfm for x > x¢, then using the identity

lo

(o) = 2 / QRGO

- log x tlog®t

we get, for all x > xg, that
S (1) < (2) < Jpay(2)

We know from Lemma 3.1, for z > 19035709 163, that

0.15x
log® x

[9(z) — 2| <
and thus if 1 > 19035709 163, then for all x > x; we get that
0152, () < 7(x) < Joase, (T)

To prove the upper bound of 7(x), let ; = 7 x 10'? and define the functions

1 3.69 f(x) — L g(x) = f(l‘) - J0.15,3:1 (I>

log x Bl log® &’
We note that 9(z1) = 6999996936 360.165729 (from [6] Table 2) and m(z;) =
245277688 804, and thus we calculate g(x;) ~ 60189 > 0. Next, we set

hi(z) = 0.5427 — 15.012° — 8.132° — 13.262* — 3.682° 4 2.662% + 1.272 + 6.12

The largest real root of hy is z ~ 28.358, and since the leading coefficient of h; is
positive, we conclude that hi(z) > 0 for z > 28.36. Calculating the derivative of

g(x), we get that
hi (log x)
/
> R S A—
g() r2(z)log” x

and thus ¢'(x) > 0 for z > €36 ~ 2.07 x 10'2. Thus g(z) > 0 for x > z;, and
therefore 7(z) < f(x) for z > 7 x 10'2.
Next, setting zo = 5.05 x 10'°, we observe that f(z3) > li(z2). Additionally,
setting
ho(2) = 0.692° — 15.762* — 7.382 — 13.6161
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we note that hs has only one real root at z ~ 22.3352, and since the leading coefficient
of hy is positive, we conclude that he(z) > 0 for z > 23.34. Now we take the
derivative of f(z) —li(z) to get

hs(log )

f'(w) =1 (x) = 2(2) log 7

and thus f'(z) —1i'(z) > 0 for z > €**3* ~ 1.37x 10'%. Thus f(x) > li(z) for z > z.
Using Theorem 2 of [3], we have that 7(x) < li(z) for 2 < z < 10", and therefore
m(z) < f(x) for g > 5.05 x 10'°.

For 10031975087 < z < 5.05 x 109, first we let
hs(z) = 2* — 22° — 2* — 4.69 — 7.38

Since hz has only one real root at z &~ 3.07501 and the leading coefficient of hg is
positive, we conclude that hs(z) > 0 for z > 3.0751. Now we take the derivative of

f(x) to get that
hs(log z)

flx) = 2 log ©

and thus f'(z) > 0 for x > €391 ~ 21.65, and hence f(z) is strictly increasing for
x > 22. Therefore we only need to check that 7(z) < f(z) for prime values of z,
and we check this by computer.

For the lower bound, let z; = 10'° and define the functions

1 2.85 x

r(r) =logzr — 1 — fz) = @, g9(z) = o152, () — f(x)

log a log2 z’
We note that 9(x1) = 9999939 830.657757 (from [6] Table 2) and 7(z;) = 455052 511,
and thus we calculate g(z1) ~ 29583 > 0. Next we set

hy(2) = 13.1525 + 4.952° + 8.22752% — 2.672% + 2.1622 + 1.346632 + 3.65513

Since hy has no real roots and hy(0) = 3.65513 > 0, hy(z) > 0 for all real z.
Calculating the derivative of g(z), we get that

ha(log z)

/ > _ e\
g() r2(z)log” x

and thus ¢'(x) > 0 for all z > 0. Thus g(z) > 0 for x > 10'° and therefore
m(x) > f(x) for > 19035709 163.
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For 38099331 < x < 19035709 163, first we let
hs(z) = 2* — 22° — 22 — 3.852 — 5.7

Since hs has only one real root at z ~ 2.98278 and the leading coefficient of hj; is
positive, we conclude that hs(z) > 0 for z > 2.9828. Now we take the derivative of

f(x) to get that
hs(log )

flx) = @) og'x
and thus f/(z) > 0 for z > €292 & 19.74, and hence f(z) is strictly increasing for
x > 20. Now, for p, < x < pui1, 7(z) = m(p,) while f(x) < f(pn+1) since f is
strictly increasing for « > 20. Thus we only need to check that 7(p,) > f(pn41) for

7(38099331) < n < 7(19035709163), which we do by computer. O
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Chapter 4
Estimating the constant

Let O'(l') = 21<n§z ﬁ

Theorem 4.1. For all x > 4 -10'2, we have that

5.16 2.86
6.714330921 + ———= < o(z) — = log x + logx + loglogx < 6.74327915 +
10 /—logn T log

4.1 The upper bound

If we take a > 38099 531, then Lemma 3.2 gives us that

o) <ola=1+ 3 ()= L flm) - 285/u(n)

a<n<zx

Using the lemmas in Chapter 2, we then get that

1
o(z) < 5 log?z — logx — loglog z + Cyp(a) + Rup(z,a)

where
Cup(a)—U(a—l)——log a+10gloga———7 Z -
n<a— 1
and
2.85
Rup(w,a) = B1(f1)(x) = Bo(fo) () — 2.85Bo(fs)(w) + s
x—a(4) x—a(z) x_a(Q) 1
- 720 fi (ZL‘)— 12 fa (ZL") . (;p)_m

19
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If we include in Cyp(a) all terms independent of = in Ry,(x,a), we get that

1 2.85 1
Cipla) =0(a—1) — 510{;{2@—1— logloga — oga + Ozgaa
1 loga 1 2.85 1
BETTERETY R 2aloga  2alog’a ot Z n

n<a—1
Setting a = 4 - 10'2, this gives us that Cy,(4 - 10'?) ~ 6.74327915, and

log x 1 log x 1 2.85 2.85 1
Ryp(7,4-10'%) = — — — —
(@ ) 2 + 1222 1222 2xlogr  2zlog’x - logx 21 +2

(r —4-10'%)(241og x — 50)

72020
(z —4-10')(2log® x + 3log x + 2)
a 1223 1og® x
B 2.85(x —4-10")(2log*x + 6log z + 6)
1223 log* x

Multiplying this by log z and only taking terms that are positive for z > 4-10'2, we

get a function

log? logx
Z7(x) :3—§;T‘+'12x2 +-2.85

Differentiating, we get that

1
F'(z) = oo (12zlogz — 6z log” x + 1 — 2log x)

Differentiating only the part inside the brackets, we get that

d )
— (122°F' =12 —6log?z — =
da:( 2’ F'(z)) 0g° T — —

which is clearly negative for all z > 5, and since F'(8) < 0, F'(x) < 0 for all
xr > 8. Additionally, since F(3276) < 2.86, F(x) < 2.86 for all x > 3276. Thus
Rup(@,4-10'?) x logx < 2.86 for all z > 4 - 10", This gives us the upper bound

2.86
o(z) < =log®x — logx — loglog x + oos +6.74327915
ogx

N[ =

4.2 The lower bound

Lemma 3.2 and the lemmas in Chapter 2 give us that for a > 10031 975 087

o) 2 ola=1)+ 3 ()~ 1 = ) - 369500

a<n<zx

1
> 3 log® z — log & — loglog x + Ciy(a) + Ry (z, a)
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where
1
C’lw()—a(a—l)—ﬁlog a+10gloga——— Z —
n<la— 1
and
3.69
Ria(r,0) = Bo(f1)(x) — Ba()(x) — 3.69%1(f3)() + N
Ty T 0 1
t @) - g f (@) - 720 () - o
Including in Cjy(a) all the terms independent of x in Ry (z,a) gives us
1 3.69 1
Ciw(a) =0(a—1) — 3 log® a + loglog a — loga + O;;a
1 1 4.69 3.69 1
- T 1242 B 2, 5, 7T Z n
2aloga  12a*loga  12a%log”a  6a?log” a .
Setting a = 4 - 10'? gives us that Ciy, (4 - 10'?) ~ 6.714330921, and
RIW(SU, 4. 1012)
log = 1 1 4.69 3.69
- - + + 2 . 2
2x 2xlogx  1222logz  122%2log”x 2z log” x
3.69 N 3.69 1 N (r —4-10")(2logz — 3)
6z2log®>z  logz 2z 123
N (z —4-10'?)(241og* 2 + 50 log® = + 701og® z + 60 log 2 + 24)
72025 log® x
L3 69(96 —4-10"%)(24log* x + 100 log® x + 210 log® = + 240 log 4 120)
' 72025 log® x

Multiplying this by V/log'' 2 and taking only the 7" term and the terms that

are negative for > 4 - 10'2, we get the function

2z V/1og” x 2z

(7.38:U log z — log x — 3.69 — log? x)

3,69 /logx — 1\0/logx 3.69 Viog' x

1

YR log” x

Differentiating only the part inside the brackets, we get

T

d 1 21
- (2:1: 1/ log” xG(x)) = 7.38logx + 738 — — — 08T

1
= — ((7.382 — 2)log x + 7.38xz — 1)
T
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which is clearly positive when x > 1. Additionally, since G(4 - 10'?) > 5.16, we have
that G(x) > 5.16 for all 2 > 4 - 10'2. Thus Ry (z,4-10'2) x Y/log"' z > 5.16 for all

x > 4-10'2. This gives us the lower bound

log? z — log z — log log = + + 6.714330921

N | —

o(z) > 5.16

4.3 Improving the estimate

Without improvements to the techniques used, improvement on the bounds for the
constant can come from one of two places: either from improved bounds on 7(z) or
by choosing a larger value of a.

If we write the bounds of 7(z) as

T x
il — < 7(x)

log z B log? x

1 _c
log x log? z

<
loge — 1 —

logr — 1 —

then, in the expressions for Cy,(a) and Ciy(a), the most significant terms that

directly involve b and ¢ are ——— and — ¢

oo 1oe5 respectively. Thus, if we fix a = 4- 10*2,

to improve either bound by, say, 0.01, we would need to either increase b or reduce
c by 0.011loga ~ 0.29. Given the current values of b = 2.85 and ¢ = 3.69, this would
mean increasing b to 3.14 or decreasing c to 3.40.

Looking at the difference between Cy,(a) and Ciy(a), we get that

c—b 1 loga 1 b c+1 c

Cup(a)—Chy(a) = — —
p(@)=Chw(a) loga 12a? * 1242 12a%loga 2alog®a * 12a2log® a - 6a2log® a

which clearly goes to zero as a goes to infinity. Additionally, if we only look at the

c—b
loga?’

dominant term to get a difference of at least d for a given b and ¢, we would
require that a > e(©=?/4 So, with the current b and ¢ which have a difference of
0.84, to reduce the difference by 0.01 would require a ~ 1.8 - 10'?, and to reduce it

by 0.02 would require a ~ 5.9 - 10%°.
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