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ABSTRACT

The theory of newforms, due to Atkin and Lehner [AL70], provides a powerful method
for decomposing spaces of modular forms. However, many problems occur when trying
to generalise this theory to characteristic p. Recently, Deo and Medvedovsky [DM19] have
suggested a way around these problems by using purely algebraic notions to define newforms.
In this thesis, we detailedly describe the methods of Deo and Medvedovsky and generalise

their results where possible.
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INTRODUCTION

Modular forms are an indispensable tool in number theory. In recent years, they have gar-
nered widespread attention due to their role in Wiles’ proof of Fermat’s Last Theorem ([Wil95],
[TW95]) and the subsequent proof of the modularity conjecture [Bre+01]. This thesis is con-

cerned with defining an important class of modular forms known as newforms.

For our purposes, a modular form is a function on the complex upper half plane satisfy-
ing certain holomorphy and transformation conditions. These conditions allow us to write

each modular form f as a Fourier series
o0
n 2miz
)= aq", =€
n=0

Of particular interest are the values of the coefficients a,,, which encode valuable arithmetic
information. A special class of modular forms we will study are cusp forms, which have

ao = 0 in their Fourier expansions.

Associated to each non-zero modular form is a weight k£ and a level N. The vector space
of all modular forms (resp. cusp forms) of weight k and level N is typically denoted M (V)
(resp. Si(NN)). In this thesis, we are interested in a decomposition of Sy(/N) into "old" and
"new" subspaces:

Sk(N) = Sp(N)™ @ S(N)™™. (1)

The space of oldforms, Sp(N)°'4, consists of cusp forms that arise from lower levels strictly
dividing N. On the other hand, the space of newforms, S;.(N)"*¥, is the orthogonal com-
plement of S;,(N)°d with respect to a suitable inner product. The theory of oldforms and
newforms was first developed by Atkin and Lehner [AL70] and later extended by Li [Li75].

One can also consider modular forms with coefficients over an arbitrary commutative ring
B. To do this, we let M (N, Z) denote the space of modular forms with Fourier coefficients
in Z and then define M (N, B) := M(N,Z) ®z B. We also define S;.(N, B) analogously
for cusp forms. If B has characteristic zero, the theory of newforms for Sy (N, B) naturally

generalises the classical theory of Atkin and Lehner. However, when B has characteristic



p, congruences between oldforms and newforms result in many undesirable properties. For

instance, we no longer have a decomposition as in (1).

Recently, Deo and Medvedovsky [DM19] have provided suggestions on how to deal with
this behaviour in characteristic p. In particular, they suggest redefining newforms with ro-
bust, purely algebraic definitions. In [DM19], two such algebraic definitions are explored.
These definitions are related to Hecke operators and are inspired by classical observations of
Serre [Ser73] and Atkin and Lehner [AL70].

The goal of this thesis is to provide an extensive analysis of Deo and Medvedovsky’s al-
gebraic definitions of newforms. In particular, we fill in the details of proofs in [DM19] and

suggest ways to extend their theory where possible. An outline of the thesis is as follows.

e In Chapter 1 we discuss the basic theory of modular forms and establish the notation
that will be used throughout the thesis.

e In Chapter 2 we summarise the classical theory of newforms due to Atkin and Lehner.

e In Chapter 3 we introduce the algebraic definitions of newforms due to Deo and Medve-
dovsky. Moreover, we show that they agree with Atkin and Lehner’s definitions in the

classical setting.

e In Chapter 4 we define newforms over an arbitrary commutative ring B. We then

describe the properties of these forms when B has characteristic zero.

e In Chapter 5 we explore the theory of newforms in characteristic p and analyse Deo

and Medvedovsky’s definitions in this setting.

e In Chapter 6 we introduce the notion of modular forms with character and suggest
ways to generalise Deo and Medvedovsky’s definitions to this setting. The results in

this chapter constitute the most original contribution of this thesis.

We will assume that the reader is familiar with basic definitions and results from complex
analysis and abstract algebra. The later chapters also use a large amount of commutative
algebra. The relevant background material for these later chapters can be found in Appendix
A.



CHAPTER 1
MODULAR FORMS

We begin by providing some preliminary definitions and examples of modular forms. In
particular, we will define modular forms in terms of their "level", allowing the notion of
newforms to arise naturally. For more details one can consult chapters 1.1 and 1.2 of Diamond
and Shurman’s book [DS05].

1.1 Modular Forms of Level 1

Let
H={z€C : Im(z) >0}

denote the complex upper half plane and
SLQ(Z) = {’7 € M2><2(Z) . det(v) = 1}

be the set of 2 X 2 matrices with integer entries and determinant 1.

When studying the geometry of H it is common to consider the following action of SLy(Z)
on H:

az+b a b
Cy = with v = 15(7Z). 1.1
VEE ith v (c d) € SLy(Z) (L.1)

One can check that this is a well-defined action in the sense that - z € H, () - z = z and
() -z=7-(y-2)forall z € Hand~,~" € SLy(Z).

Modular forms are holomorphic functions on H that satisfy certain symmetries with respect
to the action (1.1). Such functions exhibit interesting arithmetic properties and are defined as

follows.

Definition 1.1. Let £ be a nonnegative integer. A (level 1) modular form of weight k is a
function f: H — C satisfying the following three conditions:

1. f is holomorphic on Hi,
2. f(v-2)=(cz+d)ff(z) forally = (¢}) € SLs(Z),

3



3. f is holomorphic at infinity. That is, the limit limyy,(»)—e0 f(2) exists.
The set of all modular forms of weight & forms a vector space of functions, denoted M (SLy(7Z)).

From here onwards, we shall refer to the second condition as the modularity condition.
To simplify notation let

i(y,2) =cz+d

be the factor of automorphy for v = (¢%) € SLy(Z) and =z € H. For any v € SLy(Z) we
then define the slash operator |y of weight k on functions f : H — C by

(fle)(2) =4 (7v,2) " f (v - 2). (1.2)

The modularity condition then simply states that f|,y = f for all v € SLy(Z). The slash op-

erator is also an action in the sense that f|(§ ) = f and |y = f|iy|x for all functions
f:H—C.

Now, substituting v = ((1) %) € SLy(Z) into the modularity condition tells us that modu-
lar forms are Z-periodic, i.e. f(z + 1) = f(z). As a result, all modular forms f have a

Fourier series (or "g-expansion")

flg) = Z anq”, where ¢ = e*™*. (1.3)

ne”
The fact that limyy,(.)— f(2) exists means that a,, = 0 for all n < 0.

Definition 1.2. A cusp form is a modular form f such that limyy,(.)e0 f (z) = 0. Equiva-

lently, a cusp form has ag = 0 in its g-expansion (1.3).
We now look at some examples.
Example 1.3.

e All constant functions on H are modular forms of weight 0. The function f(z) = 0 is

a modular form (and cusp form) for every weight £ > 0.

e The Eisenstein series

1
Gi(z) = Z YIS

¢,deZ2\{(0,0)}



is a modular form of weight k for all even £ > 4. Its g-expansion is given by

Gr(q) = 2¢(k) (1 - %IZ Z Uk—l(n)qn>

n=1

where ( is the Riemann zeta function, B, is the k™ Bernoulli number and

or-1(n) = X g, d*~1. Scaling by a factor of 1/(2((k)) gives the simpler series

Ei(q) =1—2) ora(n)g" (1.4)

Throughout the rest of this thesis, we will refer to any scaling of G(¢) as an Eisenstein

series.

e The modular discriminant

1

86 = g

(Ba(2)® — Es(2)?)
is a cusp form of weight 12 and has the g-expansion
A(q) = q — 24q¢* + 252¢° — 1472q" + 4830¢° — 6048¢° — 16744¢" + - - .

In the next chapter we shall see how the theory of newforms reveals nontrivial relation-
ships between these Fourier coefficients. There are still many open problems regarding
A(q). For instance, it is unknown whether the n' Fourier coefficient of A(g) is nonzero
foralln > 1.

e The only modular form of odd weight is f(z) = 0. To see this, suppose that f is a mod-
ular form of odd weight k. Substituting v = (_01 ,01) € SLy(Z) into the modularity
condition for f then gives f(z) = (—1)*f(z) = — f(z), which forces f(z) = 0.

1.2 Modular Forms of Level NV

Studying the level 1 modular forms defined in the previous section eventually becomes quite
restrictive. In fact, one can show that all modular forms of level 1 can be expressed as poly-

nomials in the Eisenstein series F4(z) and Eg(z) [Kil08, Proposition 3.6].



By replacing SLy(Z) in the modularity condition with some subgroup I' < SLy(Z), we are
left with a larger set of functions to study. The subgroups that interest us the most are those

based on systems of congruences.

Definition 1.4. Let N be a positive integer. The principal congruence subgroup of level N is

oo (130 o)

where the matrix congruence is interpreted entrywise.

Definition 1.5. A congruence subgroup is any subgroup I' < SLy(Z) such that I'(N) C I’

for some positive integer /N. The smallest such /N is called the level of T'.

For a given level N € Z-, the most widely studied congruence subgroups are

To(N) = {(Z Z) € SLy(Z) : (Z Z) (; I) (mod N)}, and  (L.5)
Ty (N) = {(Z Z) € SLy(Z) - (Z Z) (é 1‘) (mod N)} (1.6)
cry

where * means unspecified. Note that I'( V) (N) CTo(N) C SLy(Z).

We now alter our original definition of modular forms (Definition 1.1) to the following.

Definition 1.6. Let I" be a congruence subgroup of SLy(Z) and k be an integer. A modular
form of weight £ with respect to I' is a function f: H — C satisfying the following three

conditions:
1. f is holomorphic on H,
2. fley=fforally=(2%) €T,
3. f|xa is holomorphic at infinity for all & € SLy(Z).

The first two conditions in Definition 1.6 are natural generalisations of the first two con-
ditions in our original definition of modular forms (Definition 1.1). The third condition is a
less obvious generalisation but is required for the space of modular forms to be finite dimen-

sional. In the case where I' = SLy(Z), note that the third condition agrees with Definition

6



1.1 since we always have f|,a = f by the modularity condition.

If f is a modular form with respect to a congruence subgroup I' of level N, we say that
f is a modular form of level N. Since I'(1) = SLy(7Z), this justifies why the modular forms

from Section 1.1 were called level 1 modular forms.

Another subtlety in defining modular forms with respect to a congruence subgroup I' is the
transfer over to Fourier series. Since ' may not contain ((1) 1 ), it does not necessarily follow
that a modular form f with respect to I' is Z-periodic. However, we still have ((1) ’f) e I for

some minimal h € Z- giving f(z + h) = f(z) and thus a Fourier series of the form

z) = anqy where ¢, = e?miz/h (1.7)
h

neL

However, this is not something to worry about in the case of I' = I'g(/V) or I' = I'1 (V) since

both of these congruence subgroups contain (6 1 )

The definition of a cusp form also carries over from the level 1 case in a similar way.

Definition 1.7. A modular form f (of weight k& with respect to I') is a cusp form if a(0) = 0
in the g-expansion (1.7) of f|pa for all « € SLy(Z).

As in the case of level 1, the set of modular forms of weight k& with respect to I' forms
a vector space M (I'). The set of cusp forms also forms a vector subspace denoted by
Sk(T"). These spaces are finite dimensional and their dimensions can be computed explicitly
[DS05, Chapter 3]. It is also sometimes useful to consider all weights simultaneously as in

the following definition.

Definition 1.8. The algebra of modular forms is given by M(I') = > 7 ) M, (T). Similarly
the algebra of cusp formsis S(I') = >~ Si(T).

In particular, any f € M(T) is a finite linear combination f = f; + - - - + f,, where each
fi occurs in a fixed weight. Note that M(I") is closed under multiplication since if f is a
modular form of weight £ and ¢ is a modular form of weight £, then fg is a modular form
of weight k + k'

We now finish off with some examples of level N modular forms.



Example 1.9.

e By generalising the Eisenstein Fourier series in (1.4) to £ = 2 we obtain

Note that this is not a (level 1) modular form. In particular, the modularity condition is

not satisfied. However the function
EY(2) := Ey(2) — NEy(Nz)

is a modular form of weight 2 for I'y(V).

e The Jacobi theta function is given by

o) => q".

nel

This function plays a crucial role in analytic number theory and is used to find the
number of ways to express an integer as a sum of squares. In terms of modular forms,

if k is an even integer then 0¥ is a modular form of weight k/2 for I'y (4).

e For some congruence subgroup I" and odd weight k, if (' °;) ¢ T then it is possible
to have M (T') # {0}. For instance, the function 6* from the previous example is in
Mi(T'1(4)).

e Let I' < SLy(Z) be a congruence subgroup. Since a modular form for I' must satisfy
fewer symmetries than a modular form for SLy(Z) we have M (SLa(Z)) € M, (D).
That is, any modular form with respect to SLy(Z) is also a modular form with respect
toI".

To see where the idea of newforms arises, we consider I'g(M) and ['y(N) with M|N.
From the definition of T’y we have T'o(N) C T'g(M) and thus M, (T'o(M)) € Mi(To(NV)).
And so for fixed N, we can take any divisor M |N and embed M (Io(M)) in M(To(V)).
Later we shall see that there are also other ways to embed M (I'g(M)) in My (To(V)).

The space of oldforms consists of forms in My (N) arising from lower levels. The corre-
sponding space of newforms then consists of forms that do not arise from lower levels. These

ideas will be made precise in the next chapter.

8



CHAPTER 2
CLASSICAL THEORY OF NEWFORMS

In this chapter we summarise the original theory of oldforms and newforms first established
by Atkin and Lehner [AL70]. Following Atkin and Lehner, we will primarily concern our-
selves with the congruence subgroup I'g(/N) defined in the previous chapter. As a con-
sequence, we simplify our notation, writing My (V) to mean M (I'y(NN)) (or Sg(INV) for
Sk(T'o(N)) in the case of cusp forms).

The following theory can also be extended to other classes of modular forms (see [Li75]
and [DS0S5, Chapter 5]). However to prevent any overcomplications, we will refrain from

discussing such generalisations until Chapter 6.

For the rest of this chapter, we assume that £ € Z>, and N € Z- are fixed integers.

2.1 Atkin-Lehner and Hecke Operators

In order to study newforms, we need to define a collection of important linear operators on

M. (N). We begin by noting that the slash operator can be extended to matrices in

GL2(Q)" = {y € M2y»2(Q) : det(y) > 0}.

Namely, for a function f: H — Candy = (24) € GLy(Q)" we let

(Flev)(z) = (det y)*2j (v, 2)F f (v - 2),

where j(v,z) = cz+dand vy -z = %j:g as in the SLy(Z) case. The factor of det(y)"?
is a convention chosen so that scalar matrices act as the identity (provided k is even). The

Atkin-Lehner operator is then defined as follows.

Definition 2.1. Let ¢ be a prime that divides N exactly once and v, € GL3(Q)" be any
matrix of the form ( & g)) where a and b are integers chosen so that ¢b — a(N/¢) = 1. The
Atkin-Lehner operator wy is the map that sends f € My (N) to f|r7ye.



Remarks.

(i) The conditions on a and b imply that det(~,) = ¢.

/

(i1) wy does not depend on the choice of ~y,. That is, if we let v, = ( ]f, l%)) and v, = ( Jff o )
then

noa (a1 =\ [0 —a(N/)  —d+a
) = (N €b> / (—N ( ) - ( NV — Nb —a’(N/€)+€b> € Lo,

so that for f € M (N), we have w,(f) = f|xve = f|r7, as required.

Next we define the Hecke operators. These operators can be explicitly described in terms
of their Fourier coefficients. In what follows, we write a,(f) for the n'* Fourier coefficient

of a modular form f. That is,

@)=Y aulf)q"

n=0
Definition 2.2. Let p be a prime number. For a modular form f, the Hecke operator T, acting

on f is given by the g-expansion with n'" coefficient

an(Tpf) = anp(f)a lfp | N,
an(T,f) = apn(f) + 9" tanp(f),  ifpfN,

where a,,/,(f) = 0 if p does not divide n. For a prime power p* with s > 2 we let 77 act as

the identity and then inductively define
Ty = T)Tps—1 — p" Tz,

Finally, to define 7, for any positive integer m we let T,,,,,, = T,,,T,,» whenever gcd(m, m') = 1.

For m > 0, we will also write U,, for the formal C-linear operator U,,,: C|[q]] — C|[[¢]]
given by a,, (U, f) = apmn(f). f m | N then U, coincides with T, and we will generally

write U, in place of 7, in such situations.

The following proposition lists some algebraic properties of these operators. Proofs of the

following results can be found in sections 2 and 3 of [AL70].

Proposition 2.3. Let p and p’ be distinct primes not dividing N and let { be a prime dividing
N exactly a times. Let f be a modular form of weight k for T'o(N). Then

10



(a) T,(f) and Uy(f) are in My(N).

(b) If « = 1 then wy(f) € My(N). Moreover, wy is an involution, i.e. wi(f) = f.

(c) T,y (f) =TyT,(f),
LUf) = U, (f) and if or = 1,
prf(f) = wap(f)

(d) If o = 1 then Uy(f) + 02 wy(f) € My(N/).
(e) If a > 1, then Uy(f) € My(N/0).

Remark. The above proposition also holds if we restrict to cusp forms.

2.2 Definition of Newforms

Let M be a positive integer dividing N and e | (N/M). We consider the map

io: My (M) = My(N) 2.1)
[ (20 fle2)).

Proposition 2.4. The map i. is well defined.

Proof. We need to show that g(z) := f(ez) is in M (N). The holomorphicity of f carries
over to g so it suffices to check that g satisfies the modularity condition g|,y = ¢ for any
v € To(N). So, let v = (24) be an arbitrary matrix in Io(V'). We have

(glk7)(2) = (cz +d)Fg(y - 2)

— (cz+d) g (az - b)

cz+d

b
=(cz+d)"f (GZzZid>

et ity (a(ez) —|—be)

S(ez) +d
= (cz+d)7*F (S(ez) + d)k f(ez) (%)

= g(2),

11



as required. Note that () follows since (5, % ) € To(M). In particular, N | cand e | (N/M)
implies that (c/e) | M. O

Remark. The above arguments also hold if we restrict ¢, to a map over cusp forms.

The map i. thus gives an embedding of M (M) into M (NN ). Using this embedding, we

make the following definition.

Definition 2.5. The space of oldforms M, (N)° is the C-linear subspace of M, (N ) spanned
by the maps i.: My (M) — My (N) for all M strictly dividing N and e|(N/M). More ex-
plicitly,
ME(N)M = > i (Mp(M)).
M|N

M#N
e|(N/M)

Now that we have a formal notion of "old", we can describe what it means to be "new".
Following Atkin and Lehner [AL70] we restrict our attention to cusp forms. In this direction
let

SN = )" io(Si(M)).
M|N

M#N
e|(N/M)

We now consider the Petersson inner product (-,-)n: Sp(N) x Sg(IN) — C, which is given
by

(f.g)n = / i f(z)ﬁy’“d”;f , 2.2)

where z = z + iy and Dy is a fundamental domain for the action of I'y(N') on the upper half
plane H. One can check that this is a well-defined inner product on S;(/N) and the integral
(2.2) does not depend on the fundamental domain chosen [DS0S5, Chapter 5.4]. Moreover,
for a prime p { N the Hecke operators 7}, are Hermitian with respect to the Petersson inner
product [AL70, Lemma 13]. In other words,

<Tpfa g~ = ([, TpQ)N- (2.3)

Definition 2.6. The space of newforms in S(NN) is the orthogonal complement of S, (V)4

with respect to the Petersson inner product. That is,

Se(N)™™ ={f € Sk(N) : (f,9)n = 0forall g € S¢(N)oia}-

12



Since Sk (V) is finite dimensional, it then follows that
Sk(N) = Sp(N)M @ Sp(N)™.

In particular, S(N)°4 N S, (N)"¥ = {0}. To help identify oldforms and newforms we will
make use of the following theorem (adapted from [AL70]).

Theorem 2.7. Let f(q) = > 7, anq™ € Si(N) and suppose that a,, = 0 whenever ged(n, N) = 1.

n=1

Then f is an oldform.

Proof. See [AL70, Theorem 1] for the original proof or [Car99] for a more recent proof

involving representation theory. 0

2.3 Properties of Newforms

We now prove some statements regarding oldforms and newforms. Namely, we are interested
in how newforms interact with the operators defined in Section 2.1. For the most part we will

follow Section 4 of [AL70] whilst adopting more modern notation.

We begin by utilising the Hermitian property of 7, for primes p { N (see (2.3)). In par-

ticular, we have the following result.

Lemma 2.8. The space of oldforms S,(N)° and newforms Sp(N)"V are preserved under

the action of the Hecke operators T, for p{ N.

Proof. For oldforms, the statement follows since 7, commutes with the 7. embedding maps.
Thatis, if f = >~ a,(f)g" is a cusp form then

[e.9]

Tp(ief) = ie(Tpf) = > _la(pn) + p™"a(n/p)lg™.

n=1

For newforms, consider an arbitrary f € Sp(N)"". Then for any p{ N and g € Sy (V)4

we have
<Tp(f)7g>N = <f7 Tp(g)>N = O,

since T),(g) € Sk(IN)°'. As a consequence, T),(f) € Si(N)"*™ as required. O

In light of this result, we now analyse how the Hecke operators behave on the space of

newforms. From here onwards, we say f € Si(N) is an eigenform if f is an eigenfunction of

13



all the Hecke operators 7}, with p 1 N. This means that an eigenform is also an eigenfunction

for any of the Hecke operators 7, with gcd(m, N) = 1.
Lemma 2.9. There exists a basis of eigenforms for Sp(N )"*%.

Proof. Since the 1), operators are Hermitian (for p t N) and commute with one another
(Proposition 2.3), the result follows by a version of the spectral theorem (see, for example
[Gan59, Theorem 11 of Chapter IX in Volume 1]). U]

Remark. Lemma 2.9 also holds for Sy,(N) or S;(N)°4 by the same reasoning.
Lemma 2.10. For any eigenform f(q) = > .~ a,(f)q" € S(N)"¥, we have a,(f) # 0.

Proof. Suppose for a contradiction that a;(f) = 0. Let m be a positive integer such that
ged(m, N) = 1. Since f is an eigenform there exists A, € C such that T, f = A, f. Hence,

an(f) = ar(T(f)) = Amar(f) = 0.

Applying Theorem 2.7 then gives f € S (IN)° and thus f = 0 since S (N )™*" and Sy, (V)
intersect trivially. This contradicts f being an eigenform so we must have a;(f) # 0 as

required. H

The previous lemma implies that we can normalise the eigenforms f € S, (N)"*" to have

(ll(f) =1.

Definition 2.11. A primitive form (of weight k for I'o(/N)) is an eigenform f € Sj(N)"*V
with aq (f) =1.

Let f be a primitive form. Writing \,( f) for the 7}, eigenvalue of f (sothat7,,f = A,(f)f)
gives

apn(f) + P ansp () = Ap(Pan(f). (2.4)

Thus, by setting n = 1,
Ap(f) = ap(f). (2.5)

This demonstrates how elegantly newforms behave under the action of the Hecke operators.

In fact, substituting (2.5) into (2.4) gives

tnp(f) = an(f)ap(f) + P ansp(f) =0 (2.6)
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which we can use to inductively compute a,, when ged(m, N) = 1, provided that we know
the Hecke eigenvalues \,(f) = a,(f) for each prime p { N. We now define an equivalence

relation to further analyse this behaviour.

Definition 2.12. Let f and g be eigenforms in Si(N). We write f ~ g if f and g have the

same 7T}, eigenvalues for all p { V.
Lemma 2.13. If f1 and f> are primitive forms in Si,(N )" with fi ~ fo then fi = fs.

Proof. Since f; is equivalent to fo, (2.6) tells us that a,,(f1) = a,,(f2) whenever ged(m, N) = 1.
Now, fi — f2 € Sp(N)"" and applying Theorem 2.7 gives f; — fo € Sp(N)°d. As
Sp(N)™V N Sy (N)od = {0} it follows that f; = f, as required. O

Lemma 2.14. We have

Sk(N>: Z Z ie(‘sk(M)neW)a
)

MIN e|(N/M

so that any eigenform f € Si(N) is equivalent (in the sense of Definition 2.12) to a new
eigenform h € Si(M )"V where M is a divisor of N.

Proof. We proceed by induction on the factors of N. In level 1 there are no lower levels
s0 Sg(1) = Sk(1)™v. Now assume that the result holds for all proper divisors of N. Let
f € Su(N), and write f = fuew + fold Where fuew € Si(N)™V and f,q € Sp(N)°9. By
definition f,q is a linear combination of forms i.(g) with g € S,(M) for some M strictly
dividing N and e | (N/M). But then, by the induction hypothesis, any such g can be written
as the sum of forms i4(h) where h € Sp(M')*V with M’ | M | N and d | (M/M’) .

For the statement about equivalent forms first recall that each space Sy (M )" has a basis of
eigenforms. And so, noting that the 7, and ¢, operators commute (for p { N) we have that any

eigenform in S (V) must be equivalent to an eigenform in Si(M )" for some M | N. [

Lemma 2.15. Let f € Si.(N)°“ and g € Si.(N)™Y be eigenforms. Then f and g belong to

different equivalence classes.

Proof. Suppose for a contradiction that f ~ ¢g. By Lemma 2.14, f ~ h (and thus g ~ h)
for some new eigenform h € S(M)"" where M | N. Since multiplication of g or h by a
scalar does not affect their 7, eigenvalues we may assume a,(g) = a1(h) = 1. Applying the
argument in Lemma 2.13 we then have g — h € Sp(N)°[. Now h = i;(h) € Si(N)°4 so it
follows that g € Si(NN)°4. But as g is a newform this implies that g = 0, a contradiction. [
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We now move onto the main theorem (adapted from [AL70, Theorem 3]), which com-
pletely describes newforms in terms of the Atkin-Lehner and Hecke operators. To prove the
theorem, we will make repeated use of the previous lemma along with the results listed in

Proposition 2.3.

Theorem 2.16. Let [ € Sp(N)"Y be a primitive form, p be any prime with p { N, and { be
any prime dividing N exactly o times. If f(q) = ¢+ Y., a,q™ we then have

(a) Tp(f) = apf,
(b) Us(f) = aef and
(c) if « = 1 then wy(f) = e, f, where e, = +1.

Further, if o > 2, then ay = 0. While if « = 1, we have ay, = —E%_lw. In terms of Fourier

coefficients, (a) and (b) become
(@)’ anp — anay, +pk*1an/p =0,
(b)) ane — ana, = 0.

Proof. First we recall that the U, and 7, operators commute so that Uy(f) ~ f. Now, if
a > 2 we have Uy(f) € S,(N/{) by Proposition 2.3 and thus U(f) € Si(N)°9. So by
Lemma 2.15, U,f = 0. Moreover, w, commutes with 7}, so that wy(f) ~ f. However, if
wy(f) € Si(N)° then wy(f) = 0 meaning that f = w(f) = 0, a contradiction. So we must
have w,(f) € Si(N)"" by Lemma 2.15. Because wy(f) ~ f, Lemma 2.13 then implies
that wy f is a scalar multiple of f, i.e. wy,f = ,f. We know that &, = +1 since w7 (f) = f.

Now if instead o = 1, Proposition 2.3 gives f ~ Uy(f) + (2 wy(f) € Sp(IN)°. Hence by
Lemma 2.15, Uy(f) + €2~ w,(f) = 0. That s, U f = —¢2~'e,f as required. The translation
to Fourier series follows directly from the definition of the Hecke operators. [

Example 2.17. We consider the modular discriminant
A(q) = q — 24 +252¢% — 1472¢* + 4830¢° — 6048¢° — 16744¢" + - -

from Section 1.1. Recall that A(g) is a cusp form of weight 12 and level 1. Since A(q)

is a level 1 cusp form it cannot arise from any lower levels and is thus a newform. As

16



a consequence, its Fourier coefficients satisfy the relations described in Theorem 2.16. In

particular, if 7(n) denotes the n™ Fourier coefficient of A(q) then:

7(m)7(n) if ged(m,n) =1, and

2
3

=
I

= 7(p)T(p") — p*'7(p"t) for p prime and r > 0.

These relations were first conjectured by Ramanujan [Ram16].

Example 2.18. The space S»(45)"°" is spanned by the primitive form®
f=q+¢—q" = ¢ =3+ 0(¢").

In this example, N = 45, and 3 divides 45 twice whereas 5 divides 45 once. Hence by
Theorem 2.16, we expect Us(f) = 0 and Us(f) = =£1, which certainly agrees with the

g-expansion above.

These examples demonstrate how studying newforms can reveal nontrivial data about the
coefficients of modular forms. There are many other useful reasons to study newforms, such
as their use in classifying cusp forms and their relation to Dirichlet L-functions [DS05, §5.9].
How to generalise this theory to other types of modular forms (besides cusp forms on I'4(N))

is thus a very natural and widely studied question.

(This was computed using the software system SageMath.
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CHAPTER 3
NEWFORMS IN SQUAREFREE LEVEL

In this chapter we look at the equivalent ways of defining newforms suggested by Deo and
Medvedovsky [DM19]. To do this, we will restrict our attention to the space of “/-newforms"

and focus on the case where /V is a squarefree integer.

The definitions in this chapter favour more algebraic notions, avoiding the use of the Pe-
tersson inner product. Following [DM19] we will explore two such algebraic notions. The
first involves classifying newforms by their U,-eigenvalue. The second notion relates new-
forms to the kernel of a "trace" operator on M, (N), inspired by an observation of Serre
[Ser73, §3.1]. By defining newforms in such a way, further generalisations become easier to

define and work with.

3.1 The Space of /-newforms

Let NV > 1 be a fixed integer. Recall that the space of weight k-oldforms for I'y( V) is defined

as

ME(N)M =Y ie(My(M)).
MI|N
M#N
e|(N/M)

Now, each M strictly dividing NN is also a divisor of N/¢ for some prime ¢ | N. Hence we

only need to consider forms arising from the levels N /¢ for each ¢ | N. In other words,

./\/lk(N)Old: Z Mk(N)Z—old’ (31)

£ prime
LN

where

Mi(N) = M(N/L) + io( My(N/1)).

Here we slightly abuse notation, writing M (N/{) when we actually mean i; (M (N/{)).
For a detailed proof of the equality in (3.1), see Proposition B.1 in Appendix B.

Now, similarly let Sp(N)¢°4 = S (N/{) + i,(Sp(N/F)) and define Sp(N)*~"¥ to be the
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orthogonal complement of S,(N)‘~°!4, We then have S,(N) = S,(N) 01 @ S (IV)Fnew

and

neW - m Sk Z new

£ prime
N

It therefore suffices to study Si(N)*°'4 and Sj,(N)*~*¥ for each prime ¢ | N in order to
determine Sy,(N)°' and Si.(N )" respectively. As with Sy,(N)°9 and Sy, (N)™¥, these (-old
and /-new subspaces have bases of eigenforms. The following result of Atkin-Lehner can

then be used to give us further information about Sy,(IN)*~°4 and S;, (N )*~1ev,

Theorem 3.1. Let f € Si(M;)"*" and g € S;.(Ms)**Y be primitive forms with a,(f) = a,(g)
for infinitely many primes p. Then M, = M, and f = g.

Proof. See [AL70, Theorem 4]. O

Corollary 3.2. Let { be a prime dividing N exactly o times. Then,

S Z new __ Z Z new).

eamwe‘(N/M)

Proof. Recall from Lemma 2.14 that

= D e Sk(M)Y). (3.2)

MIN e|(N/M)

And then, since S, (N )4 = S, (N/€)+i,(Sr(N/{)), any (-old form arises from a newform
at a level M with ¢* { M. In other words,

Z old _ Z Z new). (3.3)

ol VD

Comparing this with (3.2) gives

SUMTE B D S

o My 1N/

For the reverse inclusion, suppose that A is a divisor of N such that ¢ | M. By Theorem

)Zfold

3.1 and (3.3) any eigenform in i.(S;(M)**") cannot be contained in S (N and must

therefore be in Sy,(N) 1" as required. O
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Corollary 3.3. Let f € S,(N)“° and g € Si.(N)*V be eigenforms. Then f and g

belong to different equivalence classes. That is, there exists some prime p { N such that

Tp(f) - Tp(g)-

Proof. As shown in the proof of the previous corollary, /-new and ¢-old forms arise from
newforms at different levels. Hence the eigenforms f and g must belong to different equiva-

lence classes by Theorem 3.1. [

Corollary 3.4. Let f € S;,(N)“""V be an eigenform where ( is a prime dividing N exactly
a times. If « = 1 then wy(f) = eof and Uy(f) = —€§_1€gff07" some £, = +1. Otherwise if
a>2thenUy(f) =0

Proof. Using Corollary 3.3 repeat the argument from the proof of Theorem 2.16. [

3.2 The Atkin-Lehner Operator Revisited

For the rest of this chapter, we assume that / is a fixed prime dividing N exactly once. Note
that if IV is squarefree then this is always true for every prime dividing N. Now, since ¢
divides N exactly once we can always define the Atkin-Lehner operator w,. Following Deo
and Medvedovsky [DM19, Section 3.4] we will scale w, by defining W, = (k/2q0,. This
scaling of w, will be particularly important when we generalise to characteristic p in Chapter

5. Note that since wy is an involution W2 = (*.

We now show how to conveniently define /-oldforms in terms of W,.
Proposition 3.5. If f € M (N/{) C My(N) then W, f = (*i,f.

Proof. We have

(Wef)(z) = £+ (m ( N %)> ©

B " s lz+a
~ (Nz+b)k" \ Nz + b

B ok ; (lz) +a
~ (Nz 4 bk \ & (e2) + b
k

= o rap (VEH () (Since (e dy) € To(N/0)
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= ("(icf)(2),
as required. [

Hence W/ is just a rescaling of i, on My (N/{). As a result
M}C(N)Z_OM = Mk(N/f) + Wg(Mk(N/g))

Proposition 3.6. If f € My(N/l) N Wy(M(N/L)), then f is constant.

Proof. Let f € My (N/0) N Wy(M(N/£)) so that f = W,(g) for some g € M (N/{). We
have
g =Wi(g) = Wilf) = Fie(f)

and thus
f=Wilg) = tMig(g) = i (f). (3.4)
If f =), a,q" then (3.4) becomes
> " = ang™ (3.5)
n=0 n=0

Now, suppose for a contradiction that f is not constant. Let n > 0 be the least integer with
a, # 0. Then the left-hand side of (3.5) has a ¢" term whereas the right-hand side of (3.5)
does not. This is impossible so f must be constant as required. [

In Appendix B (Proposition B.2) we see that the algebra M(N) = > 72 M (N) is in
fact a direct sum M(N) = @;_, Mi(N). In particular, constant-valued modular forms

only occur in weight 0. Combining this with Proposition 3.6 gives the following result.

Corollary 3.7. Let k > 0. Then My(N/¢) N W, (My(N/€)) = {0} and as a result,

M (N M = M (N/O) @ Wo(My(N/E)).

3.3 First Algebraic Notion: U, Eigenvalue

We have shown (Corollary 3.4) that S(N )" has a basis of eigenforms {fi, f2, ..., fu}
such that

Us(f;) = 0371 f;.
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In light of this property, we define the following operator.

Definition 3.8. The D, operator is the linear map D;: My (N) — My (N) defined by
D, = (U} — ",

so that
ker(Dy) = {f € Mi(N) : UZ(f) = ("2f},

We claim that when Dy is restricted to cusp forms, this kernel is precisely the /-newforms.

Theorem 3.9. We have
Sp(N) " = ker (Dl s, (v))-

To prove this theorem, we will need some preliminary lemmas.

k=2

Lemma 3.10. If g € Si(N/{) is an eigenform of weight k then |a,(g)] < (¢ + 1)z,
where ay(g) is the T, eigenvalue of g.

Proof. This relies on the Weil bound [Del74, Theorem 8.2] which states that |a,(g)| < 2¢ =
It thus suffices to show that 20°3 < (¢ + 1)0°%
dividing by /=2, we see that this is equivalent to 4¢ < (¢ + 1)2, which is always true for
(> 1. O]

. Squaring both sides of this inequality and

Remark. The Weil bound is only stated for primitive forms in [Del74]. However, any eigen-
form g € Si(NN/{) has the same Ty-eigenvalue as some primitive form in a lower level
(Lemma 2.14).

Lemma 3.11. For k > 0, let g € M (N/{) be an eigenform and consider the two dimen-
sional subspace, V. 4, spanned by g and Wyg. The characteristic polynomial of U} on V4 is
Pry(X) = X% — (a2(g) — 201X + (%72, where ay(g) is the Tj-eigenvalue of g.

Proof. First note that g and W,g are linearly independent by Corollary 3.7. We need to find
out how Uy acts on g and W(g). By the definition of the Hecke operators of M (N/¢),

Ty = Uy + 7'W,, (3.6)

noting that (W, f)(q) = ¢*f(¢") by Proposition 3.5. Evaluating (3.6) at g and rearranging
then gives

Ui(g) = ar(g)g — 0" Wilg).
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On the other hand, Uy (i;g) = g and thus U,(W,(g)) = ¢*g. Putting everything together, the

transformation matrix of U, with respect to the basis {g, W,(g)} is

Qg 9) 0+
- (19,1,

The transformation matrix for U, 42 is then

Uz = (a?(g) — €’“az(g)>

—lag(g)
which has the desired characteristic polynomial. [

We are now ready to prove Theorem 3.9.

Proof of Theorem 3.9. From Corollary 3.4 it follows that any f € Si(N)‘ ™"V satisfies
UZ(f) = (572 f so that S,(N)" C ker(Dy|s,(n)). It thus suffices to show that no /-

old forms have a U} eigenvalue of £*2.

Note that there are no nonzero cusp forms of weight 0 [DSOS, Theorem 3.5.1] so we may
assume k > 0. Now, S,(N//) has a basis of eigenforms so that Sj,(N)*~° is the direct
sum of the two-dimensional subspaces V; , described in Lemma 3.11. These spaces are U,-
invariant so we deal with them separately. By Lemma 3.11, the characteristic polynomial of
U?onV,,is

Pog(X) = X? = (a2(g) — 2051 )X 4 (42,

Therefore, if \; and )\, denote the U @2 eigenvalues on V¢,
A+ Ay = aZ(g) — 205 and Ay = (272

Suppose for a contradiction that one of these eigenvalues is #*~2. Then the other eigenvalue

must be /¢ and hence
aZ(g) = F72 4 20571 pfF = 072 (0 4 1)2, (3.7)

which contradicts the Weil bound (Lemma 3.10). ]
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3.4 Second Algebraic Notion: Kernel of Trace Operator

For our next algebraic definition of newforms we look at how to project Si.(/V) onto S,.(N/¢).

Fortunately there is a natural way to do this using the following operator.

Definition 3.12. For any weight & > 0, the trace operator from level N to level N// is given
by

Try: My(N) = My(N/¢)

fe D> e

YELo(N)\L'o(N/E)
See Proposition B.3 in the appendix as for why this operator is well defined.

By explicitly finding coset representatives for I'g(IN)\I'q(N//), one obtains the following
formula for Tr, [MOO03, Lemma 2.2]:

Teo(f) = f+ 07U f.
In terms of the scaled W, operator; this is:
Tro(f) = f+ - FUWLf. (3.8)

If f € My(N/{) we can simplify this expression further.
Lemma 3.13. Ler f € My(N/{). We have
(a) Tro(f)=(+1)f,

(b) Tre(Wyf) = LTy(f).

Proof. For part (a), we note that Uy(i,(f)) = f and thus
Tro(f) = f+ 0" UWf = [+ 07 UL f = f+0f = (L+1)f.
For part (b), we first recall that Wf =/(* Asa consequence,
Tro(Wof) = Wof + 0 UWEf = Wof 4+ LU, f.

The result then follows since ¢T; = (U, + (*iy = (U, + W,. O
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Using these results we can now define newforms in terms of the trace operator. This
characterisation was first noted by Serre [Ser73, §3.1(c) remarque (3)] in the specific case
when N = /.

Theorem 3.14. We have
Sk(N)gfneW = ker(Tr, \gk(N)) N ker(Tr, Wg\gk(N)).

Proof. Using (3.8) and Corollary 3.4 we see that Tr,(f) = Tr,(W,f) = 0 for any {-new form
f € Sp(N)*~mev, Hence Sy,(N)“ 2% C ker(Tr,) N ker(Tr, Wy).

We now need to show that for any eigenform f € S,(N)°, f ¢ ker(Tr,) Nker(Tr, W,). As
in our proof of Theorem 3.9, it will suffice to consider £ > 0 and f contained in the space
V4 spanned by g and W,(g) for some eigenform g € Sx(N/¢). By Lemma 3.13 we can

represent Tr, and Tr, W, as matrices acting on the ordered basis {g, W;(g)}:

k
Tr, — C+1 lay(g) | T, W, — las(g) (04 1)¢ |
0 0 0 0

where a,(g) is the T, eigenvalue of g. The kernels of these matrices only intersect nontrivially
when a,(g)? = ((+1)2¢*=2. Thus f ¢ ker(Tr,) N ker(Tr, W) otherwise we would contradict
the Weil bound (Lemma 3.10). ]

3.5 Extension to all Modular Forms
We now have two equivalent definitions of newforms on S;(/N) in terms of the operators
D(f) = CULf = (°f and Try(f) = f + L7 UWef.

These operators are well-defined on the entire space of modular forms M (V). Hence we

can use them to define notions of newforms on spaces besides Sy, (V).

Definition 3.15. Let C be a Hecke-invariant subspace of M (V). Define

CUlinew = ker(Dg]c), and

CTI‘E—I’IeW — keI‘(TI'Z |C) M ker(Tl“e WZ|C)'
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Here, Hecke-invariant means that C is closed under the action of the Hecke operators.

Our previous results in this chapter tell us that
Sk(N)EfneW — Sk(N)UgfneW — Sk<N)Trg — new

and we now consider whether a similar statement holds more generally for M (V).

First we note that M (V) decomposes as
M(N) = Sp(N) & E(N)

where & (V) is a Hecke-invariant subspace of M (NN) called the Eisenstein space [DS05,
Chapter 4 and 5.11]. As our theory of newforms on Si(/N) is already established, we restrict

our attention to &, (N).

Recall that in S,(N), the /-new subspace consists of eigenforms that are not equivalent to
any (-old eigenforms (Corollary 3.3). Since the Hecke operators are well-defined on the
Eisenstein space, the notions of eigenforms and equivalent eigenforms also make sense in
Ex(IV). We thus make the following definition.

Definition 3.16. The space of (-new Eisenstein forms £,(N) "¢V is the span of all eigen-
forms in £, (V) that are not equivalent to any eigenforms in £, (N )~ = E(N/l) + Wy(Ex(N/1)).

In support of this definition, we note that £,(/N) has a basis of eigenforms and every
newform in E(N)™™ = NynE(N) " is a simultaneous eigenfunction for all the Hecke
operators 1;, with m > 1 [DS0S5, Proposition 5.2.3].

We now see how &, (N ) 72V is related to £ (N )Ve~2eY and &, (V) Tre —new,

Theorem 3.17. Suppose k # 2. We then have
gk(N)ffneW — Sk(N)UgfneW — gk(N)Trgfnew — {O}

Proof. First suppose that £ = 0. Then the only modular forms are constant functions [DS05,
Theorem 3.5.1]. Hence & (N) = &£y(1) so that there are no nonzero /-new forms in & (N).

Now let f(z) = ¢ be some nonzero, constant-valued function on H. We then have
Di(f(2)) = CPUfc—Pc = ({* —1)c # 0, and
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TI‘[(W((f(Z))) = Tl‘g(f(z)) =c+ EI_OUZW[C =c+ EU[KOZ'ZC = (1 + E)C 7& 0.

Hence gO(N)Z—new — go(N)Uz—new — gO(N)Trz—new — {0}

Now assume k # 0, 2. In Appendix B (Proposition B.4) we show that £,(N) = &, (N)¢°d
and thus & (N)*™" = {0}. As in the proof of Theorems 3.9 and 3.14, any /-old form
in My (N)Vemew or My, (N)Te =1 arises from an eigenform g € M, (N/{) with its T)-
eigenvalue satisfying a2(g) = (¢ + 1)?¢*~2. However, no eigenform in &,(/N/¢) has such an

eigenvalue [DSO0S5, Proposition 5.2.3]. Hence
gk(N)anew — Ek(N)Ugfnew —_ Ek(N)Trgfnew — {O},

as required. 0

When k& = 2 however, these notions of "newness" no longer coincide. This is illustrated

in the following example.

Example 3.18. Suppose that NV is not prime and let g = Eév / g(z) be as defined in Example
1.9. Note that g € &(N/{) with Ty(g) = (¢ + 1)g [DS0S, Propostion 5.2.3]. Now let
h = g — W,(g), noting that h ¢ E,(N)*~"°", However, using Lemma 3.13 we have

Tre(h) = € Tre(g) — Tre(We(g)) = (£ +1)g — €({+ 1)g =0, and
Tro(We(h)) = £ Tro(Wi(g)) — €2 Tre(g) = (€ +1)g — (0 + 1)g = 0.
Hence h € E(N)™ =" and one can similarly show that i € Ey(N)Vemew,

Question 3.19. Although the above example shows that E(N )T ~2eW o£ £,( NV )“~2¥ (when-
ever N is not prime) is it still true that E (V)T ~ W = &, (N)Vernew?

This problematic behaviour when k& = 2 is overlooked by Deo and Medvedovsky [DM19,

Proposition 6.1 and Proposition 6.3]. However, it does not affect their subsequent results.

For a more detailed analysis of Eisenstein newforms and their relation to the trace opera-
tor see [Wei77, Chapter 3].
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CHAPTER 4
NEWFORMS IN CHARACTERISTIC ZERO

We now consider a generalisation of modular forms, allowing g-expansions to have coeffi-
cients over some commutative ring 5. The aim of this chapter is to show that when B has

characteristic zero, the theory of newforms mimics that discussed in Chapters 2 and 3.

The definitions in this chapter are adapted from [DM19, Sections 2, 5 and 6]. From here
onwards, we will assume the reader is familiar with the basic theory of flat modules. A

summary can be found in Appendix A.1.

4.1 Modular Forms over a Commutative Ring B

Let N > 1 be a fixed positive integer. Let My(N,Z) (resp. Sig(NV,Z)) denote the set of
modular forms (resp. cusp forms) of weight & for I'y(N) with integral Fourier coefficients.

For any commutative ring B we then define

M(N, B) := My(N,Z) @z B, and
Sk-<N, B) = Sk(N, Z) ®Z B,

where M, (N, Z), Si(N,Z) and B are viewed as Z-modules?”. Using the isomorphism
Z®7B = B, we can treat M (N, B) (and similarly S, (N, B)) as a subset of B][g]]. Namely,

M(N, B) = spany {Z ing" € Bllq]] + ) ang" € My(N, Z)} :

where a, is the image of a, under the unique ring homomorphism Z — B. Note that
M. (N, C) agrees with the classical definition of modular forms since M (V) has a basis in
M. (N, Z) [DI95, Corollary 12.3.12]. The same is true for Si (N, C).

Now, let M(N,B) = > 2, My(N, B) denote the algebra of modular forms (for I'g(V)

OThere is also a geometric definition of modular forms with coefficients in B that was first introduced
by Katz [Kat73]. However for most of the cases that we are interested in, Katz’s definition agrees with our
more elementary definitions (see [DI95, Theorem 12.3.7]). Certainly, My (N, B) € M, (N, B)X4% where
M. (N, B)Xa ig the space of Katz’s geometric modular forms.
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over B). Similarly let S(N,B) = Y .~ Si(N, B) be the algebra of cusp forms. These

algebras are much easier to work with when B is a domain of characteristic zero.

Proposition 4.1. Let B be a domain of characteristic zero. Then
M(N,B) = @ My(N, B).
k=0
An analogous result holds for S(N, B).

Proof. For B = C, and thus B = Z, this is proven in Appendix B (Proposition B.2). Another
way of saying this is that the map

P Mi(N,Z) — M(N,Z) (4.1)
k=0

is injective. Now suppose that B is an arbitrary domain of characteristic zero. Then B is flat
as a Z-module (Corollary A.4). Tensoring (4.1) by B therefore preserves injectivity, giving
the desired result. O

Next we define the Atkin-Lehner and Hecke operators over B. Recall that for p prime
and f =3 a,(f)g" € My(N,C), the Hecke operators are defined by

an(Tpf) = an(Upf) = any(f), ifp | N,
an(Tpf) = apn(f) + pk_lan/p(f)a ifp 'f N.

Suppose now that f € My(N,Z) and k > 0. Then by the above definitions we also have
T,(f) € My(N,Z). As aresult, the Hecke operators are defined on M, (N, B) as follows.

Definition 4.2. Let B be a commutative ring, p be a prime and k£ > 0. The Hecke operator
T, is defined on simple tensors in M (N, B) by

T,(f @z x) =="T,(f) ®z x,

where f € My (N,Z)and x € B.

Remark. If p is invertible in B or p | N then the above definition naturally extends to k& = 0.
In addition, suppose that B is a domain of characteristic zero. Then 7T}, is well-defined on the
algebra M(N, B) by Proposition 4.1.
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Now let ¢ be a prime dividing /V exactly once. A result due to B. Conrad [Pra09, Theorem
A.1] tells us that the Atkin-Lehner operator W, is Z[1/{]-integral. In other words, if f is in
M (N, Z[1/1]) then so is W,(f). Thus, if ¢ is invertible in B we can naturally define W/, on
M (N, B) as follows.

Definition 4.3. Let B be a Z[1//]-algebra (so that ¢ is invertible in B). The Atkin-Lehner
operator W is defined on My (N, B) by

Wo(f ®zp1/g ©) == We(f) Qzpryq @

where f € My(N,Z[1/{]) and x € B. If B is a Z[1/{]-domain of characteristic zero then
this definition extends to the algebra M (N, B).

Remark. The above definition makes sense since
My(N, B) = My(N,Z)®2,B = My(N,Z)RzZ[1 /] @z1/0 B = My(N, Z[1/{]) @719 B,

by the associativity of the tensor product.

These definitions indicate that a theory of oldforms and newforms on M (N, B) will not
have a very interesting structure unless we assume some conditions on 5. In this chapter,

there are three main cases we will consider (in level of decreasing generality):
(1) The case where B is an arbitrary commutative ring.
(2) The case where B is a domain of characteristic zero.

(3) The case where B is a characteristic zero Z[1/¢|-domain, for some prime ¢ dividing N

exactly once.

Notably, many common rings are Z[1/¢]-domains such as the p-adic integers Z,, (provided
p # ) as well any field such as Q, R, C or Q,,.

4.2 Oldforms over a Commutative Ring B

Let ¢ be a prime dividing N. Recall that the space of /-old forms (of weight k) is given by

M (N)M = M(N/O) 4 if(My(N/0)),

30



or if / divides IV exactly once then
Mk(N)Z_OId = Mk(N/@ + Wg(Mk(N/g))

For ¢-old forms over any commutative ring B, we let My (N, Z)*=°14 := M (N)°19NZ[[q]]
and then define
My(N, B)1 .= My(N,Z) @z B.

Similarly, we define S(N, Z)*~°!4 = S;,(N)*°14NZ[[¢]] and S (N, B)*~° = S.(N, Z) M@, B.
Note that M (N/¢) and Si,(IN/¢) have bases in Z|[¢]| and i, is Z-integral. Hence the above
definitions imply that M, (N, C)*~° = M (N)*~°4 and S,(N, C)°ld = S, (N)*—°,

From these definitions it follows that M (N/¢, B) +i,(My(N/l, B) € My(N, B)*°. On
the other hand, it is not always true that M (N, B)*=°4 C M (N/l, B) +i¢(My(N/, B)).

This is illustrated in the following example.

Example 4.4. Letp > 5and £}, ,(2) := —%Ep_l(z) be the Eisenstein series of weight

p — 1 scaled so that a; = 1. In particular,

B, . >0
E, (q) = =57+ ) 0pa(n)q" € M, (1,C). (4.2)
p—1 2(]9— 1) ; p—2 p—1
Now let
f(z)=E_(q) - E,_(¢") (4.3)

noting that (4.3) is the only way to express f as the sum of a form in M,,_;(1, C) and a form
in 7,(M,_1(1,C)) (see Corollary 3.7). Since the constant terms cancel in (4.3) we have

f € My(N,Z)"~°"4 and thus f € M(N,F,) 4 where f is the image of f in FF,[[¢]]. How-
ever, f is notin M (N/¢,F,) +i,(My(N/¢,F,)). To see this, we note that the denominator
of B,_ in (4.2) is divisible by p (Proposition B.5), but p is not invertible in [F,,.

If B is a Z[1//]-algebra then this problem no longer occurs.

Proposition 4.5. If B is a Z[1/(]-algebra, then
Sk<N7 B)é_()ld - Sk(N/gu B) ¥ WE(Sk(N/g’ B))

To prove this result, we first need the following lemma.
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Lemma 4.6. Let B be a Z[1/{]-algebra. If f € My(N/{,B) N W, M (N/{,B), then f is

constant.

Proof. Generalise the argument from Proposition 3.6. [

Proof of Proposition 4.5. By the Lemma 4.6 we have S,(N/¢, B) N W,(Sx(N/¢, B)) = {0}

since nonzero cusp forms cannot be constant. Hence it suffices to show that
Sk(N, B)°M = §(N/¢, B) + W,(Sk(N/{, B)). (4.4)
Now, note that (4.4) is true when B = C. And then, since Si(/V, C) has a basis in S(V, Q),

(4.4) also holds when B = QQ by a dimension counting argument.

Next we consider the case when B = Z[1//]. Directly from the definition of oldforms over B
(see Section 4.2) we see that S, (N/, Z[1/{]) + Wi(Sk(N/€, Z[1/])) C Sp(N, Z[1/€])F°k.

The reverse inclusion is not as clear.

Let f € S(N,Z[1/¢])*°1. Since Z[1/¢] C Q we have S,(N, Q) = Sp(N, Z[1/]) @z1/q Q
and thus .
f= g+ Weh),

where M € Z and g,h € Sp(N/{,7Z[1/¢]). Because f has coefficients in Z[1/¢] we must
then have g = —W,(h) (mod MZ[1/£])®. Now, Z[1/¢]/MZ[1//] is also a Z[1/(]-algebra
so by Lemma 4.6

We(h)=9g=0 (mod MZ[1/¢)).

Hence both 1 ¢ and > W;(h) have coefficients in Z[1//] and thus f is an element of
Sk(N/CZ[1)0) + Wi(Sk(N/E, Z]1/1])) as required.

Finally, we note that if B is any 7Z[1/{|-algebra then
Sp(N, B)= 2= Sy(N/€, Z[1/0) ™ @z B
= (SK(N/CZ[L)E) ® Wo(Sk(N/EZ[1/E))) @z B

= Sk(N/t, B) ® Wy(Sk(N/C, B)),

as required. 0

(D That is, a,(g) = an(—=W(h)) for all n. > 0.
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4.3 Newforms over a Commutative Ring B

For any commutative ring BB, we define

Sk(N, Z) 7 .= S(N) ™" N Z[[q]], and

Sk(N, B)E—new = Sk(N, Z)E—new ®Z B.

Also let -
S(N, B)Z—new — Zsk(]\C B)E—nevv‘

k=0
Then, to see that Sy, (N, C)“~"" agrees with the classical definition, we prove that Sy (N )¢~ 1ew
has a basis in Sy, (N, Z)~1ev,

Proposition 4.7. The space S,(N)*""°" has a basis in Sy,(N, Z)* ",

Proof. First note that for all M > 1, S, (M)"*" has a basis in Z[[g]]. To see this, one can use
the fact that Galois conjugates of newforms are new [DI95, Corollary 12.4.5] and then apply
the argument in [DS05, Corollary 6.5.6].

Now, by Proposition 3.2 we have the decomposition

Se(N) ™ = 3" Y io(Sp(M)™), (4.5)
ZQM e|(N/M)
[M|N

where « is the number of times that ¢ divides V. Since each Sy (M )"*" has a basis over Z and
i. is Z-integral, it thus follows that S (N )" has a basis in S(N, Z)* 2" as required. [

If k # 2, the above argument also applies to M, (N )72V = S (N)7meV @ & (N)Fmew
as defined in Section 3.5. In particular, one can use the explicit basis of eigenforms described

{—new

in [DSO05, Proposition 5.2.3] to produce a decomposition analogous to (4.5) for &(N)
and thus M, (N ) 1ev @) T light of this, we also define

M (N, 7)Y .= M (N)" N Z[[q]], and

Mk(N, B)anew — Mk(N, Z)anew ®z B.

(i See also [Wei77, Proposition 21].
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4.4 Span of Oldforms and Newforms in Characteristic Zero

Recall the classical decomposition of Si(V, C) into ¢-old and ¢-new forms:
Sk(N,C) M @ S (N,C) ™" = S,(N, C). (4.6)

A natural question to ask is whether this decomposition holds if we replace C with an ar-
bitrary commutative ring B. Unfortunately, this does not turn out to be the case in general.
For instance, in characteristic p there are congruences between (-old and /-new forms so
that we cannot even use a direct sum as in (4.6). However, at least when B is a domain of

characteristic zero, the space of /-old and /-new forms intersect trivially.

Proposition 4.8. Let B be a domain of characteristic zero. Then for any weight k,
Se(N, B) N S, (N, B) ™ = {0}.

Proof. First note that the proposition holds for B = C and thus B = Z. Equivalently, the
map
Sk(N,Z) 7 @ Sp(N, Z) M — SL(N, Z) (4.7)

is injective. Now suppose that B is an arbitrary domain of characteristic zero. As B is flat
over Z (Corollary A.4), tensoring (4.7) with B preserves injectivity thus giving the desired
result. 0

In addition, if B is a field then the /-new and ¢-old forms span Si (XN, B).

Proposition 4.9. Let B be a field of characteristic zero. Then for any weight k,
Sk(N, B)™° @ Si(N, B)" "V = Sy(N, B).

Proof. Since S(N, B)*~°'4and S;(N, B)*~"°" intersect trivially (Proposition 4.8), it suffices
to show that

dimp(Sp(N, B)°M) 4+ dimp(Sp(N, B) ") = dimp(S(N, B)). (4.8)

First note that this holds when B = C since Sx(N,C)* "V is the orthogonal comple-
ment of S;,(N,C)*°! with respect to the Petersson inner product. Now, S (NN, C)*~°l,
Si(N, C)*~me" and Sy, (N, C) all have bases over Z and thus Q. Hence (4.8) holds for B = Q
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as well.

We now take B to be an arbitrary field of characteristic 0. Note that QQ is a subfield of B. In
particular, we have a unique injective ring homomorphism from Q to B, sending 3 € Q to

¢(a)p(b)~! where ¢ is the unique ring homomorphism from Z to B. As a resul,
dimp(Sg(N, B)) = dimp(Sk(N, Q) ®¢ B) = dimg(Sk(N,Q))

and similarly for Sy (N, B)*~°4 and Sy,(N, B)*~"°V. Thus (4.8) is true for all characteristic 0
fields as required. O

The following example demonstrates what can happen if we remove the assumption that
B is a field.

Example 4.10. The space S;(5) is spanned by a single cuspform
f=q—4¢*+2¢° +8¢* —5¢° — 8¢° +6¢" — 23¢° + O(¢"°).
Similarly, the space S;(10)>7™°" is spanned by a single cuspform
g=q+2¢* —8¢° +4¢" +5¢° — 16¢° — 4¢" + 8¢° + 37¢" + O(q").

Note that f € 84(10,Z)%* 4 and g € S,4(10, Z)?>7¥. Looking at the first few terms we also
see that a,,(f) = a,(g) (mod 2) and by [Ste07, Corollary 9.20] this congruence holds for all

n > 0. Hence, we also have
1

But i ¢ 84(10,Z)*° @& 84(10, Z)?>~™™. To see this, note that h = 5 f — 3¢ is the only way
to write A as the sum of a forms in S;(10, C)?~°'4 and S4(10, C)2~"*¥ by Proposition 4.9.

However, ; f and 1 are not in 8,(10, Z).

4.5 Uy-new and Tr,-new in Characteristic Zero

We now look at how the notions of Uy-new and Try-new from Chapter 3 carry over in this
more general setting. In what follows, we will always assume that / is a fixed prime dividing
N.
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Definition 4.11. Let B be any commutative ring and C be a Hecke-invariant submodule of
M (N, B). Define
CYr e .= ker(Dylc).

If B is a domain of characteristic zero then we can take C to be any Hecke-invariant submod-
ule of M(N, B) = @, , Mx(N, B).

Theorem 4.12. Let B be a domain of characteristic zero. We have
S(N, B)Z—new — S(N’B)Ug—new.

Proof. Since B is a domain of characteristic zero, S(N, B) = @,-, Sk(N, B). And so,
because D, is weight preserving it suffices to prove

Si(N, B)" ™" = S, (N, B)Vemew (4.10)

in a single weight k. By Theorem 3.9, (4.10) holds for B = C and thus also for B = Z. And

then, if B is any other domain of characteristic zero we have

Sk(N, B)Z—new _ Sk(N, Z)E—new Ry B = Sk<N, Z)Uz—new ®g, B = ker(Délsk(N,Z)> X7, B.
4.11)

However, since B is flat over Z,
ker(Dy|s,(v,z)) @z B = ker(Dy|s,(vz) ®z 18) = ker(Dy|s,(v,8)) = Sk(N, B)Verew

(see Proposition A.5 in the Appendix). Combining this with (4.11) gives the desired result.
O

We now make a similar generalisation for Tr,-new forms.

Definition 4.13. Let B be a Z[1//(]-algebra and C be a Hecke-invariant submodule of M (N, B).
Define
Ctre e = ker(Try | o) N ker(Tr, Wele).

If B is a Z[1/¢]-domain of characteristic zero then we can take C to be any Hecke-invariant
submodule of M(N, B) = @;~, Mx(N, B).

Remark. Here, we require that B is a Z[1/{]-algebra so that 1V, and Tr, are well-defined. This
follows from our general definition of W, (Definition 4.3) and the formula Tr,(f) = f + (*~*U,W,f.
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Theorem 4.14. Let B be a Z[1/{]-domain of characteristic zero. We have
S(N, B)" = S(N, B)Ve—mew — §(N, B)™e—new
and if k # 2
Mi(N, B) 'Y = My(N, B)V " = M, (N, B)™ .

Proof. In Chapter 3 we showed that all of these statements were true over C. To generalise to
any characteristic zero Z[1//]-domain B, we repeat the arguments from the proof of Theorem
4.12 making use of Theorems 3.14 and 3.17. [

Considering all primes dividing N gives the corresponding result for
S(N, B)™ =,y S(N, B)*m" and M, (N, B)"V = Moy Mi(N, B)tnew,

Corollary 4.15. Let B be a Z[1/N]-domain of characteristic zero. If N is squarefree then

S(N, B)new _ ﬂS(N7 B)Ug—new _ ﬂS(N, B)Trg—new
N N

and if k # 2,

Mk(N, B)new _ ﬂMk(N7 B)Ug—new _ ﬂMk(N7 B)Trg—new.

0N ON

Proof. Follows directly from Theorem 4.14. Note that since NN is squarefree, each prime ¢

divides N exactly once. Moreover, each prime ¢ | N is invertible in B with = (N—]ég) O]

The theory of newforms in characteristic zero thus naturally generalises the classical the-

ory over C. In the next chapter we will perform a similar analysis in characteristic p.
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CHAPTER 5
NEWFORMS IN CHARACTERISTIC p

In this chapter, we attempt to generalise our results of the previous chapter to characteristic
p. However, due to congruences between modular forms, the theory of newforms in charac-
teristic p is more complicated than in characteristic zero.

a
Again we assume that N > 1 is fixed positive integer. Moreover, for any two modular

forms f,g € My(N,Z) we will always write f = ¢g (mod p) to mean that a,,(f) = a,(g)
for all n > 0.

The main results of this chapter are adapted from [DM19, Section 6.2].

5.1 Modular Forms in Characteristic p

In Chapter 4 we showed that if B is a domain of characteristic zero then

M(N, B) = éMk(N, B).

k=0
This is no longer true in characteristic p as a result of the following proposition.

Proposition 5.1. Let p > 5 be a prime number. The Eisenstein series F,_; can be scaled so

that E, 1 € My(N,Z). Moreover, we can choose this scaling to be such that
E, 1(¢g) =1 (mod p).
If p=2orp=3then E4 and Eg can similarly be scaled so that

Ei(q) = Es(q) =1 (mod p).

Proof. Recall that F,,_; is given by

Bpal) = 1= 5= Y0,



where B,_; is the (p — 1)™ Bernoulli number. Now, write B,_; = ¢ where a and b are

coprime integers. As a result
aE,_1(q) =a—2(p— 1)b Y _0pa(n)q" € My(N,Z).
n=1

However, b = 0 (mod p) by Proposition B.5 and thus
aE, 1(¢) =a (mod p).

Next we note that gcd(a,p) = 1 since ged(a,b) = 1 and b = 0 (mod p). Therefore there
exists m € {1,...,p — 1} such that

maE, 1(¢) =1 (mod p),

which is the desired result. Without too much abuse of notation, we will always assume that
E

»—1 has been scaled as such so that we write

E,-1(q) =1 (mod p).
Finally, if p = 2 or p = 3 then we can perform a similar argument for 4 and Ejg noting that

B4:—%and36:ﬁ. OJ

Corollary 5.2. Let p be a prime number. If p > 5 then M(N,F,) C Myp—1)(N,Fp). On
the other hand, if p = 2 or p = 3 then My(N,F,) C My 14(N,F,). In particular, the sum
Yoo My (N, F,) is never direct.

Proof. If p > 5 then for any f € My(N) we have f = E,_;f (mod p). Since E,_, f is in
M4 p-1)(IV) we attain the desired result. For p = 2 or p = 3 we can argue similarly using
E,. O

These are essentially the only congruences we will have to consider in characteristic p.

Proposition 5.3. Let p > 5 be a prime number and B be a domain of characteristic p. The
kernel of the map

@ M. (N, B) - Bllg)

is generated by E,  — 1. Here, E, | and 1 are the images of E, 1 € M, _1(N,Z) and
1 € My(N, Z) in B[lq]|.
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Remark. Although E, ; = 1 (mod p) we view E,_; and 1 as distinct modular forms in
D, Mi(N, B) since they arise from forms in M (N, Z) with different weights.

Proof of Proposition 5.3. For B = [, this is shown in [Gor02, Theorem 5.4 in Chapter 4].
Now suppose that 5 is an arbitrary domain of characteristic p. Then B is a vector space over
[F,. Namely, this means that B is a free [,-module and thus flat over [F,,. Since flat modules

preserve kernels (Proposition A.5) we obtain the desired result. U

In light of this observation, we define

M(N,BY = )  M(N,B),

k=1 (mod p—1)

so that when B is a domain of characteristic p > 5

M(N,B)= & M(N,B)". (5.1)

€22/ (p—1)Z

We also analogously define S(N, B)" = |J,_; (mod p—1) Sk(V, B) for cusp forms. Note that

when p > 5 each element of M (N, B)® can be assumed to appear in a single weight k since
Mk(Na B) - Mk+(p—1)(N> B)

On the other hand, suppose that B has characteristic 2 or 3. In this case, M (N, B) = M(N, B)°.
Each element of M (N, B)? can also be assumed to appear in a single weight by multiplying
by suitable powers of £, and E.

5.2 Atkin-Lehner, Hecke, D, and Tr; Operators in Characteristic p

Let ¢ be a prime dividing N exactly once. In Chapter 4 we showed that if B is a Z[1//]-
algebra then the scaled Atkin-Lehner operator W, = (%20, is well-defined on M k(N, B).
In addition, My(N/¢, B) N W, (Mk(N/¢, B)) = B (Lemma 4.6). If B is also a domain (of
any characteristic) then these results extend to the algebra M(N, B) = > 77 M (N, B).

Proposition 5.4. Let B be a Z[1/(]-domain. Then:
(a) The operator Wy is a well-defined automorphism on the algebra M(N, B).

(b) We have M(N/{, B)NW,(M(N/{,B)) = B.
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Proof.

(a) In characteristic zero M(N, B) = @, , Mx(N, B) so we can simply define W, on
M(N, B) by extending its definition on each M (N, B) by linearity. Note that W, is

an automorphism since it has an inverse W[l = (FW,.

Now suppose that B has characteristic p. For any f € M(N, B) we have a unique
decomposition f = Y, f; where f; € M(N, B)" as in (5.1). Hence it suffices to show
that W, is well-defined on each M (N, B)’. As discussed in Section 5.1, each form in
M(N, B)" can be assumed to appear in a single weight k. We need to show that 1V,
does not depend on this weight.

So, let f;, f € M(N,Z)" be forms with the same mod B reduction” and weights k and
k' respectively. Without loss of generality, assume that &’ > k sothat k’'—k = m(p—1)
for some m > 0. If p > 5 then E" , f; has the same weight as f; and also has the same
g-expansion mod B. Since W, is well-defined on M;, (N, B) (i.e. in fixed weight) we
then have

Wi(f)) = Wi Epy fi) = Wi( By )" Wi fi) = (P By (€2))" Wil fi) = Wi fi),

where the congruences are taken mod 5. Here ((P~") = 1 by Fermat’s little theorem™,
If p = 2 or p = 3 then we can perform an analogous argument using powers of F, and
FEs. Therefore, W, is well-defined on each M (N, B)" and thus M (N, B) as required.

(b) Again, if B has characteristic zero then the result follows since M (N, B) = @, , My(N, B).
Now suppose that B has characteristic p. Let f and g be forms in M (N, B) such that
f=Wi(g). Wewrite f =, fi,g =13, g; where f;,g; € M(N, B)". By multiplying
by suitable powers of Eisenstein series we may also assume that each f; and g; have the
same fixed weight k;. Now, since f = W;(g), we have > . f; = > . Wy(g;). However,

W, is weight-preserving so linear independence implies that f; = W;(g;). As a result,
each f; is constant (Lemma 4.6) so that f = ). f; € B as required. O

In light of these results, we define for any Z[1//]-domain B

S(N,B)"4 = S(N/t,B) ® Wy,(S(N/¢, B)).

OThat is, p(a,(f;)) = ¢(a,(f!)) where ¢ is the unique ring homomorphism ¢: Z — B.
(Since / is invertible in B we must have (¢, p) = 1.
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This agrees with the standard definition of /-old forms in fixed weight (cf. Proposition 4.5).

We also emphasise the importance of using the scaled Atkin-Lehner operator W,. In particu-
lar, the following example shows that the operator w, = %21V, is not always well-defined
on M(N, B).

Example 5.5. Let B = Fy so that T € My(N, B) and E, € My(N, B) have the same
g-expansion. We then have w3(1) = 1 and w3(F,) = 3*E4(v - z) = —1 (mod 5), so that
wy(1) # wy(Ey).

The main idea here is that /¥ = ¢ (mod p) if k = k¥’ (mod p — 1) but we might have

(k12 = ¢¥'/2 Taking this into consideration, we define the following operator.

Definition 5.6. Let B be a Z[1/(]-algebra. The weight-separating operator
Sp: My (N, B) — My(N, B) is given by S,(f) = ¢* f with inverse S, ' (f) = ¢~*f. If Bis
also a domain then we can define S, on M(N, B) by extending this definition by linearity.

Now, let B be a Z[1/{]-domain and f € My(N, B). In terms of the weight-separating

operator, we have
D(f) = CUZf — Suf, and Tro(f) = [+ €S, UW. .

As a result, these operators can be extended to M(N, B) and we can consider notions of
Ue-new and Try-new forms in characteristic p. Similarly, the operator 7} is well-defined on
M(N/¢, B), where it is given by

Ty =Up+ LSW,f.

5.3 Newforms for Z[1//]-domains in Characteristic p o whast
Rra 2 i
Again let ¢ be a prime dividing N exactly once. We now consider how the notions of /-new,

Usy-new and Tr,-new forms carry over into characteristic p. For the rest of this section, we

will always assume that B is a Z[1/¢]-domain of characteristic p unless otherwise stated.
We begin by giving an example showing that in general, all three notions of newness dis-

agree on M (NN, B). This is in contrast to the case of characteristic zero in which all three
notions coincide provided k # 2 (Theorem 4.14).
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Example 5.7. Letp > 3and f = 1 € My(N,F,). Note that f ¢ My(N,F,) " since f
is the mod p reduction of 1 € My(1) C My(N) !4, However,

Dy(f) = CPUF(1) — £° = * — 1 and,
Tl“g(f) =14+ glioUng(f) =1+7

Hence if = —1 (mod p) then f € M(N,F,)V " and f € M(N,F,)™ =" On the
other hand, if £ = 1 (mod p) then f € M(N,F,)V ™ but f ¢ M(N,F,)" =", This
example also generalises to higher weights by using the mod p reduction of Eisenstein series.

By restricting to cusp forms, we can overcome much of this problematic behaviour. In
this direction, we prove a result (adapted from [DM19, Proposition 6.4]) regarding the ¢-old
forms that appear in S(N, B)Y¢="*" and S(N, B) ¢~ nev,

Proposition 5.8. Let B be a Z[1/{]-algebra and f, g € Sp(N/{, B) for some fixed weight k.

The following are equivalent

(1) f+Wilg) € ker(D)).

(2) f+ Wi(g) € ker(Tr,) Nker(Tr, Wy).

(3) {Tyf = —(0+1)Seg and (Tyg = —(£ + 1) f.
In other words,

(Sp(N, B)f-old)Uemnew — (§, (N, B)t-oldyTre —new
={/+Wilg) : Tof = (L +1)Seg and (Tyg = —({ + 1) f}

If B is also a domain then the above results extend to the algebra S(N, B).

Proof. First we show (1) < (3). Recall that on M(N/¢, B) we have W, = Syiy, UW, = S,
and EUK = ng - Wg. SO,

D(f) = CUf — Sif
= U((Tef —Wof) = Sef
= (Ty((Tyf) — WolTof) —LUW, f — Sef
=T f — (04 1)Sof — WilT,f.
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Whereas,

Dy(Wig) = CPUIWig — SiWag
= (PUSpg — WiSeg
= T} Seg — (Wi Seg — WiSg
= (*T;Spg — (0 + 1)W;Seg.

Hence, if f + W;(g) € ker(Dy) then

O = Df(f + ng)
= (CPT7f — (€ +1)Sof + C*TuSeg) — We(LTyf + (€ +1)Sg).

But by Proposition 4.5 we have S,.(N/¢, B)NW,Sx(N/¢, B) = {0}. Thus f+W;(g) € ker@)
if and only if

CTHf — (0 + 1)Sef + 02T, Sig = 0 and (T, f + (£ +1)Seg = 0.

The second equation tells us that /7, f = — (¢4 1)S,g. Substituting this into the first equation
and simplifying then gives

as required.

For (2)<(3) we recall that Tr,(f) = (¢ + 1) f and Tr,(Wyg) = (Ty(g) (see Lemma 3.13).
And so,

Tro(f +Wig) =0 ((+1)f +Tg =0 (T;g=—({+1)f.
On the other hand,

0="Tr, Wg(f + ng) = Trg(ng + Sgg)
ST f = —(0+1)Sg,

as required. If B is a domain then we can repeat the above argument for f,g € S(N/¢, B)
by using Proposition 5.4. [
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Remark. In fixed weight k, this result can be expressed more symmetrically in terms of
k

wy = (~F2W,. In particular, if A, = —(¢ + 1)6?2 then

(Sk(N, B)Zfold)Ugfnew — (Sk(N, B)Zfold)Trg — new
= {f -+ wg(g) . Tgf = )\kg and ng = )\kf}

The constant \; also appears in the work of Ribet [Rib83] and Diamond [Dia91] on con-
gruences between (-old and /-new forms. The connection between these results is explored
further in [DM19, Section 7].

We now move onto the main theorem, comparing the notions of /-new, U,-new and Tr,-

new cusp forms in characteristic p.

Theorem 5.9. Let B be a Z[1/{|-domain of characteristic p. We then have
S(N, B)anew g S(N, B)Ugfnew — S(N, B)Trgfnew.

Proof. Since B is a domain of characteristic p we have S(N, B) = @, coz/(,_12 S(V, B)"
and each element of S(NN, B)’ can be assumed to appear in a fixed weight. As a result, it will
suffice to prove the theorem for some fixed weight £. In what follows, we will write X B to

indicate that an operator X is acting on Si(N, B).

First we show that Sy,(N, B): "% C Sy, (N, B)Y*1eV, So, let f ® b be a simple tensor in
Sk(N, B):me% = 8§, (N, Z)* "% @, B. We then have

D/ (f@b)=Dy(f)®b=0

noting that f € Si(N,Z)" " = ker(DZ). Hence f @ b € ker(DF) = Si(N, B)Vr¥ so
that in general, Sy (N, B)“™ "% C Si.(N, B)Ve=V as required.

We now show that Si(N, B)Ve=2v = S (N, B)T¢~1% by mimicking the argument in

[DM19, Theorem 1]. In what follows, we assume the reader is familiar with the basic prop-

erties of p-adic numbers. A summary can be found in Appendix A.2.

First note that it suffices to prove S,(N,F,)V ™V = S (N, F,)T =2V, To see why this is
sufficient, note that B is an [F),-vector space and thus flat over I,,. Therefore, tensoring with
B will preserve the kernels of Dy, Tr, and Tr, W, (Proposition A.S5).

Now let f € Si(N,F,)Vs— %, Considering how F,, is embedded in Z )there exists f € Si(N,Z,)
3 \WERTY cm-'*eém\j not frtheconse
R \¢ ;V\Q* 3
o&’k\.{ Q\Agadbex\g\‘ﬁ '
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such that f is the mod-p reduction of f . We take such an f and lift it to a modular form .
over Q,. Since Q, is a field of characteristic zero, we then have f = fgld + fé‘ew where
fST € S(N,Q,) 0 and frv e Sp(N,Q,) ™" (see Proposition 4.9). Let b € Zs be
sufficiently large so that p® 94 and p® f2¥ are in Sy,(N, Z,,). That is,

f — p—b(fold + fnew)7
where o4 € Sy(N,Z,) " and " € Si(N, Z,) " °v.

Since [ € ker(Dfp) it follows that Dgz"( f) is in pZ,[[q]]. Next we note that Dgz"( frevy =0
since Sp(N, Z,)t ™Y = Si(N, Z,)U " (Theorem 4.12). As aresult, D, (f) = p~*D.*(f9).
So, letting f°'¢ be the reduction of f"ld mod p’*! we have fo4 € ker(DEZ/ b bHZ). By Propo-
sition 5.8 we then have f°4 € ker(Tr,)%/*""'Z N ker(Tr, W,)%/?"""'Z, Lifting back up to

characteristic zero we see that both Tr;” (f°4) and (Tr, Wy )% (fo'4) are in p*+Z,[[q]].

Now, (Trz)% (f*) = 0 and hence both Tt (f) and (Tr, W,)%(f) are in pZ,[[¢]]. There-
fore, Tr,”(f) = 0 and (Tr, W) (f) = 0. Thatis, f € ker(Tr;)® N ker(Tr, W)F». Thus
ker@g ?) C ker(Tr,)fr N ker(Tr, W,)¥». Reversing all of the steps above gives the reverse

containment. ]
Remarks.

(i) In [DM19, Section 6.1], the space of ¢-new forms Si(N, B): 2V := S (N,Z) ®z B
is only defined when B has characteristic zero. However, here we also considered the

case where B has characteristic p for completeness.

(ii) The relation S(N, B)‘~"V C S(N, B)Y¢=2¢¥ holds when B is any domain of charac-

teristic p (even if £ isn’t invertible).
Question 5.10. Is the inclusion S(N, B)* "V C S(N, B)V¢=mY strict?

The author of this thesis admits to not knowing a comprehensive answer to this question.
However, the following example shows a case where Sp(N, B) "V C S; (N, B)Ve1ev in

fixed weight k.

Example 5.11. The space Sz(11) is spanned by a single eigenform

f=q-2¢—¢+2¢" + ¢ +2¢° — 2¢" — 2¢° + O(¢").
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Similarly, the space S»(33)37"°" is spanned by a single eigenform
9=4+0@ - —q¢" =20 — ¢ +4¢" =3¢ + " + O(¢").

Note that f € S5(33,Z)3° and g € S,(33,7Z)3 ™", Define h := f — w3(f) = f — 3iz(f)
so that

h=q—2¢" —4¢> +2¢* + ¢* + 8¢° — 2¢" + ¢’ + O(¢"°) € S»(33,Z)* .
Reducing mod 5 we then obtain

G=q+ ¢ +4¢° +4¢" +3¢° + 4¢° + 4¢" + 2¢° + ¢" + O(¢"°) € S5(33,F5)* ™, and

h=q+3¢+ ¢ +2¢" + ¢ +3¢° +3¢" + ¢" + O(¢") € 5,(33,F5)> .

By the remark following Proposition 5.8 we see that h € Sy(33,F5)Y3~ V. However,
h ¢ 85(33,F5)* ™" = Spang_{g}.

5.4 Summary/Conclusion

Example 5.11 from the previous section indicates that the notion of ¢/-new may differ from
the algebraic notions of Uy-new and Try-new in characteristic p. Because of this discrepancy,

we now summarise the differences between each of these notions and their relative usefulness.

First we consider the original motivation for defining newforms over C. In particular, the
theory of oldforms and newforms allows us to classify cusp forms in Si (V) for some weight
k and level N. This classification is useful due to the desirable properties of newforms that
we explored in Section 2.3. However, in characteristic p this classification breaks down.

Namely, it is often the case that
Sk(N, B) N S(N, B)' " # {0}

when B has prime characteristic. See Example 4.10 for an instance of this behaviour in char-

acteristic 2 or [DM19, Example 1] for an example in characteristic 7.

An alternative way to classify oldforms and newforms over C is by their Hecke eigenvalues
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(Lemma 2.15). However, the Hecke operators are not always diagonalisable in characteristic
p making such a classification impossible (see [Joc82]). It is thus evident that ¢-old and /-
new forms in characteristic p cannot be used to decompose the space Sy.(N, B). Despite this

problem, we may still hope to retain algebraic properties of newforms in characteristic p.

This is where the notions of Uy,-new and Tr,-new are useful. These notions are explicitly
defined in terms of the Atkin-Lehner and Hecke operators and thus consist of forms that are
well-behaved with respect to these operators. For instance, a Uy-new form will always have
a U} eigenvalue of /*72. Even in characteristic 0, defining newforms in this way is arguably
more robust and elegant than using the Petersson inner product. Moreover, the intersection
between /-old and U;-new (or Try-new) forms can be described quite simply (Proposition
5.8).

An area of future research would be to study applications of U,-new and Tr,-new forms
to other aspects of modular form theory. Importantly, Deo and Medvedovsky [DM19, Sec-
tion 8] show that these notions of “newness" appear when looking at Monsky’s Hecke-stable
filtration [Mon15], [Mon16].

Now, although the notions of U;-new and Tr,-new agree on cusp forms (Theorem 5.9), these
notions do not agree on the space of all modular forms (Example 5.7). Moreover, we can
only define Try,-new forms over commutative rings where ¢ is invertible. So although similar,
it is unclear which algebraic notion - Uy-new or Tr,-new, provides a "better" definition of
newness. In Chapter 6 we shall generalise these notions even further so that their different

properties become more apparent.
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CHAPTER 6
FURTHER GENERALISATIONS

In the last chapter we explored Deo and Medvedovsky’s notions of U;-new and Tr,-new
forms in characteristic p. These notions were only defined for modular forms for I'y(N') but
there are certainly other types of modular forms that we can consider. In this chapter we
introduce the notion of modular forms with character and suggest definitions for Uy,-new and
Tr,-new forms in this setting. Moreover, we consider ways of removing the requirement that

N is squarefree (i.e. that each prime factor ¢ of N divides N exactly once).

Note that most of the proofs in this chapter will be quite short and instead describe how
to generalise proofs from previous chapters. We will also frequently make use of Dirichlet

characters. For information about these objects, see Appendix A.3.

As per usual we assume that /V is a fixed positive integer.

6.1 Modular Forms with Character 5
Miojak be good o Speady e coefiamdshar. €
Definition 6.1. Let £ > 0 and y be a Dirichlet character mod N. A modular form with

character x (of weight k and level V) is an element of the vector space
MEN) ={f € Mp(T1(N)) = flu(2Y) = x(d)f forall (¢4) € To(N)}.

The space of cusp forms with character x, denoted S)(IV), is defined analogously.

In particular, note that M}°(N) = M, (N), where X is the trivial Dirichlet character
mod N. We also have the following decomposition of M (I';(N)) [Ste07, Proposition 9.2]:

M(T1(N)) = @D MX(N), (6.1)

where the direct sum is over all Dirichlet characters mod /N. Therefore, instead of directly
studying the space My, (I'1(V)), we can instead study M (V) for each Dirichlet character x
mod N.
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We can also define S)(IN)"*" in a similar way to how we defined S;(/N)"*" in Chapter 2.
So, suppose that x is a Dirichlet character mod /N induced by a Dirichlet character x’ mod
M. For each e | (N/M) we have an embedding map i, : S,f/(M) — SYX(N) that sends
[ € 8f(M) to the function z — f(ez). We then use the images of these embedding maps
(at each level from which y is induced) to obtain S;(NN)°'! and define S(N)™" to be the

orthogonal complement of S (V)

with respect to the Petersson inner product.

Similarly, for any prime ¢ dividing N, we define SY(N)*~°4 and S(N)*" as was done
for Sp(N) in Section 3.1. Note that if x is not induced by a character mod /¢ then there
are no forms arising from level N/¢ and thus S(N)“™ "% = SY(N). For this reason, we will

frequently restrict to the case where x is induced by a Dirichlet character mod N//.

The properties of newforms for S (V) natur:@' generalise those for S;(N) given by Atkin
and Lehner. In particular, Li [Li75] provides analogues of the results from sections 2.3 and

3.1 for forms with character.

These definitions also generalise to modular forms for I'; (V) and by (6.1) we have

M(T () = @) M),

In fact, newforms for I'; (V?) can be used to describe newforms for the principal congruence
subgroup I'(V). This is achieved by considering a group I'(/V)* that is conjugate to I'(V)
and contains 'y (N?). See [Wei77, pp 20-21] for more details.

In Chapter 4 we discussed why M (N), Si.(N) and Sp(N)*~"¢" had bases in Z[[q]]. These
arguments also hold for modular forms for I'; (N). Namely, the results we used from Dia-
mond and Im’s paper [DI95, Corollary 12.3.2 and Corollary 12.4.5] are stated for both I'y(V)
and I'; (V). However, it is not always true that M (V) has a basis in Z[[¢]]. Instead, we have
the following weaker result which will allow us to define M} (N, B) for a restricted class of

commutative rings 5.

Proposition 6.2. Letr x be a Dirichlet character mod N. The spaces M}(N), SK(N) and
SE(N)E™ have bases consisting of forms with Fourier coefficients in Z[x|. Here Z[x]

denotes the ring generated by the image of x: 7 — C.

To prove this result, we will need to introduce a new operator.
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Definition 6.3. Let a € (Z/NZ)* and v = (%) be a matrix in [o(N) such that @ = a
(mod N). The diamond operator {a) is the map that sends f € M (T'1(N)) to f|x7.

See [DS05, Section 5.2] as for why this operator is well-defined, along with some other
basic results. Importantly, we note that if f € M}(N) then (a) f = x(a)f.

Proof of Proposition 6.2. We only prove the result for M (V) but the proofs for S;(N) and
S¥(N)“m°" are identical.

Consider the map
1

Tyt M(L1(N)) = M (N), Wx(f):m > Xla)a)f,
a€(Z/NZ)*

where p(N) = |(Z/NZ)*|. We show that 7, is a well-defined projection. So, let f € M (I';(V))
and write f = >, f, where the sum is over all Dirichlet characters ¢ mod N and f,, € MY (N)
(refer to the decomposition in (6.1)). Then,

1
7rx(f):m Z (Y(a)(@wa)

a€(Z/NZ)X (0
1
=— ) (w Z@/}(a)fw)
90( ) a€(Z/NZ)* ¥
= e )
= fiﬁa

where () follows from the orthogonality relations for Dirichlet characters (Proposition A.11).

Now, let B be a basis for M (I';(N)) such that every f € B has Fourier coefficients in Z.
Since the diamond operator is Z-integral ([DI95, Proposition 12.3.11]) it follows that 7, (5)
is a spanning set for M (V) consisting of forms with Fourier coefficients in Z[x]. Taking a

linearly independent subset of 7, (3) then gives the desired result. [l

In light of this result we now let M (N, Z[x]) be the set of all modular forms in M (N)

whose Fourier coefficients are in Z[x|. For any Z[x]-algebra B we then define

Mic((N’ B) = Mk(N7Z[X]> ®Z[x] B7
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and analogously for SY(N, B) and S}*(N, B)*—ev.

Finally we consider the structure of MX(N, B) = 3 7 M}(N, B). Note that MX(N, B)
isn’t an algebra if y is nontrivial. In particular, if f and ¢g are modular forms with character
X then fg is a modular form with character x?. Regardless, MX(N, B) is still an interesting

module to study.

Proposition 6.4. Let x be a Dirichlet character mod N and B be a Z[x|-domain of charac-
teristic zero. Then MX(N, B) = @;_, M{(N, B).

Proof. First note that the statement holds for B = C (see the remark after Proposition B.2
in Appendix B). Now, suppose that B is a general Z[x]-domain of characteristic zero. Since
each element in the image of  is a root of unity we have Z[x| = Z[(,] where (,, is a primitive
n'" root of unity for some n € Z-,. And so, by Corollary A.4 we have that B is flat over
Z[x|]. We can then repeat the argument used for M (N, B) in Chapter 4 (Proposition 4.1). [J

Proposition 6.5. Let B be a Z[x|-domain of characteristic p. Then,

MX(N,B)= € MX(N,B) (6.2)
1€Z/(p—1)Z
where
MX(N, B)" := U M. B,

k=1 (mod p—1)
Proof. As with the case of M(N, B) in Chapter 5, the proposition follows from a result of
Goren [Gor02, Theorem 5.4 in Chapter 4]. In [Gor02] this result is stated for forms for I'; (V)
and thus also forms with character. However, unlike the case for M (N, B) we may now have

forms of odd weight. [

It also turns out that each element of MX(N, B)? appears in a single weight. To see why

this is true we need to define the notion of even and odd Dirichlet characters.

Definition 6.6. Let x be a Dirichlet character mod N. If x(—1) = 1 we say that x is even
and if x(—1) = —1 we say that y is odd.

Remark. Since (x(—1))* = x((—1)?) = x(1) = 1 we always have x(—1) = +1 as implied
by the above definition.

Lemma 6.7. Let x be a Dirichlet character mod N and f € M} (N). If k and x have
different parity then f = 0.
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Proof. We only prove the lemma for £ even and y odd. The argument for £ odd and  is even

is identical.

So, suppose that k is even and x(—1) = —1. By the definition of the slash operator we

have
fe( %) =DFf=r

However, since f € M} (N), we have

Fle(5 ) =x(=1)f = ~f.
Hence f = —f so that f = 0 as required. 0

Proposition 6.8. Let B be a domain of characteristic p and i € Z/(p — 1)Z. Then each
element of MX(N, B)" appears in a single weight.

Proof. We argue similarly to the case for trivial character in Chapter 5. So, suppose that for
some f € MX(N, B)" we have f = f; + - - + f, where each f; is nonzero and appears in a
different fixed weight. If p > 5 then we can multiply each f; by a suitable power of £,_; so
that f appears in a single weight. Now assume that p = 2 or p = 3. By the previous lemma
any two of the f;’s differ in weight by a multiple of 2. And so, we can multiply each f; by
suitable powers of F, and Fj so that f appears in a single weight. [

6.2 Atkin-Lehner and Hecke operators on M (N, B)

We now generalise the Atkin-Lehner and Hecke operators to allow us to extend the notions
of Up-new and Tr,-new to modular forms with character. From here onwards, we always

assume N > 1 and Y is a Dirichlet character mod V.

On M (N), the Atkin-Lehner operator is the same as our original definition (Definition 2.1).
That is, if ¢ is a prime dividing N exactly once and a,b € Z are such that ¢b — a(N/{) = 1,
then wy(f) = fle( & & ) is certainly well-defined for any f € MY(N).

Proposition 6.9. Let ¢ be a prime dividing N exactly once and assume that x is induced by
a Dirchlet character mod N /(. Then for any f € M} (N) we also have wy(f) € M} (N).

53



Proof. Let a and b be integers satisfying ¢b — a(N/{) = 1 and let v, = ( % & ). Then, let

o= (:ﬁv fﬁ) be an arbitrary matrix in I'o(V). Define

5,'_571_€a wxlﬁb —a
S T AN ) \yv )\ =N

[ fbw+bayN — Nx — az(N/{) —aw + a*y(N/l) + lx + az € Ty(N)
~ \ Nwb+ 0?yN — (N/O)Nz — Nbz —a(N/0)w — abyN + (N + (bz °

Since (b = 1 + a(N/{) we have that the lower right entry of ¢’ is congruent to z mod /.
Therefore, for any f € M} (N) we have

(wef)|e0 = flevd = fled'y = x(2) fle,

so that w,(f) € M} (N) as required. O

Recall that when Y is trivial, the Atkin-Lehner operator is Z[1//]-integral. For general x
with conductor d, we instead have that wy is Z[1/N, (,,]-integral where m = ged(d, ¢) (see
[Loe])”. Now, suppose that  is induced by a Dirichlet character mod N// as above. Then by
Proposition A.10, we have that m = 1 and thus wy is Z[1/N]-integral. So, if BisaZ[1/N, x]-
algebra then w, extends to a linear operator on M (N, B). If B is also a domain then the
scaled Atkin-Lehner operator W, = ¢*/2w, is well-defined on MX(N, B) = Y72/ MX(N, B)
(cf. Proposition 5.4).

We now define the Hecke operators on M} (N).

Definition 6.10. Let p be a prime number. The Hecke operators U, and 7, are defined on

M. (N) by N eg&«i ont\ - ©¥\>W~8§°f\ W&\M

an(Tpf) = an(Upf) = Qnpp f 5 lfp | N,
an(Tyf) = apn(f) + x(r)r* tan,(f),  ifptN.

The reason for defining the Hecke operators as such is given in [DSOS5, Chapter 5.2]. Im-
portantly, for any prime p and f € M} (N) we have T,(f) € M{(N). Also note that if
k > 0orp | N then T, is Z[x]-integral and this definition extends to M} (N, B) for any

(Based on the case for trivial character, one would expect that wy is actually Z[1/¢, (,,]-integral. However,
the author of this thesis is unaware of any proof of such a result.
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Z[x|-algebra B. Otherwise, if £ = 0 and p { N then we also require that p is invertible in B.

Other properties of the Atkin-Lehner and Hecke operators also naturally generalise from
the case of trivial character. In particular, if f € M} (N) and x is induced by a character x’
mod N/{, then

(i) TyU(f) = UdT,(f),
(i) Tywe(f) = weTp(f),
(i) wi(f) =X'(0)f.
Moreover, if f € MY(N/{) C M(N), then
(@) Wi(f) = Cie(f),
(i) UWe(f) =",
(iii") Tp(f) = Ue(f) + x(O)¢ We(f).

Here, we are assuming that p and ¢ are primes such that p { NV and ¢ divides N exactly once.

The proofs of these facts are essentially identical to the case for trivial character.

6.3 Generalising U/,-new

Assume / is a prime dividing N exactly once. Recall that for trivial character, U,-new
forms were defined by considering the U,-eigenvalues of ¢-new forms. In particular, if
f € My(N)*"" then

U (f) = "2 F.
Now, suppose that x is induced by a Dirichlet character X’ mod N/¢. If f € MY(N)rew
then by [Li75, Theorem 3]

Ui (f) =X (O3 f.

In light of this result, we now generalise our definition of the D, operator.

Definition 6.11. Let B be a Z[y]-algebra. If y is induced by a Dirichlet character x’ mod
N/{ then the operator D) : M} (N, B) — M} (N, B) is given by

DY = (U7 — X' (O)¢F.
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If B is also a domain then D} extends to an operator on MX(N, B).

Definition 6.12. Let B be a Z[x]-algebra. If y is induced by a Dirichlet character mod N//¢
then for any Hecke-invariant submodule C of M} (N, B) we define

CU e .— ker(DY|c).

If B is a Z[x]-domain then we can take C to be any Hecke-invariant submodule of
MX(N,B) = >  M{(N, B).

As with the case for trivial character in Chapter 4, this definition of U)-new agrees with

the standard notion of /-new in characteristic zero.

Theorem 6.13. Let B be a Z|x|-domain of characteristic zero. If x is induced by a Dirchlet
character X' mod N/{ then

SX(N, B)Z—new — SX(N, B)U}—new‘

Proof. Since MX(N,B) = @;-, M{(N,B) and Df is weight-preserving, it suffices to
prove the theorem in fixed weight k. Moreover, since B is flat over Z[x] it suffices to prove

the theorem for B = Z[x| or more simply, B = C.

One can then repeat the argument from the proof of Theorem 3.9 and its proceeding lemmas
whilst keeping track of character. In particular, note that the Weil bound [Del74, Theorem
8.2] holds for modular forms with character. Moreover, for any eigenform g € S)(NN/{), the

characteristic polynomial of U} on span{g, i,g} is given by
Prg(X) = X* — (af(g) — 20" X (0) X + 42 ( (0))*. u

Unfortunately, there does not appear to be a natural way to extend our definition of U}
new to the case when ¢ divides N more than once. To see this, we will return to modular

forms for I'g (V) (or equivalently, modular forms with trivial character).

Let ¢ be a prime such that ¢ | N. By Corollary 3.4 we have U,(f) = 0 for all eigen-
forms f € S,(N)“ V. In light of this fact, one may wish to define Si(IN)V¢="V as the
kernel of Uy (restricted to Sp(N)). Certainly S (N)*~°V C ker(U,) but the reverse inclusion
may not hold.
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Example 6.14. The space Sg(4)"" is 1-dimensional and spanned by
f=q—12¢° +54¢° — 88¢" — 99¢° + O(¢').
Since f € Sg(4)™" it follows that f € ker(Usy) (Theorem 2.16). However, we also have
f € 8s(8)>° and thus f ¢ Ss(8)27"°". In other words, Sg(8)27° =£ ker(Us).
6.4 Generalising Tr/,-new

In order to generalise our notion of Try,-new forms, we need to define a trace operator on

Definition 6.15. Let ¢ be a prime dividing N. The trace operator on M} (N) is given by:
Try: ME(N) — M¥(N)

[ Z XN fle7s

Y€ (N)\Lo(N/£)

where X((‘C’ Z)) = x(d).

The factor of () is included to ensure that the trace operator is independent of the choice
of coset representatives in T'o(IN)\I'g(N//). Moreover, if  is induced by a character x’ mod
N/{ then Try, maps M} (N) to M;‘I(N /0). To see this, one can generalise the argument in
the proof of Proposition B.3 or refer to [CS17, Corollary 10.2.11].

For the rest of this section we assume that ¢ is a prime dividing N exactly once. In this

case, Try(f) is again explicitly given by
Teo(f) = f+ O F UMW, (6.3)

which is well-defined on MX(N, B) for any Z[1/N, x]-domain B. Moreover, if x is induced
by a character y’ mod N/ then for any f € M;‘/(N /0) we have

(@) Tre(f) =(¢+1)f, and
(i) Tre(Wef) = X' (OLTe(f)
(cf. Lemma 3.13).
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Definition 6.16. Let B be a Z[1/N, x]-algebra. If y is induced by a Dirichlet character y’
mod N/¢ then for any Hecke-invariant submodule C of M} (N, B) we define

CE v — Ker(Try |¢) N ker(Tr, Wyle).

If B is a Z[1/N, x]-domain then we can take C to be any Hecke-invariant submodule of

MX(N, B) = 322y M (N, B).

Again, we verify that this definition agrees with the standard notion of /-new in charac-

teristic zero.

Theorem 6.17. Let B be a Z[1/N, x]-domain of characteristic zero. If x is induced by a
Dirichlet character mod N/ then

SX(N, B)K—new _ SX(N, B)Tr%‘—new'

Proof. Since MX(N,B) = @,-, M;(N,B) and Tr, is weight-preserving it suffices to
prove the theorem in fixed weight k. As in the proof of Proposition 6.4 we note that Z[x| = Z[(,]
for some positive integer n. It then follows that Z[1/N,x] = Z[1/N,(,]. And so, B
is flat over Z[1/N, x| by Corollary A.4. As a result, it suffices to prove the theorem for
B =7Z[1/N, x| and thus B = C. As in Theorem 6.13, we also assume for non-triviality that

X is induced by a character x’ mod N//.

First we show that SY(N,C)™™% C SX(N,C)™ — ¥  So, let f be an eigenform in
S¥(N,C)="v. For any p { N we have that 7, commutes with U, and W,. Hence, T}, also
commutes with Tr, and Tr, ;. Suppose for a contradiction that Tr,( f) # 0 or Tr, Wy(f) # 0.
Then Try(f) (or Tr, Wy(f)) is an eigenform in S,z‘/(N /0) with the same Hecke eigenvalues
away from ¢. This is impossible by [Li75, Theorem 5] so f € ker(Tr,) N ker(Tr, W,) as
required. To show that SY(N, C)™% —re¥ C SX(N,C)* " one can repeat the argument in

the proof of Theorem 3.14 whilst keeping track of character. U

Combined with Theorem 6.13, the above result tells us that the notions of U j‘—new and

Tr)-new agree in characteristic zero. The same is true in characteristic p.

Theorem 6.18. Let B be a Z[1/N, x|-domain of characteristic p. If x is induced by a Dirich-
let character X' mod N/{ then

SX(N, B)Ul?(—new — SX(N, B)Trz(—new'
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Proof. First we note that a slight modification of the proof of Proposition 5.8 gives

(S]?(N’ B)é—old)Ul?(—new — (8125(]\]7 B)Z—old)Trz‘ — new
={f+Welg) : Tof = —(t+1)Segand (T;g = — (L + 1)x'({)f }-

Here, k is some fixed weight, S, = ¢*, and we can take B to be any Z[1/N, x]-algebra‘®.

To finish the proof, one can use the same argument as in Theorem 5.9. The main difference
here is that we have to work with the ring extensions IF,,[x], Z,[x] and Q,[x]. O

These results indicate that the notions of U,*-new and Trj-new are very natural generali-

sations of Uy-new and Tr,-new.

Now, at first glance, the notion of U, ex—new seems to be more useful than Trff—new. In partic-
ular, the definition of U)*-new forms is arguably simpler and is defined over a larger class of
commutative rings. However, as we saw in section 6.3, there does not seem to be a way to
extend the idea of U -new forms to the case where ¢ divides N more than once. On the other
hand, it is actually possible to modify the definition of Tr)-new to such situations. This is the

focus of the next section.

6.5 Beyond Squarefree Levels

In the previous section we defined a notion of Tr)-new for each Dirichlet character xy mod
N. However, since this definition relied on the Atkin-Lehner operator, we needed to assume
that ¢ divided IV exactly once. If one were to keep this assumption for all primes dividing N,

then we are left with the requirement that /V is squarefree.

Q

N

To overcome this restriction, we suggest‘modified definition of Tr)-new that no longer re-
lies on the Atkin-Lehner operator. In particular, we take inspiration from [Li75, Theorem 4]

by making use of the "Fricke" operator.

Definition 6.19. Let vy = (5 ') € GL2(Q)*. The Fricke operator hy is the map that
sends f € M¥(N) to f|iyn. We also write Hy for the scaling of the Fricke operator given
by Hy = N*2hy.

@Note that if f + W (g) € (SX(N, B){~0ld)Ui—new — (SX(N, B)fold)Tri —new thepn
T2(f) = T2(g) = X' (£)¢*=2(£+1)2. These T} eigenvalues are precisely those that appear in Diamond’s paper
on congruences between ¢-old and ¢-new forms [Dia91].
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We now list some basic properties of the Fricke operator.
(i) If f € M(N) then hy(f) maps MY(N) to MF(N).
(i) We have h% = (—1)*.
(iii) If f is a level 1 modular form, then Hy(f(2)) = N*f(Nz).

(iv) If d is the conductor of y then hy and Hy extend to linear operators on M} (N, B)
for any Z[1/N, (4, x]-algebra B. If B is also a domain then Hy is well-defined on
MX(N, B).

The proof of the final property is discussed in [Loe] where the Fricke operator is denoted
wy k. The other properties are analogous to those of the Atkin-Lehner operator and can be

proven in a similar fashion.

Now, if ¢ divides /N exactly once then the trace operator is given explicity as in (6.3). How-
ever, if £ divides N more than once (i.e. £ | N), then for any f € M(N),

Tro(f) = x(=1)¢N ¥ Hy U Hy f.

This formula (although with slightly different notation and scaling) is derived in Weisinger’s
thesis [Wei77, Proposition 16]. So, if y is a Dirichlet character with conductor d, then Tr,
also extends to MX (N, B) for any Z[1/N, (4, x]-domain B.

N4
We now define another notion }%ewness. From here onwards we will no longer assume

that ¢ divides IV exactly once. That is, we allow ¢ be any prime dividing N.

Definition 6.20. Let d denote the conductor of y and B be a Z[1/N, (4, x]-algebra. If y is
induced by a Dirichlet character x’ mod N// then for any Hecke-invariant submodule C of
MX(N, B) we define

CTrZ< —new’ _ ker(Tl“g |c) N kel"(Tl"g HN|C)'

If Bis aZ[1/N, (4, x]-domain then we can take C to be any Hecke-invariant submodule of
MX(N,B) = > M{(N, B).
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Theorem 6.21. Let d denote the conductor of x and let B be a Z[1/N, (4, x]-domain of
characteristic zero. If x is induced by a Dirichlet character mod N /{ then

SX(N, B)!™"" = SX(N, B)™ —nev',
and if ¢ divides N exactly once,
SX(N, B)Tr?*new’ — SX(N, B)Tr?fnew — SX(N, B)Ugfnew.

Proof. Arguing as in the proof of Theorem 6.17, it suffices to prove the theorem in fixed
weight k£ and for B = C. However, when B = C, the theorem is well-known and a proof can
be found in [Li75, Theorem 4] or [Lan76, Theorem 2.2 of Chapter §].

If ¢ divides NV exactly once, then the second statement in the theorem follows from Theorem
6.13 and Theorem 6.17. ]

Remark. Weisinger [Wei77, Proposition 19] gives a similar result for Eisenstein series in

MX(N,C).

We can also hope that our different notions of newness agree when B has characteristic

p. T ool mroke T
\I'\.sua\\\’ c\eor Pnox
Question 6.22. If B is Z[1/N, (4, x|-domain of characteristic p do we also have &\~ Xes o
Q ? not (o«\okmed ‘\"‘h)
SX(N, B)Tré‘ —new’ SX(N, B)Tr%‘ —new SX(N, B)Ugfnew m}:

whenever ¢ divides N exactly once? Considering the proof of Theorem 6.18, it would suffice
to show that

?
(SK(N, BY)TE =0’ 24 £ L1, (g) : (T, f = —(€+1)Syg and (Tyg = —(C+ 1) (0) f}.

A positive answer to this question would give further support for using the notion of Tr)-

new’.

As a final remark, we note that besides the Fricke operator, there are certainly other oper-
ators used in literature that can generalise or replace the Atkin-Lehner operator. For instance,
there’s Li’s V;[M operator [Li75, pp 287-288] or Weisinger’s partial W -operators [Wei77,

page 30]. Each of these operators can be used to define notions of newness. Thus, a direction
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for further research would be to the study these other notions of newness and see how they

compare to our use of the Fricke operator here.
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APPENDIX A
COMMUTATIVE ALGEBRA

A.1 Flat Modules

Flat modules are a widely studied class of modules that are well-behaved with respect to the

tensor product. They are defined as follows.

Definition A.1. Let A be a commutative ring. An A-module M is flat if it satisfies any of the

following equivalent conditions:

(1) If f: N — N'is an injective morphism of A-modules then f®1: N®@ M — N'®@ M

is also injective.

(2) f0 - N' - N — N” — 0 is a short exact sequence of A-modules then the sequence
0—>N®M-—-N®M — N'"® M — 0is also exact.

(3) If . is any exact sequence of A-modules then . ® M is also exact.

The equivalence of (1) and (2) follows from the right-exactness of the tensor product
[AM69, Proposition 2.18]. And then, (2) and (3) are equivalent since any exact sequence can

be constructed from short exact sequences.
Example A.2.

e A commutative ring A is flat as a module over itself since M ® A = M for any A-

module M. More generally, we have that any free A-module is flat.

e The Z-module 7 /27 is not flat. To see this, consider the injective map

X2

7 —= 7,

that sends an integer x to 2x. Tensoring with Z /27 we then obtain
Z®7)27 222 7.0 727

which maps everything to zero and is therefore not injective.
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If A is a Dedekind domain®, then a useful description of flat A-modules is well-known.

Proposition A.3. Let A be a Dedekind domain. An A-module M is flat if and only if M is

torsion-free.

Proof. See [FSO1, VI Theorem 9.10] for a more general proof for Priifer domains (which
include Dedekind domains). ]

For our purposes, we are interested in the Dedekind domains Z, Z[1/m]|, Z[(,] and

Z[1/m, (,] where m and n are positive integers and (, is a primitive n'" root of unity.

Corollary Ad. Let A = Z, Z[1/m)], Z[(n) or Z[1)m, (). If B is an A-domain of character-

istic zero, then B is flat (as an A-module).

Proof. Apply the previous proposition noting that any such B is torsion-free as an A-module.
]

Finally, we show how flat modules "preserve" kernels.

Proposition A.5. Let A be a commutative ring and f: N — N' be an A-module homomor-
phism. If M is a flat A-module then ker(f @ 1)) = ker(f) @ M.

Proof. Consider the exact sequence

0 — ker(f) —>Ni>N’—>N’/im(f)—>O.

Tensoring with M then gives the exact sequence

0= ker(f)@ M — N@ M L2 N @ M — N'/im(f) ® M — 0.

The exactness at N ® M and injectivity of ker(f) ® M — N ® M implies that
ker(f ® 1) = ker(f) ® M as required. O

A.2 The p-adic Numbers

The p-adic numbers are an increasingly important tool in modern mathematics that provide
a link between the worlds of characteristic 0 and characteristic p. We begin by defining the

p-adic integers; a subset of the p-adic numbers.

WA Dedekind domain is an integrally closed, Noetherian domain such that every nonzero prime ideal is
maximal. Examples include principal ideal domains and rings of integers of algebraic number fields. For more
information, see [AM69, Chapter 9].
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Definition A.6. Let p be a prime number. A p-adic integer x is a formal power series of the
formz =)  a,p" where a, € {0,1,...,p— 1}. The set of p-adic integers is denoted Z,.

Alternatively, we could more precisely define Z, := Z[[X]]/(X — p). Using the ring
structure of Z[[X]], the p-adic integers form an integral domain of characteristic 0. Unlike
the usual integers Z, we are able to invert any element = € Z, provided p does not divide x
(i.e. ag # 0). For instance, if p = 3 then

1
§:2+2p+2p2+2p3+---.
To see this we note that 2(2 +2(3) + 2(3)2 +2(3)* +---) =1+ 0p+ 0p? +--- = 1.

If we now allow p to be invertible, we obtain the p-adic numbers.

Definition A.7. Let p be a prime number. A p-adic number x is a formal Laurent series of

the formz = > 2 a,p" for some m € Z. The set of p-adic numbers is denoted Q,,.

n=-—m

Since we can now divide by p, the p-adic numbers Q, form a field. For our purposes,
studying modular forms over Z, or QQ, can provide insight into the theory of modular forms

over [F,,.

A.3 Dirichlet Characters

Dirichlet characters are arithmetic functions frequently studied in analytic number theory.

They are used when classifying modular forms for I'; (V).

Definition A.8. Let NV be a positive integer and x: (Z/NZ)* — C* be a group homomor-
phism. We can extend x to a function on all of Z by setting

x(amod N), if ged(a, N) =

1
x(a) =
0, if ged(a, N) > 1.

Such a function y: Z — C is called a Dirichlet character mod N.
For any Dirichlet character y we have the following properties:

e x(1) = 1since x: (Z/NZ)* — C* is a group homomorphism.
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e |x(a)| = 1ifged(a, N) = 1. To see this we let ¢(N) = |(Z/NZ)*| and then note that

a¥™) = 1 by Euler’s theorem. Hence,

x(@)?™) = x(a?™) = x(1) = 1,
so that x(a) is a ¢(N)™ root of unity and |y (a)| = 1 as required.

e There are exactly ¢ (V) Dirichlet characters mod V. A simple proof of this result can
be found in [Sutl5, Proposition 17.5].

Example A.9.

(1) For any positive integer N we have the Dirichlet character

1, if ged(a, N) =1
Xo(a) = .
0, if ged(a,N)>1

called the trivial Dirichlet character mod N.

(2) There are two Dirichlet characters mod 4. The first is the trivial character from the

previous example. The second is given by

0, ifa=0,2 (mod4)
x(a) =141, ifa=1 (mod 4)
—1, ifa=3 (mod4)

(3) Let M and N be positive integers such that M divides N. If x is a Dirichlet character
mod M then we can define a Dirichlet character x’ mod N by setting x'(a) = x(a)
whenever ged(a, N) = 1. In this situation, we say that X’ is induced by . The smallest

value of M such that  is induced by a character mod M is called the conductor of .

We now prove a couple of important results regarding Dirichlet characters that are used
in Chapter 6 of this thesis.

Proposition A.10. Let x be a Dirichlet character mod N that is induced by a Dirichlet
character mod M. Then, the conductor of x divides M.

Proof. We use an equivalent definition of induced characters shown in [Sutl5, Lemma 17.20].

Namely, for any N’ | N, we have that x is induced by a character mod N’ if and only if x is
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constant on all residue classes in (Z/NZ)* that are congruent mod V'

Let d denote the conductor of y. Since y is induced by Dirichlet characters mod d and mod
M, we have that y is constant on all residue classes in (Z/NZ)* that are congruent mod
ged(d, M). That is, x is induced by a character mod ged(d, M). However, since d is the
conductor of x we must have d < ged(M,d). This is only possible if d = ged(M, d) or
equivalently d | M. O

Proposition A.11. Let x and 1) be two Dirichlet characters mod N. Then

_ 90<n)7 le = w
> X(a)v(a) = .
a€(Z/NZ)% 0, otherwise
Proof. First we show that
Qp(n)a if X = Xo
>, xla)= | (A1)
a€(Z/NZ)X 0, otherwise

If x = xo then (A.1) follows since xo(a) = 1 for all a € (Z/NZ)*. Now suppose that
X # Xo- Then there exists b € (Z/NZ)* such that x(b) # 0. Since (Z/NZ)* is a group,
ba runs over all the elements of (Z/NZ)* as a does. So, setting Sy = >~ (z/nz)x X(a) we

have

XS =x() Y xl@)= Y x(ba)=5,
Hence S, = 0 as required.

Replacing x with Y in (A.1) gives

Z Y(a)ib(a) _ Qp(n)7 1fY¢ = Xo,

a€(Z/NZ)X 0, otherwise.

Now, for any a € (Z/NZ)* we have |y(a)| = 1 and thus X(a) = x~!(a). Hence X¢b = xq is
equivalent to x = 1. [
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APPENDIX B
ASSORTED PROOFS

Proposition B.1. Let N > 1 and k > 0. Then,

Mk(N)old: Z Mk(N)Zfold.

0 prime
N

Proof. We note that one inclusion is immediate, namely

Z Mk(N)E—old ng(N)old.

£ prime
LN

For the other inclusion, we show that for each M | N (with M # N)and e | (N/M) there
exists a prime ¢ such that ¢ | N and i.(My(M)) C My(N)=°4. So, let M be a proper
divisor of N and e | (N/M). We consider two cases.

Casel:e=1
In this case, take ¢ to be a prime such that M | (N/¢). We can do this since M is a proper
divisor of N. Now,

iy (MR(M)) = Myp(M) C Mp(N/E) € Mp(N/E) + iog(Mp(N/€)) = M (N)°,

as required.

Case2:e>1

In this case, we choose ¢ to be such that ¢ | e. Since e | (N/M) this means that in particular,
¢ | Nand M | (N/{). Now, let g be an arbitrary element of i.(Mj(M)). In particular,
g(z) := f(ez) for some form f € My (M). We wish to show that g € M(N)*~°l,

So, let h(z) := f(%z). Note that h € M (N/{) as it is the image of f under the map
iejo: My(M) = My (N/C). We then have g = iy(h) € M (N)*~°4 as required. O

Proposition B.2. For any nonnegative integer N, the algebra M(N) =3 72 My(N) is a
direct sum, i.e. M(N) = @, Mi(N).

69



Proof. The following proof is adapted from [Miy06, Lemma 2.1.1]. Let n € Z>( and
{fo,..., fn} be aset of functions with f, € M, (NN). Now suppose that Y ,_, fr = 0. We
want to show that this implies f, = 0 for all £ € {0,...,n}. First we construct a sequence

of matrices {7, }5°_, in I'¢(/V) given by

mN+1 1
m = € 'y(N),
Y ( mN 1) 0( )

so that j (v, 2) = mNz + 1. This means that provided z # 0 we have j (v, 2) # (Y, 2)
for m’ # m. If = = 0 we could alternatively define v,, = (,)v mn+1)- As each f is in

M (N) we then have for any m € Z> and z € H

> 5 (rm ) fe(2) =D fi(mz) = 0. (B.1)
k=0 k=0

Varying m from 0 to n in (B.1) leads to a system of linear equations that can be written in

matrix form as

L j(v,2) §(v0,2)? o G0, 2)"\ [ fo(2) 0
} J(V%J) J(%/) J(%.’Z)" fl@ _ (B2)
L jm2) JOm 2)* -0 30w, 2)") \Ja(2) 0

If we let M denote the (n + 1) x (n + 1) matrix in (B.2) then

det(M)=" [  G(ym:2) = 5(3m 2)) #0,
1<m/<m<n
noting that M is a Vandermonde matrix. Since this holds for all z € H we have f;, = 0 for
all k € {0,...,n} as required. O

Remark. More generally we have that MX(N) = @~ , My () for any Dirichlet character
x mod N. The proof of this fact is almost identical to the one above. In particular, note
that the lower right entry of each ~,, is congruent to 1 mod N so that if f € M} (N) then
Fe(ymz) = X(1)J (ym, )" fi(2) = 5 (Y, 2)* fu(2)-

Proposition B.3. Let M, N be integers such that M|N and R = {R;}!_, be a set of right
coset representatives for To(N)\T'o(M). Let f € My(N) and F = " | f|xR;. Then
F e My (M).
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Proof. Let§ € T'o(M ). Note that right multiplication by ¢ permutes the coset representatives
of I'o(N)\I'g(M). That is, R;0 = v;Rs(;) where o : {1,...,n} — {1,...,n} is a bijection.
We then have

Flo = 2f|kRi’k5 = Ef‘kRié = 2f|k%'Ra(i) = 2f|kRU(i) =5

so that F' € M (M) as required. O

Remark. The above proposition also holds if replace I'g(A) and I'g(N) with arbitrary con-
gruence subgroups I and I" satisfying I' C I".

Proposition B.4. Let k > 2 and N > 1. We then have
E(N) = E(N)T = E(N/E) & Wi(E,(N/))

whenever ( is a prime dividing N exactly once.

Proof. We proceed by a dimension counting argument. First note that W, is a C-vector space
isomorphism (with inverse W, ' = ¢(=*IW,) and thus dim¢(E,(N/€)) = dimc (W, (Ex(N/1))).
It therefore suffices to prove that dimg¢(E(N)) = 2dime(EL(N/L)).

Fortunately, there is an explicit formula for the dimension of (V) [Ste07, Proposition 6.1]:

dine(&() = 0 (wea (4.7)).

d|N

where ¢ is the Euler totient function. Hence,

&m@MND:§:¢<@dQL%>>

dN

- |;>¢ (ng (d, %)) + ; ¢ (gcd (d, %)) (Since £ N/¢.)
d|(N/¢ =le

el(N/0)
-3 (sea (. 552)) + 3 (sea (= 1))
= 2dim(&(N/1)),
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as required. [

Remark. The above proposition can also be proven using explicit bases for E(N') and &, (N /)
as described in [DSO05, Section 4.5].

Proposition B.S. Let p be a prime number. Then pB,_1 = —1 (mod p), where B,_; is the
(p — 1)™ Bernoulli number. As a result, the denominator of B, is divisible by p.

Proof. Since B; = —% the statement holds for p = 2 so we will assume p > 3. Now, recall

that the Bernoulli numbers are defined implicitly by
=t t
By— = .
Z "I et — 1
k=0

Multiplying both sides by (e?* — 1)/t gives

L Py e S (e
B, — — = rt B.3
¢ kzzo gl t e —1 ;e (B.3)

Expanding e"* as a Taylor series in ¢, we then have that the coefficient of ¢ /n! on the right-
hand side of (B.3) is

p—1
Z P (B.4)
r=1
On the other hand, the left-hand side of (B.3) becomes
e’ — 1, 17 o PR Bk “~ Byt
t ; k! Z(k+ ! k' szvn—kﬂ

so that the coefficient of ¢,,/n! is

n—k:

- n!
—B nk+1_ B B—
kzzok!(n—kJrl)! b +Z()p’“ —k+1

Equating with (B.4) then gives
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Since p > 3 we always have p" % > n — k + 1 so that p"*/(n — k + 1) is p-integral @
for each k € {0,...,n — 1}. Then, noting that By = 1 it follows by induction that pB,, is

p-integral for all n > 0. Namely, this holds for our desired case n = p — 1 in which

~(p-1\ L, P
PBra=—3 ( . )ka T Dl (B.5)
k=0 r=1

Again noting that pP~!=* > p — k we must have

ppflfk
p—k

=0 (mod p).

And so, reducing (B.5) mod p gives

p—1 p—1
pBy-1 = er’l = Z 1=-1 (mod p),
r=1 r=1

as required. [

Remark. The above proof was adapted from [Lan76, Chapter X Theorem 2.1]

@A rational number z = ¢ is said to be p-integral if v,(a) > v,(b). Here, v,(a) and v,(b) denote the

number of times that p divides a and b respectively.
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NOTATION INDEX

H complex upper half plane,

Ly the p-adic integers,

Qp the p-adic numbers,

j(7, 2) factor of automorphy,

ey slash operator of weight k; f|.y = det(’y)k/Qj(fy, 2)7Ff(y-

Ex(z) weight k Eisenstein series normalised so that ag = 1,
congruence subgroup,

X a Dirichlet character mod NV,

T the m™ Hecke operator,

Un the linear operator that maps ano anq™ to ano Amng™,

Wy the Atkin-Lehner operator at ¢,

W, the scaled Atkin-Lehner operator with W, = 0k 2qp,,

le the embedding map that sends f(z) to f(ez),

Dy the operator D, = (2U? — (¥,

Dy the operator D} = (U} — x'(¢)¢* when y is induced by ' mod N/¢,

Tr, the trace operator from level N to level N/,

(a) the diamond operator evaluated at a,

hn the level N Fricke involution,

Hy the scaled Fricke involution Hy = N*/2hy,

M (T) space of weight & modular forms with respect to T,

M(T) algebra of modular forms with respect to I,

Si(T) space of weight k cusp forms with respect to I,

ST algebra of cusp forms with respect to I',

M (N) space of weight k£ modular forms for I'o(V),

Sk(N) space of weight & cusp forms for I'y(V),

M (N, B) space of weight k£ modular forms for I'y (V) with coefficients in B,

Sk(N, B) space of weight k cusp forms for I'g(N') with coefficients in B,

M¥(N) space of weight k£ level N modular forms with character Y,

Sk (N)new space of new forms for Si(V),
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space of old forms for S, (N),

space of /-new forms for Si(N),

space of (-old forms for Si.(V),

the Eisenstein subspace of M (N),

elements of Sy.(IV) in the kernel of Dy,

elements of S,(NN) in the kernel of Tr, and Tr, W/,

elements of S} (V) in the kernel of Dy,

elements of S} (V) in the kernel of Tr, and Tr, W,
elements of S} (V) in the kernel of Try and Tr, Hy.
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