MAST30026 Assignment 1

Due Wednesday 4 September 2024 at 20:00 on Canvas and Gradescope

Name:

Student ID:

Some guidelines:

o Please write clear and detailed solutions in the boxes following each question or part of
question. This can be done by printing this document and physically writing in the
boxes, or by opening a copy of this document on a tablet or other device.

o The boxes should typically provide sufficient space for your solution, but if you find you
need extra space please take an empty sheet and continue your solution there, clearly
indicating which question this refers to. Also indicate in the corresponding box that
the solution continues at the end.

o There is no need to include your preparatory scratch work (do this on separate paper)
but make sure that the solution you write in the box is a complete explanation.

The quality of the exposition will be assessed alongside the correctness of the approach.

o For technical reasons (since you will be uploading your solutions to GradeScope), please
write legibly with a very readable writing implement.

» Results from the lectures, tutorials, exercises can be used (without having to re-prove
them); make sure you say clearly what result you are using, though.

« It is acceptable for students to discuss the questions on the assignments and strategies
for solving them. However, each student must write down their solutions in their own
words and notation (and make sure that they understand what they are writing).

o Assignments are a valuable learning tool in this subject, so strive to maximise their
impact on your understanding of the material.

* You may assume that not all questions will have the same weight in the assessment.

e No Chegg or anything similar. At all. Please.

This assignment consists of 7 questions. Please scan your answer pages and
upload them to GradeScope in the correct order.
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1. Let (X,T) be a topological space and let Y ¢ X be a subset. Let ¢: ¥ — X denote
the inclusion map, that is t(y) =y for all y e Y.

(a) Prove that the subspace topology T |y on Y is the coarsest topology for which ¢ is
continuous.

(b) Prove that, given any topological space Z and any function g: Z — Y, g is
continuous with respect to 7T |y if and only if 1o g: Z — X is continuous.

(¢) Assume now that Y has the subspace topology. Complete the statement:
“The map ¢: Y — X is open if and only if Y

Prove your statement.

—>[J Yes, I would like feedback (comments) on my solution to this question.

(a) For any subset U ¢ X, we have :*1(U) =Y nU. Therefore
Tlh={YU:UeT}={NU): UeT),

meaning that ¢ is continuous with respect to some topology 7’ on Y if and
only if T |ycT".

(b) For any U € X we have
(Log) (V) =g (' (U)) =g (Y N D).

Therefore g is continuous if and only if g7'(Y nU) is open for all U ¢ X open,
if and only if (.0 ¢)~1(U) is open for all U ¢ X open, if and only if to g is
continuous.

(c¢) “The map ¢: Y — X is open if and only if Y is an open subset of X.”

If the map is open, then since Y is open in Y, we must have Y is open in
X. Conversely, suppose Y is open in X. Given any U’ €Y open, we have
U'=Y nU for some U ¢ X open, but then U’ is the intersection of two open
subsets of X, hence is itself open in X.
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2. Let X; and X5 be topological spaces, Y; € X7 and Y5 € X5 subsets.

We can construct two topologies on the set Y7 x Y5:

e Toroda = the product of the subspace topologies on Y; and Y5;
e Tsup = the subspace topology of the subset Y] x Y5 € X7 x X5, where X; x X5 has
the product topology.
Is Toroa = Tsun? If yes, give a proof. If no, give a counterexample.

—[1 Yes, I would like feedback (comments) on my solution to this question.

Yes, the two topologies are equal.
Note that 7p0q is generated by the set

Sprod = {(U1 n Y1) x (UsnY3): Uy open in Xy, Us open in Xo}.
On the other hand, the topology on X; x X is generated by
{Uy x Uy: Uy open in X7, U open in X5},
s0 Tsup is generated by
Ssub = { (U1 x Uz) n (Y1 x Y3): Uy open in Xy, U, open in X5 }.
However by Example 2.18 we have
(U1 xUs) n (Y1 xYs) = (U nY7) x (UsnYs),

which implies that Sgup, = Sprod, 50 that Teub = Tprod-
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3. Let f: X — Y be a continuous function between topological spaces and consider the
graph T'(f) of f, which is defined as

P(f) ={(z,y) e X x Y2y = f(x)}

and is equipped with the subspace topology induced from X xY. Prove that the function
g: X — I'(f) defined by g(z) = (1:, f(x)) is a homeomorphism.

—[1 Yes, I would like feedback (comments) on my solution to this question.

Let ¢: T'(f) — X x Y be the inclusion function and let 7x: X xY — X and
Ty : X xY — Y be the projections.

It is straightforward to see that the composite function 7, o ¢ is the inverse of g, so
it remains to prove the continuity of g and wx o ¢.

We start with proving the continuity of ¢g. It is straightforward to verify that
mx ot o g is the identity function of X, which is continuous by Exercise 2.23, while
my otrog = f, which is also continuous. Tutorial Question 3.7 then implies ¢ o g is
continuous. Since T'(f) is given the subspace topology, it follows from part (b) of
Question 1 that ¢ is continuous.

For mx o, we note that mx is continuous by Proposition 2.19, while ¢ is continuous
by Exercise 2.23. It follows from Tutorial Question 2.9 that mx o ¢ is continuous.
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4. We temporarily say a topological space X has the H property if the following holds:

H: for any topological space Y and any continuous functions f,g: ¥ — X such that

f and g agree on some dense subset D of Y, we have f = g.

(a) Let f,g: Y — X be continuous functions between topological spaces. Suppose

that X has the H property and that f and g agree on some subset S of Y. Prove

that f and g agree on the closure S of Sin Y.

(b) Prove that every Hausdorff topological space has the H property.

(c) Prove that every topological space with the H property is Hausdorff.

—[1 Yes, I would like feedback (comments) on my solution to this question.

(a)

(b)

Let f.¢': D — X denote the restrictions of f and g to D respectively. Since
D is dense in D, and the functions f’ and ¢’ agree on D, the H property of
X implies that f’ = g’. Hence the result follows.

Let X be a topological space, Y a Hausdorff topological space, D a dense
subset of Y. Consider two continuous functions f,g: Y — X that agree on
D.

Let (f,g9): Y — X x X be the function defined by (f,9)(y) = (f(y),9(v))
(see Tutorial Question 3.7). Since both f and g are continuous, it follows
from Tutorial Question 3.7 that (f,¢g) is continuous.

Let A denote the diagonal function of X, defined in Tutorial Question 3.9. By
part (c) of Tutorial Question 3.9, the Hausdorffness of X implies that A(X)
is closed in X x X. It then follows from Exercise 2.13 that (f,g)"'(A(X)) is
closed.

Since f(y) = g(y) for every element of y of D, it follows that (f,g)(D) <
A(X), and thus D ¢ (f,g)*l(A(X)). However, (f,g)*l(A(X)) is closed, so
it contains the closure Y of D. This implies that (f(y),g(y)) € A(X) for
every element y of Y'; in other words, f(y) = g(y) for every element y of Y.

In part (b), we have shown that Hausdorffness implies the H property, so it
suffices to prove the other direction.

Let X be a topological space with the H property and A the diagonal
function of X, defined in Tutorial Question 3.9. Define two projections
m: X xX — X and m: X x X — X by mi(z,y) = z and m(z,y) = v.
It follows from Proposition 2.19 that 7m; and 7y are both continuous. The
projections m; and my agree on A(X) by definition, so they agree on the
closure A(X) of A(X) by part (a). Therefore, if (x,y) € A(X), then

r=m(z,y) =m(r,y) =Y,

so (z,y) € A(X). It follows that A(X) = A(X).

11
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5. Define f: (0,1] — R by

f(x) =sin (Q—W)

x
and let I'(f) be the graph of f in R?; in other words,

L(f)={(z,y) eR*: y = f(2)}.
Now let X =T'(f)u{(0,0)}.

(a) Prove that X is connected.

(b) Prove that X is not compact.

(¢) Prove that there is no continuous function g: [0,1] — X such that ¢(0) = (0,0)
and ¢(1) = (1,0).

—[1 Yes, I would like feedback (comments) on my solution to this question.

We will use a few times the fact that intervals in R are connected, see Example 2.33.

(a) By Question 3, I'(f) is homeomorphic to (0, 1], which is connected. Since the
sequence ((1,0)) in I'(f) converges to (0,0), it follows that I'(f) is dense in
X. By Tutorial Question 4.1, this implies that X is connected.

b) Since the sequence ((—,1)) in I'(f) converges to (0,1) but (0,1) ¢ X, it
n+T
4

follows that X is not closed in R2?, so X cannot by compact because of
Proposition 2.35.

(c) Suppose such a continuous function g: [0,1] — X exists.

Denote by m: X — R the (restriction of the) projection onto the first
coordinate in R2. Note that 71((0,0)) = 0 and m((z, f(z))) = = for all
x €(0,1], so m gives a bijection that we also denote m;: X — [0, 1].
Consider the composition 7 0 g: [0,1] — [0,1]. We have (71 0¢)(0) =0
and (m 0¢)(1) =1, so by the Intermediate Value Theorem (Theorem 2.34)
the function m o g is surjective:

(m0g)([0,1]) = [0,1].

But 7 : X — [0,1] is bijective, so g must be surjective.

It then follows from Proposition 2.37 that X = ¢([0,1]) is compact, which
contradicts part (b). Hence there is no such function g.

14



MAST30026 Metric and Hilbert Spaces 2024

15



MAST30026 Metric and Hilbert Spaces 2024

16



MAST30026 Metric and Hilbert Spaces 2024

6. Let (X,d) be a metric space.

We say that a subset K ¢ X is sequentially compact if every sequence (k,) in K has
some subsequence (k,,) that converges to some k € K.

(a) Prove that if (z,) is a Cauchy sequence in X such that some subsequence (z,,)
converges to some z € X, then (z,,) — .

(b) Suppose there exists r > 0 such that for all x € X, the closure of the open ball

B,

(z) is a sequentially compact subset of X. Prove that X is complete.

(¢) Suppose that for all x € X there exists 7 > 0 such that the closure of the open
ball B,.(x) is a sequentially compact subset of X. Does it follow that X must be
complete?

If yes, prove it. If no, give a counterexample.

(If you find it useful, you may assume without proof that closed intervals in R are
sequentially compact.)

—[1 Yes, I would like feedback (comments) on my solution to this question.

(a)

Let € > 0.
Since (x,,) is Cauchy, there exists N € N such that

d( T, x,) < for all m,n > N.

DO ™

I claim that d(z,,z) <e for all n > N.

To show this, let n > N. Since (2,,) — ¥ as j —> oo, there exists J € N
such that .
d(n;, ) < 3 for all j > J.

Let j > J be such that n; > N. (This can be done as (n;) is an increasing
sequence of natural numbers.) Then

d(Tn, ) <d(2pn,7p,) +d(2y,,7) <E.

Let (z,,) be a Cauchy sequence in X. There exists N € N such that
d(xp, xpy) <T for all n,m > N.

In particular, for all n > N we have z,, € B.(xy). This gives us a sequence
(n)nsn in the compact set B,.(zy), hence by part (a) there must be a sub-
sequence (r,,) that converges to some € X. But this is also a subsequence
of the original Cauchy sequence (z,) which by part (b) must therefore also
converge to x.

It does not follow that X must be complete.

For a counterexample, take X = (0,1) ¢ R. This is certainly not complete
since (1/n) is a Cauchy sequence that does not converge in X. But for any
z € X we can take r = $min{z,1 -z} and then B,(z) = [z - r,z + ], which
is a closed interval in R, hence sequentially compact.

17



MAST30026 Metric and Hilbert Spaces 2024

18



MAST30026 Metric and Hilbert Spaces 2024

19



MAST30026 Metric and Hilbert Spaces 2024

7. (*) Consider R as an abelian group under addition of real numbers, and let G be a

subgroup. Define

r=inf{z e G: ©>0}.

(a) Prove that G is dense in R if r = 0.

(b) Prove that G is discrete in R if 7 > 0, that is: the subspace topology on G € R is

the discrete topology on G.

(c¢) Conclude that G is either dense or discrete in R. (Don’t forget the case in which
r does not exist.)

—[J Yes, I would like feedback (comments) on my solution to this question.

(a)

If U is an non-empty open subset of R, then it contains some open interval
(a,b). Since inf{x € G: >0} =r =0, there exists an element = of G such
that 0 <z <b-a,s0 2+1< % This means that there exists an integer n
such that £ <n <2, in other words nz € (a,b). It follows that G n (a,b) is
non-empty, so GnU is non-empty. Hence G intersects every non-empty open
subset of R, and is therefore dense in R.

If x € G, then
{z}=Gn(x-r,x+7),

otherwise there exist two elements of G whose difference is smaller than r.
We conclude that all singletons are open in GG, hence G is discrete in R.

We have considered the cases when r =0 and r > 0. The only case remaining
is the case in which r does not exist, which happens only when {z € G: = >
0} = @. This implies that G' = {0}, which is a discrete subset of R, so the
result follows.
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