MAST30026 Metric and Hilbert Spaces 2024

Tutorial Week 3

Topics: Equivalent metrics, local continuity, closure, interior, denseness, product, Hausdorff.

3.1. Let X be a topological space. Prove that a subset U of X is open if and only if it is a
neighbourhood of every element of itself.

Solution. If U is open, then it is an open neighbourhood of its elements by definition.
Conversely, suppose U is a neighbourhood of every element of itself. If = is an element of
U, then U contains some open neighbourhood V, of z. Now U = U, Vi, so U is open. [

3.2. Let (X, d) be a metric space.

(a)

(b)

(c)

Prove that the metric topology on (X, d) is generated by open balls of radii smaller
than 1.

Define d’': X x X — Ry by
@'(ay) = min {d(z, ). 1}.
Prove that d’ is a metric.

Prove that d and d’ are equivalent (that is, they give rise to the same topology on X).

Solution. (a) Since the metric topology on (X, d) is generated by open balls of arbitrary

radii, it suffices to prove that every open ball is in the topology generated by open
balls of radii smaller than 1. Let x be a point in X and let r be an arbitrary positive
real number. If y € B,(x), then d(z,y) <7, so B,_qu,)(y) € B.(x) by the triangle
inequality. It follows that

Br(x): U Br—d(x,y)(y): U Br(y)(y)7

yeB,(z) yeB,(z)

where r(y) = min{r — d(z,y),1}. Hence B,(x) is in the topology generated by open
balls of radii smaller than 1.

It is clear that d'(y,z) = d'(z,y) and that d'(z,y) = 0 if and only if d(x,y) =0 if and
only if x = y.

For the triangle inequality: d’'(x,y) < 1 so if at least one of d'(x,t), d'(t,y) is 1, the
triangle inequality holds. So we may assume that d'(x,t) = d(x,t) and d'(t,y) = d(t,y).
Then

d'(z,y) <d(z,y) <d(z,t) +d(t,y) =d'(z,t) + d' (t,y).

It follows from the definition of d that B¢(x) = B4 () for every point z in X and every
positive real number r smaller than 1. It then follows from part (a) that the metric
topologies induced by d and d’ are generated by the same collection of open balls, so
the two metric topologies are the same. Hence d and d’ are equivalent. O]

3.3. Let f: X — Y be a function between topological spaces. Given z € X, we say that
f is continuous at x if the inverse image f~!1(NN) of every neighbourhood N of f(z) is a
neighbourhood of x. Prove that f is continuous if and only if it is continuous at every x € X.
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Solution. Suppose f: X — Y is continuous. If x is a point in X and N is a neighbourhood
of f(z), then N contains some open neighbourhood U of f(x), whose inverse image f~1(U)
is an open neighbourhood of x because of continuity. Since f~1(U) ¢ f~1(N), it follows that
f~Y(N) is a neighbourhood of z.

Conversely, suppose f: X — Y is continuous at every point of X. If U be an open subset
of Y, then f~1(U) is a neighbourhood of every element of itself. By Question 3.1, this implies
f~Y(U) is open. Hence f is continuous. ]

3.4. Let A and B be subsets of a topological space X.

(a) Suppose A< B. Prove that A< B and A° ¢ B°.
(

)
b) Prove that AuB =Au B and (An B)° = A°n Be.

(c) Prove that AnBc An B. Find an example in which An B # AnB.

(d) Prove that (Au B)° 2 A°u B°. Find an example in which (Au B)° + A°u B°.
[Hint: For (c) and (d), think of some subsets of R.]

Solution.

(a) Since Ac Bc B and A is the smallest closed subset of X containing A, it follows that
AcB.

Since A° ¢ Ac B and B¢ is the largest open subset of B, it follows that A° c B°.

(b) Since AuBc Au B, it follows that AuB c AuB.

For the other inclusion, A€ Au B ¢ Au B implies A c Au B, and similarly we have
BcAuB. Hence AuBc AuB.

Since A°n B° ¢ An B, it follows that A°n B°c (An B)°.
For the other inclusion, (An B)°< An B c A implies (An B)° ¢ A°, and similarly we
have (An B)° c B°. Hence (An B)° c A°n B°.

(c) Both A and B contain AnB,so AnB¢c AnB.

For the example, let A =Q, B=R~Q, and X = R. It follows that A=DB=X (see
Example 2.26),s0 X =AnB,but AnB=AnB=02.

(d) Since Au B contains both A and B, it follows from part (a) that (Au B)° 2 A° and
(AuB)° 2 B°, and hence (Au B)° 2 A°u B°.

For the example, let A=Q, B=R\Q, and X = R.. Tt follows that (Au B)° = X° = X,
but A°u B° = @& because A° = B° = &. O

3.5. Prove that Z is a nowhere dense subset of R.

Solution. First we show that Z = Z: letting U = R\ Z, we have

U=J(n-1,n),

neZ

so U is a union of open subsets, hence open.
Now we note that Z° = @: if V ¢ R is a nonempty open subset, then V' contains a nonempty
open interval, hence is uncountable, so it cannot be contained in Z. O]

3.6. Let X be a topological space.
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(a) Prove that any subset of a nowhere dense subset of X is nowhere dense in X.
(b) Prove that a subset N € X is nowhere dense if and only if X \ N is dense in X.

(c) Prove that the union of any finite collection of nowhere dense subsets of X is nowhere
dense in X.

Solution.

(a) Let N ¢ X be nowhere dense and let M ¢ N. Then M < N by part (a) of Question 3.4,
SO (M)O c (N)O =@ by part (a) of Question 3.4.

(b) Suppose N is nowhere dense and let U € X be nonempty and open. If U n (X N W) =,
then UC N, so U ¢ (N)o = @, contradicting the non-emptiness of U. So it must be that
U intersects X \ N nontrivially, hence X \ N is dense.

Conversely, suppose X \ N is dense but . N is not nowhere dense, that is there exists a
nonempty open U € N. Then U n (X NN ) = @, contradicting the denseness of X \ N.

(c) It suffices to prove the case of two nowhere dense sets M and N. Let L = M uN. Then
by part (b) of Question 3.4 we have L =MuUN so X\L=(X\M)n(X\N). As X\ L
is the intersection of two dense open subsets, it is dense and open by Exercise 2.24,
hence L is nowhere dense. ]

3.7. Let X, Y7, and Y5 be topological spaces, and my: Y1 xYy — Y] and my: Yy x Y, — Y
be the projections. Prove that a function f: X — Y] x Y5 is continuous if and only if both
m o f and my o f are continuous.

Solution. Suppose f is continuous. By Proposition 2.19, both m; and 7y are continuous. It
then follows from Question 2.9 that 7 o f and 7y o f are continuous.

Conversely, suppose m; o f and 75 o f are both continuous. If U; and U, are open subsets of
Y1 and Y5 respectively, then f=1(U; x Us) = (71 0 f)"1(Uy) n (w2 0 f)~1(Us) because

ze fH UL xUz) <= ((m10 f)(x), (m20 f)(2)) € Uy x Us
<= (mo f)(x)eU; and (mao f)(x) € Uy
< ze(mof) N (U,) and z € (my0 f) 1 (Us)
= ze(mo f)" (U)n(mo )7 (V).
Since 7 o f and 7y o f are both continuous, it follows that (71 0 f)~'(U;) and (79 0 f)~1(Us)

are both open in X; hence f~1(U; x Usy) is open. The topology on Y x Y5 is generated by
rectangles, so it follows from Question 2.6 that f is continuous. ]

3.8. Let X and Y be topological spaces and let A and B be subsets of X and Y respectively.

(a) Suppose A and B are closed in X and Y respectively. Prove that if A and B are closed,
then A x B is closed.

(b) Prove that Ax B=AxDB.

Solution. (a) Since A and B are closed in X and Y respectively, their complements X \ A
and Y \ B are open in X and Y respectively, and therefore (X N A)xY and X x (Y \ B)
are open in X x Y. It follows that

(XxY)N(AxB)=((XNA)xY)u (X x (Y \B))

is closed in X x Y.
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(b)

By part (a), Ax B is closed in X x Y. Since Ax B ¢ Ax B, it follows that Ax B < Ax B.
It remains to prove the other inclusion.

Given an element x of A, define ¢, Y — X xY by 1,(y) = (z,y). Let mx: XxY — X
and my : X xY — Y be the projections. The composite function 7x o, is the constant
function sending every element of Y to x, which is continuous by Exercise 2.21; while
Ty oL, is the identity function of Y, which is continuous by Exercise 2.23. it then follows
from Question 3.7 that ¢, is continuous.

Since A x B is closed in X x Y, it follows from Exercise 2.13 that ¢;'(A x B) is closed.
Now B c;'(Ax B) implies B ¢ ¢;!'(A x B); in other words, {7} x B < Ax B. Since z
is an arbitrary point in A, this implies A x Bc A x B.

Following similar reasoning for points in B, we can show that A x B ¢ A x B. ]

3.9. Given a set X, define the diagonal function

(a)

(b)
(c)

A X — X xX, r+— (x,x).

Prove that two subsets A and B of X are disjoint if and only if A(X) and A x B are
disjoint.

If X is a topological space, prove that A is continuous.

Prove that a topological space X is Hausdorff if and only if A(X) is closed in X x X.

Solution.

(a) This follows from

(b)

reAnB <= rxeAandreB < (z,x) e A(X)n(AxB).

Let idx: X — X denote the identity function of X, defined by idx(z) = z. This
function is continuous by Exercise 2.23.

Let 7, m: X x X — X be the projections. Since m; 0 A =m0 A =idy, it follows from
Question 3.7 that A is continuous.

Suppose X is Hausdorff. We will prove that (X x X) ~ A(X) is open. If (z,y) €
(X x X)NA(X), then z # y, so there exist disjoint open neighbourhoods U of x and V/
of y. It follows from part (a) that U x V' does not intersect A(X), and is thus a subset
of (X x X) N A(X). This implies (X x X))\ A(X) is open, and hence A(X) is closed.
Conversely, suppose A(X) is closed; in other words, (X x X))~ A(X) is open. Let x
and y be two distinct points in X. Since (z,y) € (X x X) N A(X), it follows that there

exist open neighbourhoods U of z and V' of y such that U xV ¢ (X x X))\ A(X), which
implies U and V' are disjoint by part (a). Hence X is Hausdorff. O]



