MAST30026 Metric and Hilbert Spaces 2025

Tutorial Week 9

Topics: Norms, inner products

9.1. Let V' be an inner product space. Prove that for any v € V' we have

[o] = sup [{v,w).
=1

Show that the supremum is in fact achieved by a well-chosen w.

Solution. If v =0 then the equality is obvious.
So assume now that v # 0. By Cauchy-Schwarz we have for all we V:

[(v, w)| < o] fw].

Therefore for all w e V' with |w| =1 we have

(v, w)| < o],

so that

sup (v, w)| < [v].

Jw]=1
To get equality, take w = H_ll)\l v and see that the LHS is indeed |v]. O
9.2 (Pythagorean theorem). Let vy, ..., v, be pairwise orthogonal vectors in an inner product
space V. Prove that

Jor+ -+ o] = Jor |+ + o],
Solution. It suffices to prove this for two vectors v; and vy (easy induction follows):
o1 +va]? = (U1 + Vg, 01 + 1) = (v1,v1) + V1, v2) + (2, v1) + (Va, v2) = |1 [|? + [Jva]* O

9.3. Let (V,]-|) be a normed space.

(a) Fix u € V and define T,,: V. — V by T,(v) = u+wv for all v € V. Prove that T, is a

bijective isometry.

(b) Fix a € F* and define S,: V. — V by S,(v) = av for all v € V. Prove that S, is a

homeomorphism.

(c) Let Uy,...,U, be nonempty open subsets of V. Let ay,...,a, € F such that at least

one «; # 0. Let
U=o0,Uy +-+a,,U,.

Prove that U is a nonempty open subset of V.
Solution.

(a) For all vy,v9 € V' we have

d(Tu(v1), Tu(v2)) = | Tu(vr) = Tu(va) | = |u+vi —u—va = o1 =2 = d(v1,v2),

So T, is an isometry. It is also bijective because T_,, is its inverse: T, 0T , =idy =T _,0T,.
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(b) We can deduce that S, is continuous from Proposition 3.3, but we can also prove it
directly. Given € >0, let § = ¢/|c| (this makes sense since « € F*), then for all v, vy € V
such that vy — e < § we have

[Sa(vr) = Sa(v2)| = [avy —avs| =laf vy = va| <|ald = e.

So S, is continuous. It is also bijective because Sy, is its inverse, and Sy, is itself
continuous by the above, so S, is a homeomorphism.

(c) By part (b), if a; # 0 and U; is nonempty open, then a;U; is nonempty open. It remains
to check that the sum of two nonempty open sets W; and W is a nonempty open set:

LLGV+*I4/Q = {ZUl +wWo: Wy € 14/i,1U2 € td/é} = L_J {101 + Wo: Wy € IA/Q} = L“J jzul(ll/é),

w1eWq wi1eWq

which is a union of open sets by part (a), hence open. It is clear that W; + Wj is
nonempty if both W; and W, are nonempty. ]

9.4. Prove that the following norms on R"™ are not defined by inner products:
(a) the ¢*-norm defined by
H(Il, . ,xn)Hl = Z |z,
i=1

(b) the ¢*°-norm defined by

|(z1,. . @n)| = max{|zi],..., |z}

oo

Solution. We will verify that neither of the two norms satisfy the Parallelogram Law (Propo-
sition 3.10), so they cannot be defined by inner products. Let e; = (1,0,...,0) and
es =(0,1,0,...,0).

(a) We have |eq]l; = |lez]1 =1 and [e; +e2]1 = |e1 —e2]1 =2, so

ler +eaf + ler —eafi =8 24 =2(er]] + [ez])-

(b) We have [e1]es = [€2]le0 = 1 + €2]e0 = €1 = €2]00 = 1, 50

ler +eall% + ller —eal% = 2% 4 =2(flea |2 + [ea]%)- O
9.5. Let (V,||) be a Banach space. Prove that if a series Y50, a,, in V converges absolutely,

then
(o] [ee]
|3 an| < 3 llanl.
n=1 n=1

(If V' is not complete, the result still holds under the extra assumption that the series
converges in V.)

Solution. If V' is Banach, any absolutely convergent series converges, so the left hand side of
the desired inequality makes sense.
The claim now follows from the usual triangle inequality. For any m € N, we have

lax +---+ am| <Jas] +---+ fam].

Taking limits as m — oo we get

(o) m
|2 an| = | i3 an
n=1 n=1

m—>00

m
= lim HZan
m—>00

n=1

m [ee]
< tim 3 agl = Y faul. =
m*)OOnzl n

=1
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9.6. Prove that every finite-dimensional normed vector space V is separable.
More precisely, fix a basis {v1,...,v,} of V and let

if F=R
K= {Q ! and D = Spang{vy,...,v,}.

Q[i] ifF=C
Prove that D is a dense countable subset of V.

Solution. We start by noting that K is dense in F. We already know this for Q in R. For
Q[¢] in C = R[i]: given z = x +iy and € > 0, let p,q € Q be such that |[p - z| < ¢/2 and
l¢ —y| <e/2. Then

((p+iq) =z =|(p-z) +ilg-y)l <Ip-=[+]g-yl<e.
By Theorem 3.7, the norm on V' is equivalent to the norm | -||; defined by
[avr + -+ @l = |ag |+ + |

Since separability is a property of topological spaces and equivalent norms give rise to the
same topology (see Fxercise 2.2), we can assume without loss of generality that V' is equipped
with the norm || ;.

Let veV and € > 0. We have

V= QU+ e+ QU a; €F.
For each i, there exists 3; € K such that |o; — 8| < ¢/n. Define
v = vy + -+ Buo, € D.
We have
[v =" = [(e1 = Br)vi + -+ (an = Ba)valy = ar = Bi| + -+ + |ay = By <€

The set D is countable because it is the Cartesian product of n copies of the countable field
K. ]



