
3. Elliptic curves

Chapter 3

Elliptic curves

At the end of the previous chapter we mentioned Sylvester’s problem: determine which prime numbers
𝑝 can be written as the sum of two rational cubes

𝑢3 + 𝑣3 = 𝑝, 𝑢, 𝑣 ∈ Q.

We can be more ambitious and ask: what are all the solutions (if such exist) (𝑢, 𝑣) ∈ Q2 of this equation?
Here is another example of such a problem: given 𝑐 ∈ Z, can we write 𝑐 as the difference of a rational

square and a rational cube? What are all the solutions (if any) (𝑥, 𝑦) ∈ Q2 of the equation

𝑦2 − 𝑥3 = 𝑐?

A couple of surprising things happen here.
The first is that the two problems are actually very closely related.

Proposition 3.1. The function

𝑓(𝑢, 𝑣) = ( 12𝑝
𝑢 + 𝑣,

36𝑝(𝑢 − 𝑣)
𝑢 + 𝑣 )

is a bijection from the set of rational solutions (𝑢, 𝑣) ∈ Q2 of 𝑢3 +𝑣3 = 𝑝 to the set of rational solutions
(𝑥, 𝑦) of 𝑦2 − 𝑥3 = −432𝑝2. Its inverse is

𝑔(𝑥, 𝑦) = (36𝑝 + 𝑦
6𝑥 , 36𝑝 − 𝑦

6𝑥 ) .

Proof. Tutorial question.

This means that if we know how to find all rational solutions to the equations 𝐸𝑐 (at least for 𝑐 of
the form −432𝑝2 for primes 𝑝), then we can find all rational cubes that add up to 𝑝. (Since I mentioned
that the latter problem is still open, this is an indication that the former problem is probably hard.)

The second surprise, which was found in 1621 by Bachet, is that given a solution (𝑥0, 𝑦0) ∈ Q2 of
𝐸𝑐, if we let

𝑥1 =
𝑥4

0 − 8𝑐𝑥0

4𝑦2
0

, 𝑦1 =
−𝑥6

0 − 20𝑐𝑥3
0 + 8𝑐2

8𝑦3
0

,

then (𝑥1, 𝑦1) is another solution of 𝐸𝑐. In fact, it turns out that if 𝑐 ≠ 1,−432 and 𝑥0𝑦0 ≠ 0, then as
we iterate this formula we get infinitely many distinct solutions of 𝐸𝑐.

It also turns out that Bachet’s discovery is not an accident, but a feature of equations that give rise
to so-called elliptic curves.

Before getting into that, let’s note that we have been asking about rational solutions to 𝑦2 −𝑥3 = 𝑐.
What about integer solutions?
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Example 3.2. Consider the equation 𝑦2 − 𝑥3 = −2. After some trial and error we may find (𝑥, 𝑦) =
(3, 5), and of course since 𝑦 is squared in the equation, we automatically get (3,−5) as another integer
solution.

Bachet’s trick doesn’t help here: taking (𝑥0, 𝑦0) = (3, 5) we compute

(𝑥1, 𝑦1) = (129
100,−

383
1000)

which is not integral, and it only gets worse from here on.
Fermat conjectured that (3,±5) are the only integer solutions of this equation, but it took several

hundred years before this was proved.

3.1 Basic properties of elliptic curves
It is time to define elliptic curves. We will do so in a fairly concrete manner, and we will restrict our
attention to certain fields of particular interest to us.

Let F denote one of the following fields1: Q, R, C, F𝑝 = Z/𝑝Z for primes 𝑝 ⩾ 5.
A Weierstrass equation is a polynomial equation of the form

𝑦2 = 𝑥3 + 𝑎𝑥 + 𝑏, 𝑎, 𝑏 ∈ F.

The discriminant of the above Weierstrass equation is defined to be Δ = −16(4𝑎3 + 27𝑏2).
We say that the Weierstrass equation defines an elliptic curve if Δ ≠ 0.
Most of the time we conflate the Weierstrass equation and the elliptic curve it defines.

Nonsingularity condition
What is the meaning of the condition Δ ≠ 0?

It has to do with the curve being nonsingular. The intuitive picture is that at each point (𝑥0, 𝑦0) on
the curve, there exists a well-defined (unique) tangent line.

This is a multivariable calculus topic. Generally, if we fix a differentiable function 𝐹 in two variables
and a point (𝑥0, 𝑦0) such that 𝐹(𝑥0, 𝑦0) = 0, we say that the curve defined by 𝐹(𝑥, 𝑦) = 0 is singular
at (𝑥0, 𝑦0) if

𝜕𝐹
𝜕𝑥 (𝑥0, 𝑦0) = 0 = 𝜕𝐹

𝜕𝑦 (𝑥0, 𝑦0).

If this condition does not hold, the curve is said to be nonsingular at (𝑥0, 𝑦0). The curve is nonsingular
if it is nonsingular at every point.

What does this mean for our curves? Write 𝑓(𝑥) = 𝑥3 + 𝑎𝑥 + 𝑏 and 𝐹(𝑥, 𝑦) = 𝑦2 − 𝑓(𝑥), then
𝐹(𝑥, 𝑦) = 0 is the type of equation we are considering. Suppose the resulting curve is singular at
(𝑥0, 𝑦0), then

0 = 𝜕𝐹
𝜕𝑥 (𝑥0, 𝑦0) = −𝑓 ′(𝑥0) = −3𝑥2

0 − 𝑎 and 0 = 𝜕𝐹
𝜕𝑦 (𝑥0, 𝑦0) = 2𝑦0.

So 𝑓(𝑥0) = 𝑦0 = 0 and 𝑓 ′(𝑥0) = 0. Therefore 𝑥0 is at least a double root of the polynomial 𝑓(𝑥).
We can follow this to a criterion for (non)singularity of Weierstrass equations:

1Other fields, for instance of characteristic 2, would of course be highly desirable, especially for computational appli-
cations. These require more complicated Weierstrass equations, and additional care in many of the proofs, so we are not
considering them here.
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Proposition 3.3. Let 𝑦2 = 𝑥3 + 𝑎𝑥 + 𝑏 be a Weierstrass equation and let Δ = −16(4𝑎3 + 27𝑏2) be its
discriminant. The curve defined by this equation is singular if and only if Δ = 0.

Proof. Suppose (𝑥0, 𝑦0) is a singular point, then by the discussion before the proposition we have that
𝑥3

0 + 𝑎𝑥0 + 𝑏 = 0 and 3𝑥2
0 + 𝑎 = 0.

If 𝑎 = 0, then 3𝑥2
0 = 0 so 𝑥0 = 0 so 𝑏 = 0 so Δ = 0.

If 𝑎 ≠ 0, note that
0 = 3(𝑥3

0 + 𝑎𝑥0 + 𝑏) − 𝑥0(3𝑥2
0 + 𝑎) = 2𝑎𝑥0 + 3𝑏,

so 𝑥0 = −3𝑏
2𝑎 . Plugging this into 3𝑥2

0 + 𝑎 = 0 we end up with 27𝑏2 + 4𝑎3 = 0 so Δ = 0.
Conversely, suppose Δ = 0. If 𝑎 = 0 then 𝑏 = 0 so the equation is 𝑦2 = 𝑥3, which is singular at

𝑥0 = 0 (0 is a triple root of 𝑥3).

If 𝑎 ≠ 0, consider 𝑥0 = −3𝑏
2𝑎 . We have

𝑓 ′(𝑥0) = 3 9𝑏2

4𝑎2 + 𝑎 = 27𝑏2 + 4𝑎3

4𝑎2 = 0

and

𝑓(𝑥0) = −27𝑏3

8𝑎3 − 𝑎 3𝑏
2𝑎 + 𝑏 = −27𝑏3 − 12𝑎3𝑏 + 8𝑎3𝑏

8𝑎3 = 4𝑎3𝑏 − 4𝑎3𝑏
8𝑎3 = 0.

So the nonvanishing of the discriminant Δ is equivalent to the cubic polynomial 𝑥3 + 𝑎𝑥+ 𝑏 having
simple roots.

Over R, 𝑥3 + 𝑎𝑥 + 𝑏 has either one or three real roots. Correspondingly, the picture for an elliptic
curve over the real numbers is of one of the following two types:

𝑥

𝑦

𝐸 ∶ 𝑦2 = (𝑥 − 2)(𝑥 − 1)(𝑥 + 3)

𝑥

𝑦

𝐸 ∶ 𝑦2 = (𝑥 + 1)(𝑥2 − 𝑥 + 1)

The miracle: elliptic curves have a group law
We now get to the property that really distinguishes elliptic curves from other types of plane curves:
the set of points on an elliptic curve has the additional structure of an abelian group.

The group operation can be defined geometrically, via the so-called “chord-and-tangent” rule.
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𝑥

𝑦

𝑃

𝑄

𝑃 ∗ 𝑄

𝑃 +𝑄

𝐸 ∶ 𝑦2 = 𝑥3 − 7𝑥 + 6

𝑥

𝑦

𝑃

𝑄

𝑃 ∗ 𝑄

𝑃 +𝑄

𝐸 ∶ 𝑦2 = 𝑥3 + 1

Suppose we have two points 𝑃 ≠ 𝑄 on an elliptic curve. Consider the line passing through the
points 𝑃 and 𝑄; since the line has degree 1 and the curve has degree 3 then, generically, there will be a
third point of intersection, which we call 𝑃 ∗ 𝑄. We then let 𝑃 + 𝑄 denote the reflection of the point
𝑃 ∗ 𝑄 about the 𝑥-axis. (This final point 𝑃 +𝑄 will be on the curve, since the Weierstrass equation is
symmetric about the 𝑥-axis.)

I claim that the operation (𝑃 ,𝑄) ↦ 𝑃 +𝑄 makes the elliptic curve into an abelian group. Making
sense of this claim requires answering a number of questions:

• What is the neutral element 𝒪? It should have the property that 𝑃 + 𝒪 = 𝑃 for all points 𝑃 .

Thinking through the recipe given above, this forces 𝑃 ∗ 𝒪 to be the reflection of 𝑃 about the
𝑥-axis, hence 𝒪 should be the third point of intersection between the curve and the straight line
joining 𝑃 to its reflection. But that straight line is vertical so… how can this be?

The answer is that we should add a point to the curve. It is a point 𝒪 that lies infinitely far along
any vertical line in the plane. We refer to it as the point at infinity.

We make the convention that 𝒪 + 𝒪 = 𝒪, and that the reflection of 𝒪 about the 𝑥-axis is 𝒪.

(There is a much less hand-wavy definition involving the projective plane and the projectivisation
of the curve, but for our purposes this intuitive approach suffices.)

• What is the inverse −𝑃 of a point 𝑃 ?

Having established what 𝒪 is, the point −𝑃 should be the unique point on the curve such that
𝑃 + (−𝑃) = 𝒪. This means that 𝑃 ∗ (−𝑃) = 𝒪; as we argued above, this forces −𝑃 to be the
reflection of 𝑃 about the 𝑥-axis. In terms of coordinates, the inverse of 𝑃 = (𝑥, 𝑦) is −𝑃 = (𝑥,−𝑦).

• The group operation 𝑃 + 𝑄 should be defined for all pairs of points (𝑃 ,𝑄), but in the above
description we asked that 𝑃 ≠ 𝑄. So how do we define 𝑃 + 𝑃 ?

We appeal to calculus ideas here. If 𝑃 ≠ 𝑄 then the line 𝑃𝑄 is secant to the curve. As the point
𝑄 approaches 𝑃 along the curve, this secant line becomes the tangent line at 𝑃 .

So we apply the same recipe using the tangent line at 𝑃 . Since this line intersects the curve
with multiplicity 2, there is another point of intersection, which we call 𝑃 ∗ 𝑃 , then 𝑃 + 𝑃 is the
reflection of 𝑃 ∗ 𝑃 about the 𝑥-axis.
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We should really have a different notation for 𝑃 +𝑃 ; we will prefer to write [2]𝑃 instead of 2𝑃 so
we do not confuse this with multiplying the coordinates of 𝑃 by 2.
More generally, we write [𝑛]𝑃 for the 𝑛-fold sum 𝑃 + 𝑃 +⋯+𝑃 for a positive integer 𝑃 , as well
as [0]𝑃 for 𝒪 and [−𝑛]𝑃 for [𝑛](−𝑃).

𝑥

𝑦

𝒪

𝑃

−𝑃 = 𝑃 ∗ 𝒪

𝐸 ∶ 𝑦2 = 𝑥3 + 1

𝑥

𝑦

𝑃

𝑃 ∗ 𝑃

[2]𝑃 = 𝑃 + 𝑃

𝐸 ∶ 𝑦2 = 𝑥3 + 1

• Why are the (other) axioms of an abelian group satisfied in this setting? This is extremely tedious
and we will take it for granted. (There are more conceptual ways to obtain the group law that
require a lot more theory and a lot less tedious calculation.)

Computing the group operation
While the elliptic curve pictures are pretty, we need a more practical way of determining 𝑃 + 𝑄 for
points 𝑃 and 𝑄. Expressing this algebraically also allows us to work with elliptic curves over fields like
C or Z/𝑝Z, where the pictures do not really make sense.

Let 𝐸 be the elliptic curve defined by the Weierstrass equation

𝐸 ∶ 𝑦2 = 𝑥3 + 𝑎𝑥 + 𝑏, 𝑎, 𝑏 ∈ F.

Let 𝑃 = (𝑥1, 𝑦1) and 𝑄 = (𝑥2, 𝑦2) be two points on the curve 𝐸.
If 𝑥1 = 𝑥2, then 𝑦2

1 = 𝑦2
2, so (𝑦1 − 𝑦2)(𝑦1 + 𝑦2) = 0. Since F is a field, we conclude that 𝑦1 = 𝑦2 (in

which case 𝑃 = 𝑄) or 𝑦1 = −𝑦2 (in which case 𝑃 = −𝑄). In the first case we are really asking what
[2]𝑃 = 𝑃 + 𝑃 is, and we treat this separately a little later; in the second case we have 𝑃 + (−𝑃) = 𝒪.

So we assume for now that 𝑥1 ≠ 𝑥2.

Proposition 3.4 (Addition Formula). With the above notation, we have 𝑃 +𝑄 = (𝑥3, 𝑦3), where

𝑥3 = 𝑚2 − 𝑥1 − 𝑥2

𝑦3 = −(𝑚𝑥3 + 𝑛)

𝑚 = 𝑦2 − 𝑦1
𝑥2 − 𝑥1

𝑛 = 𝑦1 −𝑚𝑥1 = 𝑦2 −𝑚𝑥2.
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Proof. This is a matter of translating the geometric construction into algebra.
It suffices to determine 𝑃 ∗ 𝑄 = (𝑥3, 𝑌3), then 𝑦3 = −𝑌3.
The line passing through 𝑃 and 𝑄 has slope 𝑚 = 𝑦2 − 𝑦1

𝑥2 − 𝑥1
and equation

𝑦 = 𝑚𝑥 + 𝑛, 𝑛 = 𝑦1 −𝑚𝑥1 = 𝑦2 −𝑚𝑥2.

We plug this into the Weierstrass equation of the curve:

(𝑚𝑥 + 𝑛)2 = 𝑦2 = 𝑥3 + 𝑎𝑥 + 𝑏,

so that after some manipulation

𝑥3 −𝑚2𝑥2 + (𝑎 − 2𝑚𝑛)𝑥 + (𝑏 − 𝑛2) = 0.

This equation has as roots the 𝑥-coordinates of the three points 𝑃 , 𝑄, 𝑃 ∗𝑄 of intersection between the
line and the curve. In other words

𝑥3 −𝑚2𝑥2 + (𝑎 − 2𝑚𝑛)𝑥 + (𝑏 − 𝑛2) = (𝑥 − 𝑥1)(𝑥 − 𝑥2)(𝑥 − 𝑥3).

Now we compare the quadratic terms on both sides and find that −𝑚2 = −𝑥1 − 𝑥2 − 𝑥3, therefore

𝑥3 = 𝑚2 − 𝑥1 − 𝑥2.

The rest follows from 𝑌3 = 𝑚𝑥3 + 𝑛 and 𝑦3 = −𝑌3.

It is of course possible to express 𝑚2 in terms of 𝑥1, 𝑥2, 𝑦1, 𝑦2 in the formula for 𝑥3 and get a somewhat
unwieldy formula expressing 𝑥3 solely in terms of the coordinates of 𝑃 and 𝑄, but it is a bit easier to
do the computations in steps.

Example 3.5. Consider the curve given by the equation 𝐸 ∶ 𝑦2 = 𝑥3 +17. A short search gives points
𝑃 = (2, 5) and 𝑄 = (−1, 4).

Then
𝑚 = 1

3, 𝑛 = 5 − 2
3 = 13

3 ,

so that
𝑥3 = 1

9 − 2 + 1 = −8
9

and
𝑌3 = 1

3 ⋅ (−8
9) + 13

3 = 109
27 .

Therefore

𝑃 ∗ 𝑄 = (−8
9,

109
27 )

𝑃 +𝑄 = (−8
9,−

109
27 ) .

The remaining case 𝑃 = 𝑄 is treated similarly but involves tangent lines instead of secant lines.

Proposition 3.6 (Duplication Formula). Let 𝑃 = (𝑥1, 𝑦1) be a point on the elliptic curve given by

𝐸 ∶ 𝑦2 = 𝑥3 + 𝑎𝑥 + 𝑏.
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If [2]𝑃 ≠ 𝒪 then [2]𝑃 = (𝑥2, 𝑦2), where

𝑥2 = 𝑚2 − 2𝑥1

𝑦2 = −(𝑚𝑥2 + 𝑛)

𝑚 = 3𝑥2
1 + 𝑎
2𝑦1

𝑛 = 𝑦1 −𝑚𝑥1.

Proof. We find the tangent line at 𝑃 = (𝑥1, 𝑦1) to the curve 𝑦2 = 𝑥3 +𝑎𝑥+𝑏 by implicit differentiation:

2𝑦 𝑑𝑦
𝑑𝑥 = 3𝑥2 + 𝑎,

so the slope of the tangent line is

𝑚 = 𝑑𝑦
𝑑𝑥 = 3𝑥2

1 + 𝑎
2𝑦1

.

The equation of the tangent line is then 𝑦 = 𝑚𝑥 + 𝑛 with 𝑛 = 𝑦1 −𝑚𝑥1.
Plugging this into the Weierstrass equation and proceeding as in the proof of the addition formula

gives

𝑥3 −𝑚2𝑥2 + (𝑎 − 2𝑚𝑛)𝑥 + (𝑏 − 𝑛2) = (𝑥 − 𝑥1)2(𝑥 − 𝑥2).

From the quadratic terms we get −𝑚2 = −2𝑥1 − 𝑥2, so

𝑥2 = 𝑚2 − 2𝑥1.

For future reference we record the formula for [2]𝑃 solely in terms of 𝑃 :

Corollary 3.7. If 𝑃 = (𝑥1, 𝑦1) satisfies [2]𝑃 ≠ 𝒪 then [2]𝑃 = (𝑥2, 𝑦2), where

𝑥2 = 𝑥4
1 − 2𝑎𝑥2

1 − 8𝑏𝑥1 + 𝑎2

(2𝑦1)2 ,

𝑦2 = 𝑥6
1 + 5𝑎𝑥4

1 + 20𝑏𝑥3
1 − 5𝑎2𝑥2

1 − 4𝑎𝑏𝑥1 − 𝑎3 − 8𝑏2

(2𝑦1)3 .

Points of finite order

Even from a purely geometric perspective, certain points 𝑃 on an elliptic curve appear to have a special
behaviour with respect to the duplication [2]𝑃 . Because of the symmetry with respect to reflection
about the 𝑥-axis, any point 𝑃 = (𝑥, 0) will have vertical tangent line. Therefore, by the geometric
definition, 𝑃 ∗ 𝑃 = 𝒪 and hence [2]𝑃 = 𝑃 + 𝑃 = 𝒪.

We have thus determined that the points of order 2 on an elliptic curve 𝐸 ∶ 𝑦2 = 𝑥3 + 𝑎𝑥 + 𝑏 are
precisely those points where 𝑦 = 0.
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𝑥

𝑦

𝐸 ∶ 𝑦2 = 𝑥3 − 7𝑥 + 6
(−3, 0), (1, 0), (2, 0)

𝑥

𝑦

𝐸 ∶ 𝑦2 = 𝑥3 + 1
(−1, 0)

We now consider the more general problem of determining the points of finite order on 𝐸. The first
thing to note is that this question (and whether it is interesting or even meaningful) depends heavily on
the field F that the curve is defined over.

In this section we focus on elliptic curves defined over Q. As we will see in a future lecture, we may
assume that the coefficients of the Weierstrass equation are in fact integers:

𝐸 ∶ 𝑦2 = 𝑥3 + 𝑎𝑥 + 𝑏, 𝑎, 𝑏 ∈ Z.

(Note that this implies that the discriminant Δ = −16(4𝑎3 + 27𝑏2) of the equation is an integer.)
We want to find all the points of finite order of 𝐸. In the literature on elliptic curves, these are also

called torsion points. As the process involves solving some polynomial equations, we should be more
precise and specify that we want to find the rational torsion points, where the coordinates are rational
rather than, say, real or complex. We will emphasise this by adopting the notation

𝐸(Q) = {(𝑥, 𝑦) ∈ Q ∶ 𝑦2 = 𝑥3 + 𝑎𝑥 + 𝑏} ∪ {𝒪}.

Theorem 3.8 (Lutz–Nagell). If 𝑃 = (𝑥, 𝑦) ∈ 𝐸(Q) is a torsion point, then 𝑥, 𝑦 ∈ Z and either 𝑦 = 0
or 𝑦2 ∣ 4𝑎3 + 27𝑏2.

This is a pretty wonderful result!
First, it gives us an algorithm for determining all the torsion points on a given curve.

Example 3.9. Consider Fermat’s challenge curve 𝐸 ∶ 𝑦2 = 𝑥3 − 2, then 4𝑎3 + 27𝑏2 = 22 ⋅ 33. Since
𝑥3 − 2 has no rational roots, there are no rational points of order 2 on 𝐸.

So we are looking for 𝑦2 ∣ 22 ⋅ 33, which gives ±𝑦 ∈ {1, 2, 3, 6}. This leads to 𝑥3 ∈ {3, 6, 11, 38},
neither of which has a rational solution.

We conclude that the only torsion point on 𝐸 is the point at infinity 𝒪. We say that 𝐸 has trivial
torsion.

Here is a more rewarding case:

Example 3.10. Consider the curve

𝐸 ∶ 𝑦2 = 𝑥3 − 1947𝑥 + 108214 = (𝑥 + 61)(𝑥2 − 61𝑥 + 1774).

MAST30035 Number Theory and Cryptography 2026 3-8



3. Elliptic curves

This has
4𝑎3 + 27𝑏2 = 220 ⋅ 37 ⋅ 53.

To start with, there is one point of order 2, namely (−61, 0).
Then 𝑦2 ∣ 220 ⋅ 37 ⋅ 53 gives rise to a lot of possibilities to check:

±𝑦 ∈ {2𝑢 ⋅ 3𝑣 ⋅ 5𝑤 ∶ 0 ⩽ 𝑢 ⩽ 10, 0 ⩽ 𝑣 ⩽ 3, 0 ⩽ 𝑤 ⩽ 1}.

Going through these yields the following torsion points:

(−35,±25 ⋅ 32), (3,±26 ⋅ 5), (−37,±23 ⋅ 32 ⋅ 5), (83,±24 ⋅ 32 ⋅ 5), (323,±27 ⋅ 32 ⋅ 5).

Together with the point at infinity and the point of order 2 we identified above, this makes 12 torsion
points.

One can check that the point (−37, 360) has order 12, so the torsion subgroup of 𝐸(Q) is isomorphic
to Z/12Z:

−61 100 200 300

−5,760

−2,880

2,880

5,760
[5]𝑃

[7]𝑃

see panel (b)

[12]𝑃 = 𝒪
(point at infinity)

𝑥

𝑦
(a) the whole real locus

−61 −37 3 35 83

−720

−360

360

720

[6]𝑃

𝑃

[11]𝑃

[8]𝑃

[4]𝑃

[3]𝑃

[9]𝑃

[10]𝑃

[2]𝑃

𝑥

𝑦
(b) enlargement of the dashed box

𝐸 ∶ 𝑦2 = 𝑥3 − 1947𝑥 + 108214, 𝑃 = (−37, 360), 𝐸(Q)tors = ⟨𝑃⟩ ≅ Z/12Z

Another application of Lutz–Nagell is to prove that a point 𝑃 = (𝑥, 𝑦) ∈ 𝐸(Q) is not a torsion
point, in other words that it has infinite order in the group.

Example 3.11. In the case of Fermat’s challenge curve 𝑦2 = 𝑥3 − 2, we have seen that the point
𝑃 = (3, 5) has

[2]𝑃 = (129
100,−

383
1000) ,

hence [2]𝑃 is not torsion, and therefore 𝑃 is not torsion either. So this is our first example of a point of
infinite order on an elliptic curve.

A little more interestingly, take
𝐸 ∶ 𝑦2 = 𝑥3 − 𝑥 + 1

and consider the point 𝑃 = (1, 1).
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Then using the duplication and addition formulas we get

[2]𝑃 = (−1, 1), [3]𝑃 = (0,−1), [4]𝑃 = (3,−5), [5]𝑃 = (5, 11), [6]𝑃 = (1
4,

7
8)

and we finally conclude that 𝑃 has infinite order.

This suggests a simple approach to testing whether a point 𝑃 has infinite order. Use the duplication
formula to compute

𝑃 , [2]𝑃 , [4]𝑃 , [8]𝑃 ,…

If at any stage you see a non-integral point, then by Lutz–Nagell 𝑃 has infinite order. Otherwise, if
at any stage you see ± a point you have previously computed, then you have detected a cycle and the
point has finite order.

The set of torsion points forms a subgroup of 𝐸(Q), called the torsion subgroup.
A rather surprising result is that there are only a small finite number of possible groups that appear

as torsion subgroups of elliptic curves over Q:

Theorem 3.12 (Mazur). The torsion subgroup of 𝐸(Q) is isomorphic to one of the following:

Z/1Z,Z/2Z,Z/3Z,Z/4Z,Z/5Z,Z/6Z,Z/7Z,Z/8Z,Z/9Z,Z/10Z,Z/12Z,

or
Z/2Z × Z/2Z,Z/2Z × Z/4Z,Z/2Z × Z/6Z,Z/2Z × Z/8Z.

Moreover, all of these do occur.

The absence of Z/11Z is not a typo.
Theorem 3.12, which was proved by Barry Mazur in the late 1970s, is an impressive piece of mathe-

matics and comfortably out of our reach.
Theorem 3.8, proved independently by Lutz and Nagell in the 1930s, is much more approachable,

and it is possible to give a fairly elementary proof that does not rely on too much technical machinery;
it is long though, so we will just take for granted the harder part of the statement (every torsion point
has integral coordinates) and show how to deduce the rest.

First, let’s add to our increasing list of weird algebraic identities:

Lemma 3.13. Let 𝑓(𝑥) = 𝑥3 + 𝑎𝑥 + 𝑏, then

𝑟(𝑥)𝑓 ′(𝑥) − 𝑠(𝑥)𝑓(𝑥) = 4𝑎3 + 27𝑏2,

where
𝑟(𝑥) = 6𝑎𝑥2 − 9𝑏𝑥 + 4𝑎2, 𝑠(𝑥) = 18𝑎𝑥 − 27𝑏.

The proof is just algebraic manipulation. The significance is that, for the Weierstrass equation
𝑦2 = 𝑓(𝑥), we have now related the quantity 4𝑎3 + 27𝑏2 to 𝑓(𝑥) and its derivative.

Proposition 3.14. Let 𝑃 = (𝑥1, 𝑦1) ∈ 𝐸(Q) be such that both 𝑃 and [2]𝑃 have integer coordinates.
Then either 𝑦1 = 0 or 𝑦1 ∣ 4𝑎3 + 27𝑏2.

Proof. We show that if 𝑦1 ≠ 0 then 𝑦1 ∣ 4𝑎3 + 27𝑏2.
Since 𝑦1 ≠ 0, [2]𝑃 ≠ 𝒪, so write [2]𝑃 = (𝑥2, 𝑦2). From the duplication formula we have

𝑚2 = 𝑥2 + 2𝑥1, 𝑚 =
𝑓 ′(𝑥1)
2𝑦1

.
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But under our assumptions, 𝑚2 ∈ Z, so 𝑚 ∈ Z, so 2𝑦1 ∣ 𝑓 ′(𝑥1).
On the other hand, 𝑦2

1 = 𝑓(𝑥1), so 𝑦1 ∣ 𝑓(𝑥1).
Since the polynomials 𝑟(𝑥) and 𝑠(𝑥) in Lemma 3.13 have integer coefficients, the identity

𝑟(𝑥1)𝑓 ′(𝑥1) − 𝑠(𝑥1)𝑓(𝑥1) = 4𝑎3 + 27𝑏2

now implies that 𝑦1 ∣ 4𝑎3 + 27𝑏2.

You will probably have noticed that the conclusion of this Proposition is weaker than that of the
Lutz–Nagell Theorem, which has 𝑦2

1 ∣ 4𝑎3 + 27𝑏2. There is a slightly more elaborate version of the
identity in Lemma 3.13 that gives this stronger result; you will work this out on the next tutorial.

Isomorphisms
Consider a Weierstrass equation over a field F (feel free to replace F with your favourite field that is
not Z/2Z or Z/3Z):

𝐸 ∶ 𝑦2 = 𝑥3 + 𝑎𝑥 + 𝑏, 𝑎, 𝑏 ∈ F.

Pick 𝑢 ≠ 0 and define ̂𝑥 by 𝑥 = 𝑢2 ̂𝑥 and ̂𝑦 by 𝑦 = 𝑢3 ̂𝑦. Then ̂𝑥 and ̂𝑦 are related by

(𝑢3 ̂𝑦)2 = (𝑢2 ̂𝑥)3 + 𝑎(𝑢2 ̂𝑥) + 𝑏 ⇒ 𝑢6 ̂𝑦2 = 𝑢6 ̂𝑥3 + 𝑎𝑢2 ̂𝑥 + 𝑏,

in other words by the Weierstrass equation

̂𝐸 ∶ ̂𝑦2 = ̂𝑥3 + ̂𝑎 ̂𝑥 + ̂𝑏, where 𝑎 = 𝑢4 ̂𝑎, 𝑏 = 𝑢6𝑏̂.

Note that Δ = −16(4𝑎3 + 27𝑏2) = 𝑢12Δ̂, so that 𝐸 defines an elliptic curve if and only if ̂𝐸 defines an
elliptic curve.

It turns out that this kind of change of coordinates is the only algebraic transformation that takes
a Weierstrass equation to another Weierstrass equation. We say that two elliptic curves 𝐸 and ̂𝐸 are
isomorphic if there exists 𝑢 ≠ 0 such that their Weierstrass equations are related by such a change of
coordinates. In this case we write 𝐸 ≅ ̂𝐸.

Example 3.15. Recall the family of Weierstrass equations considered by Bachet:

𝐸𝑐 ∶ 𝑦2 = 𝑥3 + 𝑐.

Fix 𝑛 ∈ Z⩾1 and let 𝑢 = 1/𝑛, then proceeding as above we get

̂𝐸 ∶ ̂𝑦2 = ̂𝑥3 + 𝑛6𝑐,

so we conclude that 𝐸𝑐 ≅ 𝐸𝑛6𝑐 for all 𝑛 ∈ Z⩾1.

Example 3.16. Take a Weierstrass equation over Q (or R)

𝐸 ∶ 𝑦2 = 𝑥3 + 𝑎𝑥 + 𝑏

and let 𝑢 = 𝑖 =
√
−1. Then we get

̂𝐸 ∶ ̂𝑦2 = ̂𝑥3 + 𝑎 ̂𝑥 − 𝑏.

Depending on what we are trying to do, we may wish to allow such isomorphisms, or to disallow them
by imposing that 𝑢 should be an element of the field of definition.
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We define another quantity attached to a nonsingular Weierstrass equation, called the 𝑗-invariant,
by

𝑗(𝐸) = −1728
(4𝑎)3

Δ .

Proposition 3.17. If 𝐸 ≅ ̂𝐸 then 𝑗(𝐸) = 𝑗( ̂𝐸).

Proof. Since 𝑎 = 𝑢4 ̂𝑎 and Δ = 𝑢12Δ̂ we have

𝑗(𝐸) = −1728
(4𝑎)3

Δ = −1728
(4 ̂𝑎)3𝑢12

Δ̂𝑢12
= 𝑗( ̂𝐸).

(The converse also holds if we allow for isomorphisms defined over a bigger field than the field of
definition F: if 𝑗(𝐸) = 𝑗( ̂𝐸) then there exists an isomorphism 𝐸 ≅ ̂𝐸 over the algebraic closure of F.)

Proposition 3.18. For any 𝑗 ∈ F there exists an elliptic curve with 𝑗(𝐸) = 𝑗.

Proof. If 𝑗 ≠ 0, 1728 then take

𝐸 ∶ 𝑦2 = 𝑥3 + 3𝑗(1728 − 𝑗)𝑥 + 2𝑗(1728 − 𝑗)2,

which has discriminant
Δ = −21236𝑗2(1728 − 𝑗)3

and 𝑗(𝐸) = 𝑗.
If 𝑗 = 0 take

𝐸 ∶ 𝑦2 = 𝑥3 + 16, Δ = −21233,
and if 𝑗 = 1728 take

𝐸 ∶ 𝑦2 = 𝑥3 + 𝑥, Δ = −26.

3.2 The group of rational points
Let 𝐸 be an elliptic curve over Q. We have seen that the torsion subgroup of 𝐸 (the subset consisting
of the rational points of finite order) is fairly easy to compute explicitly via the Lutz–Nagell Theorem,
and that there is a fairly restrictive list of possible groups that occur as torsion subgroups, given by
Mazur’s Theorem.

However, we have also seen that there can be rational points on 𝐸 that have infinite order, as in
Example 3.11. This turns out to be an interesting and difficult question.

Example 3.19. Consider the curve 𝐸 ∶ 𝑦2 = 𝑥3 − 2.
The points of order 2 satisfy 𝑦 = 0, so 𝑥3 − 2 = 0, clearly no rational solutions.
Any other torsion point 𝑃 = (𝑥1, 𝑦1) has to satisfy 𝑦2

1 ∣ 27 ⋅ 4, so we have 𝑦2
1 ∈ {1, 4, 9, 36}. This

requires solving

𝑥3 − 2 = 1 ⇒ 𝑥3 = 3, no;
𝑥3 − 2 = 4 ⇒ 𝑥3 = 6, no;
𝑥3 − 2 = 9 ⇒ 𝑥3 = 11, no;

𝑥3 − 2 = 36 ⇒ 𝑥3 = 38, no.

So the only torsion point in 𝐸(Q) is 𝒪. (We say that the torsion subgroup is trivial.)
But 𝑃 = (3, 5) ∈ 𝐸(Q), so Z ≅ ⟨𝑃⟩ ⊆ 𝐸(Q).
The natural question is: are there any other points?
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Before seeing a few more examples, we have a short interlude on abelian groups.
Recall that if 𝐺 is an abelian group and 𝑔 is a point of infinite order, then ⟨𝑔⟩ ≅ Z.
There is a similar statement for the case of two generators: if 𝑔1, 𝑔2 are points of infinite order such

that ⟨𝑔1⟩ ∩ ⟨𝑔2⟩ = {0}, then ⟨𝑔1, 𝑔2⟩ ≅ Z × Z.
To prove this, it helps to have a concrete description of the subgroup ⟨𝑔1, 𝑔2⟩ (which is defined as

the smallest subgroup of 𝐺 that contains both 𝑔1 and 𝑔2):

⟨𝑔1, 𝑔2⟩ = {𝑎1𝑔1 + 𝑎2𝑔2 ∶ 𝑎1, 𝑎2 ∈ Z}.

This should remind you of linear algebra; in fact, a reasonable alternate notation for this is Span Z{𝑔1, 𝑔2}.
If the group 𝐺 is denoted multiplicatively, the description of ⟨𝑔1, 𝑔2⟩ gets adjusted accordingly:

⟨𝑔1, 𝑔2⟩ = {𝑔𝑎1
1 𝑔𝑎2

2 ∶ 𝑎1, 𝑎2 ∈ Z}.

We can now return to elliptic curves.

Example 3.20. For the curve 𝐸 ∶ 𝑦2 = 𝑥3 −7𝑥+10, again the torsion subgroup is trivial, and we have
points 𝑃1 = (1, 2) and 𝑃2 = (3, 4). They must have infinite order. It turns out that ⟨𝑃1⟩ ∩ ⟨𝑃2⟩ = {𝒪},
so that Z × Z ≅ ⟨𝑃1, 𝑃2⟩ ⊆ 𝐸(Q).

Example 3.21. For the curve 𝐸 ∶ 𝑥3 − 52𝑥 + 100, the torsion subgroup is trivial and we have points
𝑃1 = (−6, 14), 𝑃2 = (8, 14), 𝑃3 = (1, 7).

It turns out that ⟨𝑃1, 𝑃2, 𝑃3⟩ ≅ Z × Z × Z.

Recall that an abelian group 𝐺 is called cyclic if there exists 𝑔 ∈ 𝐺 such that ⟨𝑔⟩ = 𝐺.
More generally, an abelian group 𝐺 is finitely generated if there exist 𝑔1,… , 𝑔𝑛 ∈ 𝐺 such that

⟨𝑔1,… , 𝑔𝑛⟩ = 𝐺.

Example 3.22. How could an abelian group not be finitely generated?
Consider Q under the operation of addition and suppose that it is finitely generated, by 𝑏1

𝑐1
,… , 𝑏𝑡

𝑐𝑡
.

Then any element of
⟨𝑏1
𝑐1

,… , 𝑏𝑡
𝑐𝑡
⟩

has denominator at most 𝑁 = lcm (𝑐1,… , 𝑐𝑡). In particular, 1/(𝑁 + 1) ∈ Q ∖ ⟨𝑏1/𝑐1,… , 𝑏𝑡/𝑐𝑡⟩.

There is a structure theorem that says that any finitely generated abelian group 𝐺 has an isomor-
phism

𝐺 ≅ 𝐺tors × Z𝑟,

where 𝐺tors is the torsion subgroup, consisting of all the elements of finite order, and 𝑟 ⩾ 0 is called the
rank of 𝐺.

Theorem 3.23 (Mordell 1922, was conjectured by Poincaré in 1901). For any elliptic curve 𝐸 over Q,
the abelian group 𝐸(Q) is finitely generated.

Therefore we have
𝐸(Q) ≅ 𝐸tors(Q) × Z𝑟,

where 𝑟 ⩾ 0 is called the rank of the elliptic curve 𝐸.
Example 3.19 is a curve of rank 1, Example 3.20 is a curve of rank 2, and Example 3.21 is a curve

of rank 3.
The curve 𝐸 ∶ 𝑦2 = 𝑥3 − 432𝑥 + 8208 has cyclic torsion of cardinality 5 and rank 0.
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How big can the rank get?

The short answer is that we don’t know. It used to be widely believed that the rank gets arbitrarily
large, in other words, for any 𝐵 > 0, there exists an elliptic curve over Q with rank ⩾ 𝐵.

There has been some progress in finding elliptic curves with high rank, here’s some of the history:
Year Rank ⩾ Author(s)

1938 3 Billing
1975 7 Penney–Pomerance
1992 15 Mestre
1997 22 Fermigier
2000 24 Martin–McMillen
2006 28 Elkies
2024 29 Elkies–Klagsbrun

20 Aug 2026 30 Alpöge–Howell
23 Aug 2026 31 Alpöge–Howell

Why is this hard? Here is what the current record (Alpöge–Howell 2026, rank ⩾ 31) looks like:

y^2 + x*y + y = x^3 + x^2 - 1284727764113567728281797636015784768866707681415849262157224232063*x
+ 560368321454261339256859338901915312332769858684945406858043869199456710681989058863306170127006181

Independent points of infinite order:

P01 = [-343746913367434053557936715792581, -31005994945795167281668477280091616990476695982462]
P02 = [739387066521976456185309925500635, 3830813927243125109605210052773411116315836476962]
P03 = [794918160232596023344129483097739, 6435806665987309972375508567418781686192466975138]
P04 = [552229821725543064455253103966115, -4394327660511778936811414681478594663009127495638]
P05 = [621111741565922967463663441261795, 1421683191996488160880565213880200774834445145522]
P06 = [672709190481033101277453068263195, 739179814158401859498464392317452223287910224482]
P07 = [821399009280840681555588652225649, -7699942068198872209289633789793873375706107955662]
P08 = [765203485098820658379256355481245, -5034345308760298854369394902951465889284652680168]
P09 = [5399595603851507511243908479925915, 388654067273650918227195921742660550010310029109122]
P10 = [752668954339285868300409092384315, 4448429560131722871335630396999897920170009189762]
P11 = [665267573831105472345147950403835, -339632380726246052348178275348181915170728600638]
P12 = [2348702476455858806523697264250795, 102466166054736815527265002023727452468648322685682]
P13 = [-485301239340016399925702578908055, -32703997667874232639739344802658052943027850955518]
P14 = [1671562150318197588290891477490065, -55528472789639333688258829014227823359584879796238]
P15 = [533792265728561313885832952129951, -5165872676030535509137532850965718653070997396662]
P16 = [8050101189939018648004785213625795/9, -304090504548899861983493167851611965128494136836666/27]
P17 = [641126276756517817380587191947425, 475393761225519880788251703870437551199359754892]
P18 = [-28607312564278696457116932283279229/25, 2883492798944948226520935391601885431994599305099066/125]
P19 = [56549444812087071231733196839837255/4, 13405577698133557868624072930089297336164276021592851/8]
P20 = [1436747523773762064481823443661979, 40991896134294415817647888149334972652525806317538]
P21 = [-5064387018792502839844249474841045/9, 897570094862437631568619794896775730629375504169894/27]
P22 = [487104273264503086273608258117432335/484, -180314887995146178717423515157548125006198119570993099/10648]
P23 = [25599342024506626201702677512314955, 4091893764954118703319829997327215311497327967339042]
P24 = [980266989498097787981788009573917995/961, -525575897314714907955968902277850024344706090034709538/29791]
P25 = [5818507410725525932023407879789875/9, 1789182708478717961552943758166081786352797832214/27]
P26 = [19197683320190396803412613672365855/49, -3712724452088495818457900090458774587078999890353974/343]
P27 = [887913128901643530184527456121547975/841, -475948997371817062287059043149845391545859899478008302/24389]
P28 = [1816718417495680977851120075801270195/1849, 1248545591609034704022269662335921779441905481482388694/79507]
P29 = [4528903098191425769774358894938128668457595/3630906049, -6558125371552387528524400913253424783234119422079260125534495614/218787505794593]
P30 = [33880100347989327554317013369507240405/52441, -1625428840401701290033088199518465040555146308891387272/12008989]
P31 = [-11477003798992551861310315487329257523535/8922169, -244939776343182008186576362205394985355490153552116110249914/26650518803]

Moreover, in 2006 Elkies proved that there are infinitely many curves of rank ⩾ 19 (there is an arXiv
preprint dated 26 August 2026 giving the details).

On the other hand, there is a recent (Park–Poonen–Voight–Wood 2019) heuristic model suggesting
that there are only finitely many curves of rank ⩾ 21, which would imply that there is an absolute upper
bound 𝐵 for the rank of elliptic curves over Q.

Averaging the rank over all elliptic curves

Given a sequence of numbers 𝑎1, 𝑎2,… , we define its average to be

lim
𝑛⟶∞

𝑎1 +⋯+ 𝑎𝑛
𝑛 (if it exists).
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This can depend heavily on the ordering of the numbers in the sequence, so to be able to talk about the
average rank over all elliptic curves we need a way of ordering the elliptic curves.

Any elliptic curve over Q is isomorphic to one whose Weierstrass equation 𝐸 ∶ 𝑦2 = 𝑥3 + 𝑎𝑥 + 𝑏 is
minimal in the sense that there are no primes 𝑝 such that 𝑝4 ∣ 𝑎 and 𝑝6 ∣ 𝑏. (If such a prime existed, we
would have an isomorphism to an equation where 𝑎 and 𝑏 are replaced by 𝑎/𝑝4 and 𝑏/𝑝6, hence strictly
smaller.)

The height of an elliptic curve 𝐸 over Q is defined by

𝐻(𝐸) = 𝐻(𝑎, 𝑏) = max {|4𝑎3|, 27𝑏2},

where 𝑎 and 𝑏 are chosen so that they give a minimal equation for 𝐸, as defined above.
For any 𝑋 ∈ R, define

ℰ𝑋 = {𝐸 ∶ 𝐻(𝐸) < 𝑋}.

This is clearly a finite set. We define the average rank of elliptic curves over Q with respect to height to
be

𝑟avg = lim
𝑋⟶∞

∑
𝐸∈ℰ𝑋

𝑟(𝐸)

#ℰ𝑋
.

It is not known whether this limit exists, but Bhargava and Shankar proved in 2013 that if it does,
𝑟avg < 0.885. They also showed that at least 83.75% of elliptic curves have rank 0 or 1, and at least
20.62% of elliptic curves have rank 0.

The Minimalist Conjecture (or Rank Distribution Conjecture) states that 𝑟avg = 0.5, with 50% of
the curves having rank 0, and 50% of the curves having rank 1.

Why do we care about the rank?

Here is one answer involving a problem that was traced back to an Arab manuscript from before 972
CE: given 𝑛 ∈ Z⩾1, find 𝑥 ∈ Q such that 𝑥2 − 𝑛 and 𝑥2 + 𝑛 are squares (of rational numbers). If 𝑛 is
such that this has a solution, we say that 𝑛 is a congruent number.

Geometrically, 𝑛 is a congruent number iff it is the area of a rational right triangle (a right-angled
triangle where all side lengths are rational numbers). In other words, 𝑛 is congruent iff we can write
2𝑛 = 𝑎𝑏 for rational numbers 𝑎, 𝑏 such that 𝑎2 +𝑏2 is the square of a rational number. You get to check
this in next week’s tutorial.

In 1225, Fibonacci stated that 1 is not a congruent number; this was proved by Fermat in the 1670s
by infinite descent.

Here are some congruent numbers together with their triangles:
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In the 1970s, Don Zagier found

411340519227716149383203
21666555693714761309610

224403517704336969924557513090674863160948472041
8912332268928859588025535178967163570016480830

6803298487826435051217540
411340519227716149383203

157

Using the argument from the first lecture in this subject (you remember it, don’t you?), we can
parametrise the rational solutions of 𝑎2 + 𝑏2 = 𝑐2 by

(𝑎, 𝑏, 𝑐) = (𝑐(1 − 𝑡2)
1 + 𝑡2 , 2𝑐𝑡

1 + 𝑡2 , 𝑐) 𝑐, 𝑡 ∈ Q.
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Plugging this into 2𝑛 = 𝑎𝑏, we get

2𝑛 =
2𝑐2𝑡(1 − 𝑡2)
(1 + 𝑡2)2 ⇒ 𝑛(1 + 𝑡2)2 = 𝑐2𝑡(1 − 𝑡2).

Now we use the change of variables 𝑡 = −𝑥
𝑛 , 𝑐 = 𝑛2 + 𝑥2

𝑦 and end up with

𝐸𝑛 ∶ 𝑦2 = 𝑥3 − 𝑛2𝑥.

At this point, 𝑛 is congruent iff there exists a point 𝑃 = (𝑥, 𝑦) ∈ 𝐸𝑛(Q) with 𝑦 ≠ 0.
It would be useful to know what the torsion subgroup of 𝐸𝑛(Q) is. There are clearly three points

of order 2, namely (0, 0), (𝑛, 0), and (−𝑛, 0). It turns out that these and the point at infinity 𝒪 are all
the torsion points.

We conclude that:

Theorem 3.24. An integer 𝑛 ⩾ 1 is a congruent number if and only if the rank of the elliptic curve 𝐸𝑛
is at least 1.

Example 3.25. For 𝑛 = 5, the curve 𝐸5 ∶ 𝑦2 = 𝑥3 − 25𝑥 has the point 𝑃 = (𝑥, 𝑦) = (−4, 6). Since
𝑦 = 6 does not divide 4(−25)3, we know from Lutz–Nagell that 𝑃 is not a torsion point, hence 𝐸5 has
rank at least 1 and 5 is a congruent number.

We can in fact use 𝑡 = −𝑥
𝑛 = 4

5 , 𝑐 = 𝑛2 + 𝑥2

𝑦 = 41
6 to get

(𝑎, 𝑏, 𝑐) = (𝑐(1 − 𝑡2)
1 + 𝑡2 , 2𝑐𝑡

1 + 𝑡2 , 𝑐) = (3
2,

20
3 , 416 ) .

On the other hand, the curve 𝐸1 ∶ 𝑦2 = 𝑥3 − 𝑥 can be shown to have rank 0, so 1 is not a congruent
number.

3.3 Elliptic curves over finite fields
So far we looked at some general properties of elliptic curves defined over an arbitrary field F, and at
results about the group of points on elliptic curves defined over the rational numbers Q. We now focus
on curves over finite fields of the form F𝑝 = Z/𝑝Z for primes 𝑝 > 3.

The general setup is the same: an elliptic curve is given by a Weierstrass equation

𝐸 ∶ 𝑦2 = 𝑥3 + 𝑎𝑥 + 𝑏, 𝑎, 𝑏 ∈ F𝑝 such that Δ ∶= −16(4𝑎3 + 27𝑏2) ≠ 0.

One point of caution: since we are working in F𝑝 = Z/𝑝Z, all the calculations are taking place modulo
𝑝. If you work with integers then you have to remember to take congruences modulo 𝑝.

We write 𝐸(F𝑝) for the points on such a curve, including a point at infinity 𝒪. The group law on
𝐸(F𝑝) can be computed from the addition and duplication formulas we saw earlier in the chapter.

Example 3.26. Consider the curve 𝐸 ∶ 𝑦2 = 𝑥3 − 𝑥 over F5. Since there are only a few possibilities
for 𝑥 and 𝑦, we can determine the elements of 𝐸(F5) by brute force and get:

𝐸(F5) = {𝒪, (0, 0), (1, 0), (2,±1), (−2,±2), (−1, 0)},

which is a group of cardinality 8.
Using the duplication formula we can determine that
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𝑃 𝒪 (0, 0) (1, 0) (2, 1) (2,−1) (−2, 2) (−2,−2) (−1, 0)

[2]𝑃 𝒪 𝒪 𝒪 (0, 0) (0, 0) (0, 0) (0, 0) 𝒪

This implies that 𝐸(F5) is not cyclic of cardinality 8.
You will show in the tutorial that 𝐸(F5) ≅ Z/4Z × Z/2Z.
Repeating this with 𝐸 ∶ 𝑦2 = 𝑥3 − 𝑥 over F11, we get 12 points and

𝑃 𝒪 (0, 0) (1, 0) (4, 4) (4,−4) (−5, 1) (−5,−1) (−3, 3) (−3,−3) (−2, 4) (−2,−4) (−1, 0)

[2]𝑃 𝒪 𝒪 𝒪 (4,−4) (4, 4) (4,−4) (4, 4) (4,−4) (4, 4) (4,−4) (4, 4) 𝒪

We end up with 𝐸(F11) ≅ Z/6Z × Z/2Z.

A natural question is: what is the number of points on 𝐸(F𝑝) for fixed 𝑝 and varying 𝐸?
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3. Elliptic curves

There is a lot to notice on the two frequency plots, but let’s start with the red line in the centre: it
is at 98 for F97 and at 998 for F997.

Where is the 𝑝 + 1 coming from? Suppose we have a curve over F𝑝 given by an equation

𝐶 ∶ 𝑦2 = 𝑓(𝑥),

where 𝑓 is a polynomial of some degree 𝑛 that we assume is much smaller than 𝑝 (for instance, 𝑛 = 3
for an elliptic curve).

How do we get points (𝑥, 𝑦) in 𝐶(F𝑝)? As we go through all possible 𝑥 ∈ F𝑝:

• we can get 𝑓(𝑥) = 0, giving one point (𝑥, 0);

• we can get 𝑓(𝑥) ≠ 0 but a quadratic non-residue modulo 𝑝, giving no points;

• we can get 𝑓(𝑥) ≠ 0 and a quadratic residue modulo 𝑝, giving two distinct solutions (𝑥,±𝑦).

If the values of 𝑓(𝑥) are randomly distributed, we would expect to hit the first case very rarely, and
each of the other two cases about 50% of the time (since exactly half of the nonzero elements of F𝑝 are
quadratic residues and half are quadratic non-residues). So the expected number of points is about 𝑝, to
which we add the point at infinity. Of course, for any given 𝑓 this expectation may not be met exactly,
so we correct for this by settling for something like

#𝐶(F𝑝) = 𝑝 + 1 + small error term.

This is indeed true!

Theorem 3.27 (Hasse–Weil). If 𝑓 is a polynomial of degree 𝑛 over F𝑝 with no multiple roots, so that
it defines a nonsingular curve 𝐶, then

−2𝑔
√
𝑝 ⩽ #𝐶(F𝑝) − (𝑝 + 1) ⩽ 2𝑔

√
𝑝

where 𝑔 = ⌊𝑛 − 1
2 ⌋. (The integer 𝑔 is called the genus of the curve 𝐶.)

In the case of interest to us (elliptic curves, so 𝑛 = 3 and 𝑔 = 1) we have

−2
√
𝑝 ⩽ #𝐸(F𝑝) − (𝑝 + 1) ⩽ 2

√
𝑝.

This special case was proved by Hasse.
An elliptic curve 𝐸 over F𝑝 such that #𝐸(F𝑝) = 𝑝 + 1 is called supersingular, and one such that

#𝐸(F𝑝) ≠ 𝑝 + 1 is called ordinary.

Primality proving
We discussed a very efficient probabilistic primality testing algorithm due to Miller and Rabin. This
is not guaranteed to give correct positive results, but the probability of failure is bounded and the
algorithm can be tweaked to achieve whatever measure of comfort the user needs.

In practice, this is often good enough. But there are instances where you want to prove (in a
mathematical rather than legal sense) that an integer 𝑁 is prime.
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Pocklington’s 𝑁 − 1 test

Theorem 3.28 (Pocklington). Let 𝑁 ∈ Z⩾2. Suppose there exists a prime divisor 𝑝 of 𝑁 −1 such that
𝑝 >

√
𝑁 − 1, as well as an integer 𝑎 such that

𝑎𝑁−1 ≡ 1 (mod 𝑁) and gcd (𝑎(𝑁−1)/𝑝 − 1,𝑁) = 1.

Then 𝑁 is prime.

Proof. We proceed by contradiction.
Suppose 𝑁 is not prime. Then there exists a prime divisor 𝑞 ∣ 𝑁 with 𝑞 ⩽

√
𝑁 . Since 𝑝 >

√
𝑁−1 ⩾

𝑞 − 1 we have that 𝑝 > 𝑞 − 1. Therefore gcd (𝑝, 𝑞 − 1) = 1.
This means that 𝑝 is invertible modulo 𝑞 − 1: there exists 𝑢 such that

𝑝𝑢 ≡ 1 (mod 𝑞 − 1).

We now use Fermat’s little Theorem modulo 𝑞:

𝑎𝑞 ≡ 𝑎 (mod 𝑞), so 𝑎𝑝𝑢 ≡ 𝑎 (mod 𝑞).

On the other hand, since 𝑞 ∣ 𝑁 and 𝑎𝑁−1 ≡ 1 (mod 𝑁) we have 𝑎𝑁−1 ≡ 1 (mod 𝑞), so that modulo 𝑞:

1 ≡ 𝑎𝑢(𝑁−1) ≡ 𝑎𝑝𝑢((𝑁−1)/𝑝) ≡ (𝑎𝑝𝑢)(𝑁−1)/𝑝 ≡ 𝑎(𝑁−1)/𝑝 (mod 𝑞).

However, this implies that 𝑞 ∣ gcd (𝑎(𝑁−1)/𝑝 − 1,𝑁) = 1, contradiction.

The crucial difference to the criteria used in the probabilistic tests we discussed is that the conclusion
of the statement is that 𝑁 is prime (as opposed to: 𝑁 is composite). Moreover, once we have 𝑝 and 𝑎,
the conditions in Pocklington’s Theorem are quick to verify. We call the pair (𝑝, 𝑎) a primality certificate.

The major difficulty in turning this criterion into an efficient primality proving algorithm is finding
a large prime divisor 𝑝 of 𝑁 − 1. So unless, for some other reason, we happen to know such a 𝑝, the
test is impractical.

Elliptic curve primality proving

What do we do if 𝑁 − 1 is so large that we don’t have practical access to a prime divisor 𝑝? A theme
of this subject is that if a certain issue occurs in a particular type of abelian group, it may be possible
to alleviate it by considering a different type of abelian group. In this case, Pocklington’s criterion lives
in the group (Z/𝑁Z)×. Can we instead work with the group 𝐸(Z/𝑁Z) for an elliptic curve 𝐸?

Theorem 3.29 (Goldwasser–Kilian). Let 𝑁 ∈ Z⩾5. Consider an elliptic curve over Z/𝑁Z given by
the Weierstrass equation

𝐸 ∶ 𝑦2 = 𝑥3 + 𝑎𝑥 + 𝑏, 𝑎, 𝑏 ∈ Z/𝑁Z such that Δ ∈ (Z/𝑁Z)×.

Let 𝑚 be an integer. Suppose there exist a prime divisor 𝑝 ∣ 𝑚 with 𝑝 > (𝑁1/4 + 1)2 and a point
𝑃 ∈ 𝐸(Z/𝑁Z) such that [𝑚]𝑃 = 𝒪 and [𝑘]𝑃 ≠ 𝒪, where 𝑘 = 𝑚/𝑝.

Then 𝑁 is prime.

Proof. Suppose 𝑁 is not prime, then there exists a prime divisor 𝑞 ∣ 𝑁 with 𝑞 ⩽
√
𝑁 .

Let 𝐸𝑞 be the elliptic curve over F𝑞 = Z/𝑞Z given by the Weierstrass equation

𝐸𝑞 ∶ 𝑦2 = 𝑥3 + 𝑎𝑥 + 𝑏,
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but now we are taking 𝑎 and 𝑏 modulo 𝑞. Let 𝑃𝑞 ∈ 𝐸𝑞(F𝑞) be the point 𝑃 considered modulo 𝑞.
By the Hasse bound we have

#𝐸𝑞(F𝑞) ⩽ 𝑞 + 1 + 2
√
𝑞 = (

√
𝑞 + 1)2 ⩽ (𝑁1/4 + 1)2 < 𝑝.

Therefore gcd (𝑝, #𝐸𝑞(F𝑞)) = 1, so there exists 𝑢 such that

𝑢𝑝 ≡ 1 (mod #𝐸𝑞(F𝑞)).

In the group 𝐸𝑞(F𝑞) we compute (explain this)

[𝑘]𝑃𝑞 = [𝑢𝑝𝑘]𝑃𝑞 = [𝑢𝑚]𝑃𝑞 = [𝑢]([𝑚]𝑃𝑞) = [𝑢]𝒪 = 𝒪,

contradicting [𝑘]𝑃 ≠ 𝒪. (And explain this.)

There are a few ways of turning this criterion into a primality proving algorithm.

(a) The original approach of Goldwasser–Kilian: Pick the curve 𝐸 and the point 𝑃 at random, by
first picking 𝑎, 𝑥, 𝑦 ∈ Z and then setting 𝑏 ≡ 𝑦2 − 𝑥3 − 𝑎𝑥 (mod 𝑁). Apply a point-counting
algorithm to compute 𝑚 = #𝐸(Z/𝑁Z). (This assumes that 𝑁 is prime and may, in the process,
get a contradiction, in which case we know that 𝑁 is not prime.) Find a small divisor 𝑘 ⩾ 2 of
𝑚 so that 𝑝 = 𝑚/𝑘 is a large (probable) prime. If this fails, start over with a different curve and
point. Otherwise check that [𝑚]𝑃 = 𝒪 (otherwise 𝑁 is not prime) and [𝑘]𝑃 ≠ 𝒪 (otherwise start
over with a different curve and point).

(b) The approach of Atkin–Morain: Construct a curve 𝐸 where the number of points is particularly
easy to compute, based on the following: if there exists an integer 𝐷 < 0 and integers 𝑎, 𝑏
such that 𝑎2 − 𝐷𝑏2 = 4𝑁 , then one can construct an elliptic curve 𝐸 over Z/𝑁Z such that
#𝐸(Z/𝑁Z) = 𝑁 + 1 − 𝑎.

So the idea is to go through integers 𝐷 < 0 and check whether the Jacobi symbol (𝐷
𝑁
) = −1. If

so, try another 𝐷. Otherwise, look for an expression of the form 𝑎2 − 𝐷𝑏2 = 4𝑁 . (There is an
algorithm that will either find this or tell us that it does not exist.)

Once we have 𝑚 = #𝐸(Z/𝑁Z), continue as in the Goldwasser–Kilian variant.

There are optimised versions of these tests that run in time that is roughly 𝑂((log(𝑁))4+𝜀).

Elliptic curves over Z/𝑁Z
In the previous section we considered elliptic curves over Z/𝑁Z in a situation where 𝑁 may or may not
be prime. Since we really only defined elliptic curves over fields, we should try to make sense of this.

The naive approach is to use the algebraic formulas for addition and duplication, and perform all
arithmetic modulo 𝑁 . This should be fine until we get to divisions. In the context of primality proving,
if we are performing operations that make sense in 𝐸(Z/𝑁Z) for prime 𝑁 and they turn out not to
work, we know that 𝑁 is not prime and we are done.

If our interest in elliptic curves over Z/𝑁Z extends beyond determining whether 𝑁 is prime or not,
we need to be more careful, as the following examples indicate.

Note first that the criterion for non-singularity in terms of the discriminant is Δ ∈ (Z/𝑁Z)× (and
not simply non-zero).
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Example 3.30. Consider the curve 𝐸 defined over Z/35Z by

𝑦2 = 𝑥3 − 𝑥 + 1, Δ = −16 ⋅ 23 ∈ (Z/35Z)×.

There is a fairly obvious point 𝑃 = (1, 1). A less obvious one is 𝑄 = (26, 24). Let’s compute 𝑃 + 𝑄.
From the addition formula, the slope of the line joining 𝑃 and 𝑄 is

𝑚 = 24 − 1
26 − 1 = 23

25,

and 25 is not invertible in Z/35Z.
When we work over Q and the slope is infinite, the resulting point is the point 𝒪 at infinity. So it is

tempting to say that 𝑃 +𝑄 = 𝒪 in this example, but that is very problematic since −𝑃 = (1, 34) ≠ 𝑄.
One possible way out is to make sense of a version of the Chinese Remainder Theorem that turns

Z/35Z ≅ Z/5Z × Z/7Z

into
𝐸(Z/35Z) ≅ 𝐸(Z/5Z) × 𝐸(Z/7Z),

reducing to computations with elliptic curves over the fields F5 and F7.

Example 3.31. Consider the curve 𝐸 defined over Z/25Z by

𝑦2 = 𝑥3 − 𝑥 + 1, Δ = −16 ⋅ 23 ∈ (Z/25Z)×.

Once again 𝑃 = (1, 1) is on the curve. Another point is 𝑄 = (21, 4). The slope is now

𝑚 = 4 − 1
21 − 1 = 3

20,

and 20 is not invertible in Z/25Z.
This is the same type of issue as in the previous example, and there is no workaround via the Chinese

Remainder Theorem this time.

The correct fix is to work in projective coordinates and consider a whole lot of different cases. We
will not pursue this, but we should keep in mind that the setup over composite 𝑁 is more delicate.

Application: integer factorisation
We turn our attention to the problem of factorising an integer 𝑁 .

Pollard’s method

Pick an integer 𝑘 and 𝑎 < 𝑁 and compute 𝑢 = 𝑎𝑘! − 1 (mod 𝑁). Then use the Euclidean algorithm to
compute 𝑔 = gcd (𝑢,𝑁). If 𝑔 = 1, increase 𝑘. If 𝑔 = 𝑁 , pick a different 𝑎 and try again (with the same
𝑘). Otherwise 1 < 𝑔 < 𝑁 is a nontrivial divisor of 𝑁 , so we may apply the same method to 𝑔 and 𝑁/𝑔.

The following observation indicates when we can expect Pollard’s method to be successful: suppose
𝑁 has a prime divisor 𝑝 such that 𝑝 − 1 divides some integer 𝑚, then 𝑝 divides 𝑎𝑚 − 1 and 𝑔 ⩾ 𝑝.

Example 3.32. Let 𝑁 = 246082373.
Before starting the hard work, it is worth checking that 𝑁 is not prime. In this case we have

2246082372 ≡ 180137693 (mod 246082373),
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so 𝑁 is indeed composite by Fermat’s little Theorem.
Let’s try 𝑘 = 5, so 𝑘! = 120, and 𝑎 = 2. Unfortunately

gcd (𝑎𝑘! − 1,𝑁) = gcd (153677508, 246082373) = 1.

Let’s try the larger 𝑘 = 7, 𝑘! = 5040:

gcd (𝑎𝑘! − 1,𝑁) = gcd (101220671, 246082373) = 2521,

success! We have
246082373 = 2521 ⋅ 97613,

where both factors can be checked to be prime.

Note that Pollard’s algorithm will only be successful in a reasonable amount of time if 𝑁 has a prime
divisor such that 𝑝 − 1 is a product of small primes to small powers, such as (in the example) 𝑝 = 2521
with 𝑝 − 1 = 23 ⋅ 32 ⋅ 5 ⋅ 7.

Lenstra’s ECM

Hendrik Lenstra developed an elliptic curve variant of the above. In Pollard’s method we work with the
abelian group (Z/𝑝Z)×, so that if (𝑝 − 1) ∣ 𝑘 then 𝑎𝑘 ≡ 1 (mod 𝑝).

We now replace (Z/𝑝Z)× by 𝐸(F𝑝) for an elliptic curve 𝐸, and we replace 𝑎 by a point 𝑃 ∈ 𝐸(F𝑝).

Example 3.33. Let 𝑁 = 4453. We pick 𝑥 = 1, 𝑦 = 3, 𝑎 = 10 and compute 𝑏 = 𝑦2 − 𝑥3 − 10𝑥 ≡ −2
(mod 𝑁). So we have the elliptic curve

𝐸 ∶ 𝑦2 = 𝑥3 + 10𝑥 − 2

over Z/4453Z and a point 𝑃 = (1, 3) on it.
To compute [2]𝑃 , we get the slope 13/6, which is defined modulo 4453, and finally [2]𝑃 = (4332, 3230).
Now for [3]𝑃 we add 𝑃 and [2]𝑃 : we get the slope 3227/4331 and gcd (4331, 4453) = 61, giving us

a nontrivial divisor of 𝑁 = 4453. In fact 4453 = 61 ⋅ 73.

More generally, Lenstra’s method proceeds as follows:

• Pick several random elliptic curves 𝐸𝑖 with points 𝑃𝑖 modulo 𝑁 .

• Pick 𝑘 and compute [𝑘!]𝑃𝑖 on 𝐸𝑖 for each 𝑖.

• If the previous step fails for some 𝑖 because a slope does not exist modulo 𝑁 , we have found a
divisor of 𝑁 .

• Otherwise, increase 𝑘 or pick new curves and points and try again.

It is instructive to compare Pollard’s method to Lenstra’s ECM method. In the former, we are in
good shape if there is a prime divisor 𝑝 such that 𝑝 − 1 is 𝑘-smooth, for which there is a reasonable
chance; however, if this does not hold, we are stuck. In the ECM, we are hoping for #𝐸(F𝑝) to be
𝑘-smooth; if this does not hold, we can choose another elliptic curve 𝐸, which will move the cardinality
somewhere along the interval described by the Hasse bound, and increase our chances of success.
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3. Elliptic curves

Reduction modulo 𝑝
Consider an elliptic curve over Q given by a Weierstrass equation

𝐸 ∶ 𝑦2 = 𝑥3 + 𝑎𝑥 + 𝑏, 𝑎, 𝑏 ∈ Z.

Fix a prime 𝑝 > 2 and let ̃𝑎, ̃𝑏 be the reductions of 𝑎, 𝑏 modulo 𝑝. We can then form a Weierstrass
equation over F𝑝:

̃𝐸 ∶ 𝑦2 = 𝑥3 + ̃𝑎𝑥 + ̃𝑏, ̃𝑎, ̃𝑏 ∈ F𝑝.

When does this give an elliptic curve over F𝑝? When the discriminant of ̃𝐸 is not zero in F𝑝, in other
words

−16(4 ̃𝑎3 + 27𝑏̃2) ≢ 0 (mod 𝑝) ⇒ 𝑝 ∤ Δ = −16(4𝑎3 + 27𝑏2).

We call ̃𝐸 the reduction modulo 𝑝 of 𝐸.
Can we do this with points as well? A point 𝑃 = (𝑥, 𝑦) ∈ 𝐸(Q) may have the prime 𝑝 appearing in

the denominator of 𝑥 or 𝑦, which poses a problem. But the Lutz–Nagell Theorem tells us that torsion
points of 𝐸(Q) are integral, so they certainly can be reduced modulo 𝑝.

In other words, there is a function

𝜑 ∶ 𝐸tors(Q) ⟶ ̃𝐸(F𝑝)

given by
𝜑(𝒪) = ̃𝒪 and 𝜑(𝑥, 𝑦) = ( ̃𝑥, ̃𝑦).

Proposition 3.34. The map 𝜑 is an injective group homomorphism.

Corollary 3.35. If 𝑝 > 2 does not divide Δ, then #𝐸tors(Q) ∣ # ̃𝐸(F𝑝).

Proof. We use 𝜑 to identify 𝐸tors(Q) with a subgroup of ̃𝐸(F𝑝), then use the fact that the cardinality
of a subgroup divides the cardinality of the group.
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