Differentiation and integration

5 Differentiation and integration

Derivatives

Exercise 5.1. Prove the linearity of the derivative, Theorem 5.5:
Let I C R be an interval, c € I, f,g: I — R two functions that are differentiable at
c. Then

(a) f+g¢g: I — R is differentiable at ¢ and (f + g)'(¢) = f'(c) + ¢'(¢);
(b) for any A € R, \f : I — R is differentiable at ¢ and (A\f)'(c) = Af'(c).

Exercise 5.2. Consider the following statement:
“Let f: [a,b] — R be a continuous function. The maximum of f occurs either
at an endpoint, at a point where f is not differentiable, or at a point d € (a, b) where

f'(d)=07
(a) Sketch three example functions, each of which illustrates one aspect of the statement.

(b) Explain how the statement follows from Theorem 5.9.

Exercise 5.3.
(a) Draw a picture of a function to illustrate what the Mean Value Theorem asserts.

(b) The Mean Value Theorem requires the function to be continuous on [a, b]. Draw a
picture of a function that fails this condition so that the conclusion of the Mean
Value Theorem does not hold True. Draw a picture of a function that fails this
condition but the conclusion of the Mean Value Theorem holds True.

(¢) The Mean Value Theorem requires the function to be differentiable on (a,b). Draw
a picture of a function that fails this condition so that the conclusion of the Mean
Value Theorem does not hold True. Draw a picture of a function that fails this
condition but the conclusion of the Mean Value Theorem holds True.

Exercise 5.4. Where possible, apply the Mean Value Theorem on the following functions,
using the interval [—1,4]. If the hypotheses of the Mean Value Theorem hold true, find
the value of ¢ that the theorem says must exist.

(a) f(z)=a? (¢) h(z) = [z =1
(b) g(z) = (x + 1)* where a > 1 (d) k(x) =log(2x + 4).

Exercise 5.5. Let f: [a,b] — R be continuous on [a,b] and differentiable on (a,b).
Prove that if for all x € (a,b) we have f'(z) =0, then f is constant on [a, b].
[Hint: Use the Mean Value Theorem.]
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Exercise 5.6 (Carathéodory’s Theorem). Let I C R be an interval, f: I — R be a
function, and ¢ € I. Then f is differentiable at ¢ if and only if there exists a function
¢ : I — R that is continuous at ¢ and satisfies

f(x) = f(e) = p(z) (x — ¢ for all x € I.
In the case that f is differentiable at ¢, f'(c) = ¢(c).

Exercise 5.7 (Chain Rule). Let I,J C R be intervals and let f: I — R and

g : J — R be functions such that f(I) C J. Let ¢ € I. If f is differentiable at ¢ and g

is differentiable at f(c), then g o f is differentiable at ¢ and (g o f)'(c) = ¢'(f(c)) f'(¢).
Here go f: I — R is the composition defined by (g o f)(x) = g(f(x)) for all z € I.
[Hint: Use Carathéodory’s Theorem, Exercise 5.6.]

Exercise 5.8 (Inverse Function Theorem). Let A, B be intervals and let f: A — B
be an invertible function with inverse f~': B — A. Let b= f(a) witha € A, b € B.

Suppose f is differentiable at a with f’(a) # 0, and f~! is continuous at b. Prove that
f~t is differentiable at b and

[Hint: Use Carathéodory’s Theorem, see Exercise 5.6.]

Exercise 5.9. Let g = log: (0,00) — R be the inverse of the exponential function
f=exp: R— (0,00). Prove that g is differentiable at every b € (0, 00) with derivative

g'(b) = %

(You may assume that f is differentiable on R with derivative ' = f.)

Integrals

Exercise 5.10. Let f: [-2,4] — R be defined by f(z) = —x + 3. Consider the
partition P = {—2,—1,1,4}.

(a) Find the upper sum U(f, P).
(b) Find the lower sum L(f, P).

4
(c¢) Find f(z) dz using the Fundamental Theorem of Calculus.
-2

(d) Do your answers satisfy the correct inequality?

(e) Take a refinement of P and recalculate the lower and upper sums. Do all your
numbers still line up?
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Exercise 5.11. Let f : [a,b] — R be a bounded function. For each n € N, let P, be a
partition of [a,b]. If
lim (U(f, Fn) = L(f, Pa)) =0,

n—oo

then f is integrable on [a, b] and

b
/a fla)de = lim L(f, P,) = lim U(f. P,).
[Hint: Use Theorem 5.27.]

Exercise 5.12. Consider the function f : [0,1] — R given by f(z) = 2%

(a) Fix n € N with n > 1 and let 2 = k/n for all k£ with 0 < k < n. Let
P, ={xo,x1,...,2,}. Compute L(f, P,) and U(f, P,).

(b) Use the result of part (a) and Exercise 5.11 to prove that f is integrable and find
the value of the integral.

With a bit more algebraic fortitude, one can use this argument for f : [a,b] — R given
by f(z) = 22

Exercise 5.13. Let E C R and let f,g: E — R be bounded functions.

(a) Prove that

sup{f(z) +g(x): x € E} <sup{f(x): = € E} +sup{gy(x): = € E},
inf{f(z)+g(x): v € E} >inf{f(x): v € E} +inf{g(z): z € E}.

(b) Let A € R. Prove that

A>20 = sup{Af(z): z€ E}=Asup{f(x): z€ E}
and inf{\f(z): z € E} = Xinf{f(z): xz € E},
A<0 = sup{Af(zx): x€ E}=Ainf{f(z): € E}
and inf{\f(z): v € E} =Asup{f(x): z € E}.

(¢) Suppose f(x) < g(z) for all x € E. Prove that

sup{f(z): =€ E} <sup{g(z): x € E},
inf{f(z): z € E} <inf{g(z): = € E}.

(Feel free to only do one of each pair of statements above, as the proof for the other
member of the pair is almost identical.)
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Exercise 5.14. Let f,g: [a,b] — R be bounded functions, let A € R, and let P be a
partition of [a,b]. Use Exercise 5.13 to prove the following:

() U(f+g,P)<U(f,P)+U(g,P) and L(f +g,P) > L(f, P) + L(g, P); what can
you say about U(f + g) and L(f + g)?

(b) if A = 0 then U\f, P) = AU(f, P) and L(\f,P) = AL(f,P); if A < 0 then
UNf,P) = AL(f,P) and L(\f, P) = AU(f, P); what can you say about U(Af)
and L(Af)?

(c) U(f,P) < U(g,P) and L(f, P) < L(g, P); what can you say about the relation
between U(f) and U(g), and between L(f) and L(g)?

Exercise 5.15. Prove the properties of the Riemann integral stated in Theorem 5.29
parts (b), (c), and (e).
[Hint: You can avoid working hard by using Exercise 5.14.]

Exercise 5.16. Assume that the following statement is True (which is indeed the case,
but we will not prove it):

“Let f: [a,b] — [c,d] be integrable and ¢ : [¢,d] — R be continuous. Then the
composition ¢ o f: [a,b] — R is integrable.”

Use this to prove the following:

(a) (Part (d) of Theorem 5.29.) If f : [a,b] — R is integrable, then |f|: [a,b] — R
is integrable and
b
| #tayas

(b) If f: [a,b] — R is integrable, then f?: [a,b] — R is integrable.

< [ @la

(c¢) If f,g: [a,b] — R are integrable, then fg: [a,b] — R is integrable.
(d) If f: [a,b] — R is integrable, then f™: [a,b] — R is integrable for all n € N.

Exercise 5.17. Determine, without proof, which of the functions defined below are
integrable on [—1, 1].

(a) f(z) =27 — 53
(b) g(x) = sin(e” — 12)

)2 zeq
© h(x)—{_xg P
(@ p<x>={z e
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Exercise 5.18. Use Theorem 5.27 to prove that the function f: [—1,1] — R given by

f<x>={0 T

1 >0

is integrable.

[Hint: Given ¢ > 0, pick a partition P = {—1,0,a, 1} with a chosen in such a way
that U(f, P) — L(f, P) < ¢.]

Exercise 5.19. Prove that the function f: [—1,1] — R given by
1 z=0
flz) =
0 z#0

is integrable.
[Hint: Use the same strategy as in Exercise 5.18.]

Exercise 5.20. Look up the definitions of the two types of improper integrals in Tutorial
11A.

Which of the following integrals are proper Riemann integrals, and which are improper?

* 1
(a) /0 e dx

/2
(b) / tan z dz
0

S|
(c)/13x_1dx
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1
(g) / 12 dt
0

w [

100
(i) / el!ldt where [t] is the floor function.
0

Exercise 5.21. Look up the definitions of the two types of improper integrals in Tutorial
11A.

Evaluate the following improper integrals, or show they are divergent. Feel welcome to
use tools for limits you are familiar with from previous studies.

(a) /OI%dx
1

(b) /lmd:r

x

(e) /‘x’ logasdx
2

o [ 4
0o V 1-— CBQ
|
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Answers

Solution 5.1.

(a) Suppose that f and g are differentiable at c. That is, the limits

lim fleth) = f(o) and lim gle+h) —g(c)
h—0 h h—0 h

exist and f and g are continuous at ¢. Then using limit laws, we see that

(f +9)c+h) = (f+9)() flet+h)+gleth) = fle) —g(c)

lim = lim
h—0 h h—0 h
i SR = £ glet )~ gle)
h—0 h h
i LN =50 L gle+ )~ (o
h—0 h h—0 h
= f'(c) +4'(c).

So the limit exists and f+g is differentiable at ¢. Further, (f+g)'(c) = f'(¢)+¢'(c).

(b) Similarly f being differentiable at ¢ implies the limit
L e ) = f(0

h—0 h

exists and f is continuous at c¢. Using limit laws, we see that

O)leth) = AN)e) _ - Afle+h) = M

. . flet+h)—f(c)
i h s h = Jim A h
g Fe D)~ 1)
h—0 h

= \f'(c).
Hence \f is differentiable at ¢ and (Af)'(c) = Af'(c).
Solution 5.2.

(a) Here are some simple examples for each of the three behaviours:
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a c=25> a c b a c b

(b) We know that f attains its maximum at some point d € [a,b], by the Extreme
Value Theorem. Suppose that d is not a boundary point (so d # a,b), and that f
is differentiable at d. Letting § = min{|a — d|, |b — d|}, we see that f has a local
maximum at d, so by Theorem 5.9 we conclude that f’(d) = 0.

Solution 5.3.
(a) In the following figure, the slope of the red line is
f(b) = f(a)
b—a

The Mean Value Theorem guarantees us a ¢ € (a,b) such that the slope of f at

f() = f(a)

¢, indicated by the blue line, is the same as . This is seen by the fact

that the red line and blue line are parallel.

Y

payy

(b) To see when the implication is False, we can just remove this point c¢. Note that
this works here because we know in this example, ¢ is unique. To see when the
implication remains True, remove some other point.
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f(0)—f(a) f(b)—f(a)

b—a b—a

[ I

rd

The implication fails. The implication still holds.

(¢) The above two examples can also be used here. Alternatively, here are some
examples that are continuous:

Solution 5.4.

(a) The hypotheses hold, so the MVT says that there exists ¢ € (—1,4) such that
f'(¢) = 3. Solving 2¢ = 3 we get ¢ = 3/2.
(b) The hypotheses hold, so the MVT says that there exists ¢ € (—1,4) such that

5
d(c) =571 Solving a(c+ 1)*7! = 57! gives c = —— — 1.
Qae—1

(c) The MVT does not apply to the function h because it is not differentiable at z = 1.

(d) The hypotheses hold, so the MVT says that there exists ¢ € (—1,4) such that

1 1 1
E'(c) = 0g(6)' Solving i 0g5(6) gives ¢ = 10g5(6)
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Solution 5.5. To show [ is constant on [a,b], we can show that f(x) = f(a) for all

x € (a,b].
Let x € (a,b]. By the Mean Value Theorem, we have that there exists ¢ € (a,x) such

e o) ~ 1)

a) — f(x

————==f'(c).
a—zx

Since f'(z) =0 for all z € (a,b), we have that f'(c) = 0. Therefore

fla)— f(z) =0

Solution 5.6.

“—": Let f be differentiable at c. Then the limit

i 1@ =

r—cC Tr — C

exists and is equal to f'(c). Define

f@)—fle) .
o) = e if x # ¢,
f'(c) if v =c.

Then one sees that lim, .. p(x) = f'(c) = ¢(c), so ¢ is continuous at c¢. Moreover,
o(z) satisfies f(z) — f(c) = p(z)(x — ¢) for all x € I by definition.

“<«=": Suppose f is a function and there exists a function ¢ : I — R that is
continuous at ¢ and satisfies f(z) — f(c) = ¢(x)(z — ¢) for all z € I. By definition,

©(z) being continuous at ¢ implies that

lim p(z) = lim M

Tr—cC Tr—cC Tr — C

exists and is equal to ¢(c). So again by definition of differentiability, existence of
this limit implies that f is differentiable at ¢. Moreover, the limit ¢(c) = f'(c).

Solution 5.7. We use Carathéodory’s Theorem. Suppose f is differentiable at c. Then
there exists a function ¢ : I — R that is continuous at ¢ and satisfies

flz) = flc) =p(x)(x —c) forall xel.

Suppose ¢ is differentiable at f(c). Then there exists a function ¢ : J — R that is
continuous at f(c) and satisfies

9w) —g(f(e)) =v)(y— f(c)) forallye J
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Moreover, f'(c) = p(c) and ¥(c) = ¢'(c).
As f(I) C J, one has for all z € I

9(f(@) = g(f(0) =¥ (f(2)) (f(z) = f(c)) =¥ (f(2))p(x)(z —c).

Since f is differentiable at ¢, it is continuous at c¢. Along with continuity of ¢ and ¥ at
¢, one sees that ¢ (f(z))e(x) is continuous at ¢. By Carathéodory’s Theorem again, we
have that g o f is differentiable at ¢, and

(go f)(c)=1v(fe)plc) =g (f(c) [ (c)
as required.

Solution 5.8. Denote f(a) = b. We prove this using Carathéodory’s theorem. As f
is differentiable at a, there exists ¢ : A — R such that ¢ is continuous at a with
o(a) = f'(a), and satisfies f(z) — f(a) = p(x)(x — a) for all a € A. Since f~(y) € A,
we have that for all y € B:

FU W) —b=y—b=o(f ) () —f'0).
Define ¢y : B — R by

Then by continuity laws, ¢ is continuous at b and satisfies

YY)y —b) = f(y) — f7H(b).

Hence f~'(y) is differentiable at b and its derivative is

Solution 5.9. As f is invertible and it has nowhere zero derivative, by the inverse
function theorem, log(z) is differentiable on all of (0, 00). Using that f(log(x)) = z, we
apply the chain rule.

L (108(x) = £ (108(x)) - - 1og(x)
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On the other hand,

So together,

Solution 5.10.
(a)

sup{f(z): z€[-2,—-1]} =5
sup{f(x): ze€[-1,1]} =4
sup{f(z): ze[l,4]} =2,

therefore
U(f,P)=5(-1+2)+4(1+1)4+2(4—-1)=19.

(b) L(f, P) = 5.

(c) /2 f(z) de = 12.
(d) 5< 12 < 19.

(e) This will depend on the refinement you choose.

Solution 5.11. Let £ > 0. By the hypothesis, there exists M € N such that for all
n € N, if n > M then
U(faPn) _L(f7Pn> <E&.

By Theorem 5.27 we conclude that f is integrable.
For each n € N we have

U(f, Pa) 2 U(f) = L(f) = L(f, ),

so that
0 < U(f, P) — L(f) S U(f, Pa) — L(f, Pu).

By the Sandwich Theorem we conclude that U(f, P,) — L(f) — 0, so by the Algebra of
Limits we have U(f, P,) — L(f).

Solution 5.12.
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(a) Fix k with 1 < k < n, so [zx_1,2x] = [(k —1)/n,k/n]. Since f is increasing on
[0,1] we have my = (k — 1)?/n? and M}, = k*/n®. Therefore

U<f7Pn): Mk(l'k—xk_l):zkj:isz:(n+1)(2n+1)'

n3  nd 6n2
k=1 —1 k=1
Similarly
“ N D L , (m—=1)2n-1)
L(f,P,) = — ) = =N (k-1?=
(fs Pn) ;mk(iﬂk Tp-1) 2. 3 ;( ) 62

(b) After a little manipulation we have that for all n > 1:

U, P~ LU, P) =

Since this converges to 0 as n — oo, we conclude from Exercise 5.11 that f is
integrable and

/1f(x) iz = Tim U(f, P,) = lim (0 0C0+D 1
0 n—o0

n—o0 6n2 3

Solution 5.13.

(a) Let Ir = {f(z): =z € E} and I, = {g(z) : = € E} be the respective images of f
and g. In Assignment Question 2.3 we have seen that

sup (I; + 1;) =sup s +sup,.

But
{f()+g(x): xe€ B} CI;+ 1,

SO
sup{f(z)+g(x): x € E} <sup(I;+1,) =supls+supl,.

For the infimum, the same argument as in Assignment Question 2.3 gives
inf (I + 1,) =infl; +infl,
and the rest follows.

(b) Direct consequence of Exercise 2.17.

(c) Let M, = sup{g(z): = € E}. Then for all x € E we have f(z) < g(z) < M,,
in particular M, is an upper bound for the set {f(z): x € E}. Therefore
sup{f(z): z € E} < M,.
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Solution 5.14. Write P = {xg, z1,...,2,}.

(a) For 1 < k < n, let My(f) =sup{f(x): x € [vg_1,2|} and similarly for My(g)
and My(f + g). By Exercise 5.13 we have

Mi(f +9) < Mi(f) + Mi(g),
so that
My(f + g)(wr — 2r1) < My(f) (k= 2p-1) + Mi(g) (2 — 2p1),
and summing over k gives
U(f+g.P)<U(f,P)+U(g, P).

We show that the inequality also holds for the upper Riemann integrals. For this,
fix e > 0. Since U(f) = inf{U(f, P): P}, there exists a partition Ps such that

€
Ut P < U + 5.
Similarly, there exists a partition P, such that

Ulg, Py) <Ul(g) +

DO ™

Let P = Py U P, be the common refinement of Py and P, then
U(f+g) <U(f+g,P) SU(f, P)+Ul(g, P) S U(f, Py)+U(g, Py) <U(f)+U(g)+e.
Since this holds for all € > 0, we conclude that

U(f+9) <U(f) +Ulg).

The argument for the lower Riemann sums is similar and gives the opposite
inequalities.

(b) Fix k with 1 < k < n.
Suppose first that A > 0. By Exercise 5.13 we have

Mi(Af) = AMi(f),

so that after multiplying by (z) — zx_1) and summing over k we get

UM, P) = \U(f, P).
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Taking the infimum over all partitions P we get
UNf)=inf{U\f,P): P} =inf{\U(f,P): P}=Ainf{U(f,P): P}=\U(f).
If A <0, Exercise 5.13 gives

Mi(Af) = Ama(f),

which leads us to
UM, P) = AL({, P).

Taking the infimum over all partitions P we get
UMNf) =inf{U\f,P): P} =inf{\L(f,P): P} = Asup{L(f,P): P} = AL(f).
The argument for L(Af) is similar.

(c¢) Fix k with 1 <k < n.

By Exercise 5.13 we have
Mi(f) < Mi(g),

so that after multiplying by (zx — 2x—1) and summing over k we get
U(f,P)<Ul(g,P).
Taking the infimum over all partitions P we get

U(f) <Ul(g).

The argument giving L(f) < L(g) is similar.
Solution 5.15.

(b) By Exercise 5.14 we have

Ulf+9) <U(f)+U(g) and  L(f+g) = L(f) + L(g).

But both f and g are integrable on [a, b], so

!/f@Mx+/g@ww=Luw+um<Lu+m

b b
<Uw+w<mﬂ+mm=/ﬂmm+/gmwa

We conclude that all the inequalities must in fact be equalities, therefore f + g is
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integrable on [a, b] and
b b b
[ U@+ ae)e= [ @+ [Coa

(c) From Exercise 5.14 we see that
UN) = \U(f)  and L) =AL(f)  #A=0

and
UANf) = AL(f) and L(Af) = AU(f) if A <O.

Since f is integrable on [a, b] we have if A > 0

A [ 1@ ds = AL = LOS) SUGH =N =2 [ f(a)da,

so the inequality is in fact an equality and A\ f is integrable with the claimed integral.

It A <0 then

A [ 1) de = () = LOH SUOH) = AL =2 [ fla) da

and we reach the same conclusion.

(e) This follows immediately from Exercise 5.14:

/abf(:c) dz =U(f) <U(g) = /abg(x) .

Solution 5.16.

(a) Since f is integrable on [a,b], it is bounded on [a, ], so there exists an interval
[c, d] such that the image of f is a subset of [c,d]. Let ¢ : [c,d] — R be given
by ¢(t) = |t|, then ¢ is continuous, so by the given statement we conclude that
|f]| = @ o f is integrable on [a, b]. For the inequality note that for all x € [a, b] we
have

—[f(@)] < fz) < [f(2)],
so by Theorem 5.29:

[ @i s @< [

(b) Once again, the image of f is a subset of some interval [c,d]. Let ¢ : [c,d] — R
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be given by (t) = t* and apply the given statement together with Exercise 5.12.

(c) Since f and g are integrable, so are f + g, (f + ¢)?, f?, and g*>. Now use

(f+9*-f"~¢"

fg= 5

(d) Easy induction argument using the previous part.
Solution 5.17.

(a) f is continuous, so it is integrable.

(b) g is continuous, so it is integrable.

(c) h is not integrable because the upper sums will always be given by by x?, while the
lower sums will always be given by by —a2. This is similar to the rational indicator
function.

(d) p is not integrable because it is unbounded: the definition of the Riemann integral
requires the function be bounded.

(e) g is integrable because it is piecewise continuous and bounded.
(f) r is integrable because it is piecewise continuous and bounded.
Solution 5.18. Let ¢ > 0. Choose partition P. = {—1,0,¢/2,1}. Then
Uf,P.)=0-0—-(=1)4+1-(¢/2-0)+1-(1—-¢/2)=1

and
L(f,P.)=0-(0—(=1)4+0-(¢/2=0)+1-(1—¢/2)=1—¢/2

Hence U(f, P.) — L(f, P-) = ¢/2 < €. Therefore f is Riemann integrable.
Solution 5.19. Let € > 0. Define a partition P. = {—1, —¢/3,¢/3,1}. Then
U(f ) =0-(=e=(=1))+1-(¢/3=(=¢/3)) +0- (1 —¢) = 2¢/3,

and
L(f,P.)=0-(—e—(-1))+0-(¢/3—(—¢/3))+0-(1 —¢)=0.

Hence U(f, P.) — L(f, P.) = 2¢/3 < € and so f is Riemann integrable.

Solution 5.20.

(a) Improper, infinite interval of integration.
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Improper, infinite discontinuity at 7 /2.
Proper.
Improper, infinite discontinuity at %

Improper, infinite interval of integration.

Proper.

)
)
)
)
(f) Improper, infinite discontinuity at 0.
)
) Improper, infinite discontinuity at %
)

Proper.

divergent

1

IR

2V/5

)

)

)

(d) divergent
)

)

)

) log2.
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