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1.1 Propositional logic

A real variable = takes values in the set of real numbers R.

A logical variable z takes values in the set {True, False}. Also called Boolean variable.
Definition 1.1. A statement is a sentence or expression that is either True or False.

A statement takes on the role of a logical variable. We generally use lower case letters p, ¢, r, ...to represent statements.
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Example 1.2 (Which of these are statements?).

1+ 1 =3 is a statement, False

f is continuous is not a statement (its truth value depends on f)

6 is the largest integer is a statement, False

e potato is not a statement

o if it is Saturday, there is no MAST20026 lecture is a statement. True
e 1z > 2is not a statement (its truth value depends on z)

o for every x € Z, 22 > 0 is a statement, True

 every even number greater than 2 is the sum of two primes is a statement. truth value currently unknown

11 .
[3 4] is invertible and 1 + 1 = 3 is a statement, False
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Connectives Compound statements can be constructed by putting together simpler statements with the use of connectives and

parentheses.

(This is similar to the formation of more complicated English sentences by putting together simpler sentences with the use of

grammatical conjunctions and punctuation signs.)
The connectives we consider are:
e negation (not, =), denoted ~ in previous runs of this subject
e conjunction (and, A)
« disjunction (or, V)
« biconditional (if any only if, <)

e implication (if. . then... =)
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Definition 1.3. Let p be a statement. The negation of p is the statement “not p” and is denoted —p:

p | P
F
Fo T

Example 1.4.
« Let p be the statement “5 > 0”. Then —p is the statement “5 < 07 It is False because p is True.

« Let r be the statement “this lecture is boring”. Then —r is the statement “this lecture is not boring”.
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Definition 1.5. Let p, ¢ be statements. The conjunction of p and ¢ is the statement “p and ¢” and is denoted p A ¢:

SRR L B I S
™R
= | >

11
Example 1.6. Let p be the statement “ [3 4] is invertible”, and ¢ the statement “1 +1 = 3".

. AR . S .
Then p A ¢ is the statement “ - is invertible and 1 +1 = 3”. It is False because ¢ is False.
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Definition 1.7. Let p, ¢ be statements. The disjunction of p and ¢ is the statement “p or ¢” and is denoted p V ¢:

EERE I B B S
™R
0 H 3 3| <

11 . :
Example 1.8. Let p be the statement [3 4] is invertible”, and ¢ the statement “1 +1 = 3".

: 1 : . . :
Then p A ¢ is the statement L 4] is invertible or 1 +1 = 3”. It is True because p is True.

Mathematical usage of “or” is inclusive: allows for the possibility that both statements are True.

Typical English usage of “or” is exclusive: “I will ride my bike or catch the train” usually indicates that one or the other of these
modes of transportation will be used, but not both.
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Example 1.9. For which values of p and ¢ are the following compound statements True?

(a) (~pAg)A(pVq)

P pAg p

0 a S
= 3R
—=H = ™
™ <4 ™

(b) (pA=p)AlgV —q)

p ¢ | p pA-p ¢ (qV—-q (PA-DP)A(qgVq)
T T F F F
T F F F F
F T T F F
F F T F F

[t is worth noting two things: (a) we did not need to work out all the pieces to get the final answer; (b) the truth value of

the compound statement is always False, no matter what the values of p and ¢ are.

1-8



Definition 1.10. Let p, ¢ be statements. The biconditional “p if and only if ¢”, denoted p < ¢, is given by:

P 4 | pP=q
T T T
T F F
FT F
FF T

Example 1.11. A square real matrix A is invertible if and only if det A # 0.
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Definition 1.12. Let p, ¢ be statements. The implication “if p then ¢”, denoted p = ¢, is given by:

P 494 | pP=4q
T T T
T F F
FT T
FF T

Example 1.13. Let p be the statement “The temperature outside is colder than 0°C”, and ¢ the statement “Brian wears a
beanie when he is outside”.
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Definition 1.14. Let p, ¢ be statements. The converse of the implication p = ¢ is the implication ¢ = p.

p q P=4q q=0D
T T T T
T F F T
T T F
FoF T T

So the truth value of p = ¢ is in general unrelated to the truth value of its converse.
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Definition 1.15. Let p, ¢ be statements. The contrapositive of the implication p = ¢ is the implication (—q) = (—p).

p q P=4q -q P -q = TP
T T T F F T
T F F T F F
F T T F T T
F F T T T T

So the truth value of p = ¢ is always the same as the truth value of its contrapositive.

Example 1.16. If it is Saturday, then there is no MAST20026 lecture.

The contrapositive is: “If there is a MAST20026 lecture, then it is not Saturday.”
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Definition 1.17. Let A be a compound statement. We say that Aisa ...
(a) ...tautology when A is always True ...
(b) ... contradiction when A is always False . ..

... regardless of the truth values of the simpler statements used to build A.
Definition 1.18. Let r and s be statements. We say r and s are logically equivalent, denoted r = s, when r & s is a tautology.
For example, we have seen after Definition 1.15 that p = ¢ is logically equivalent to its contrapositive —q = —p.

Example 1.19. Check that =(pV q) = (—p) A (—q).

p ¢ | pVg ~(pVe —p ¢ —pA-g  [HpVe]e [(—p)A(—q)
T T T F F F F T
T F T F F T F T
F T T F T F F T
F F F T T T T T
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1.2 First-order logic

Definition 1.20. A condition is a mathematical sentence whose truth value depends on mathematical objects.

Here are some examples of conditions:
« p(f): “the function f is continuous and differentiable”
o ¢(z): “the real number z satisfies z2 > 9”

e r(A): “the set A has ten elements”.
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Let ¢ be a condition depending on a variable x in a domain D. Here are four scenarios:

notation meaning

(Vo € D)q(x) q(x) is True for every xz in D
(Fz € D)q(x) q(x) is True for at least one z in D

(Vz € D)—q(x)  q(x) is False for every z in D

(Jz € D)—q(x)  q(x) is False for at least one x in D.

Definition 1.21.

 The symbol V (“for all”) is called the universal quantifier.

« The symbol 3 (“there exists”) is called the existential quantifier.

The negation of statements involving quantifiers follows the rules:

» |3z € D)p(a)] = (Vo € D)=plr)

1-15



» ~|(vz € D)p(z)] = (Hr € D)plr)
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Example 1.22. Let P; denote the set of all polynomial functions of degree one:

Pr={f: f(x)=ax+0b,a#0}.

« For f e Py, let p(f) be the condition “the graph of f crosses the z-axis”.
We have that
(a) “(Vf € Pr)p(f)" is True;
(b) “(3f € Pi)p(f)" is True.
« On the other hand, for f € Py, the condition ¢(f): “f/'(x) > 0"
We have that
(a) “(3f € Pr)q(f)" is True;
(b) “(3f € Py)mg(f)" is True.
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Some concepts from elementary number theory

Definition 1.23. Let n be an integer.
« We say that n is odd it (3k € Z)n = 2k + 1.

« We say that n is even it (3k € Z)n = 2k.

Definition 1.24. Let n and d be integers. We say that d divides n, denoted d | n, if (3k € Z)n = dk.
In this case, we say that d is a divisor of n, and n is a multiple of d.

Definition 1.25. Let p be a positive integer. We say that p is prime if it has exactly two positive divisors.

Definition 1.26. Let n be an integer, d a positive integer, and r an integer with 0 < r < d. We say that r is the remainder of
the division of n by d it (3k € Z)n = dk +r.

Definition 1.27. Let  be a real number.
» We say that z is rational it (3p € Z)(3q € Z>g)z = L.

« We say that x is irrational it » is not rational.
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Translating statements into formal logic

Example 1.28. There exists a natural number n such that 2n is odd.

(In € N)(3k € Z)2n = 2k + 1.

Example 1.29. Let U be a vector space over the real numbers. Every subspace of dimension 3 of U has a basis.
Let V3 denote the set of all subspaces of dimension 3 of U.
For V € V3, let p(V) be the statement: “V has a basis”.

Then the given statement can be written formally as: (VV € V3)p(V).

Example 1.30. Let U be a vector space over the real numbers. There exists a subspace of dimension 3 of U with no basis.

Using the same notation as in the previous example: (IV € V3)=p(V).

Example 1.31. For every x # 0 and every y # 0, the product of 2 and y is not zero.

Let R* be the set of all non-zero real numbers. We can write: (Vx,y € R*)zy # 0.
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Example 1.32. Let p(f, g) be the condition “g is the first derivative of f”.

o p(z?,2z) is “2x is the first derivative of 2, True.

p(x3 +1,2z) is “2z is the first derivative of 23 + 1, False.

Let f(x) = 2% + 1, let P be the set of polynomial functions R — R.
(Vg € P)p(a? + 1, g) is False, take for instance g(z) = 3.

(3g € P)p(x?® + 1, g) is True, take for instance g(z) = 2.

“The derivative of any polynomial function is a polynomial function”: (V/ € P)(dg € P)p( [, g).
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The order in which quantifiers appear in a condition makes an enormous difference.

Example 1.33. Consider the condition ¢(x,y): “x +1 >y
» (Vo € R)[(3y € R)g(z, )]
is True: given z € R, we can take y =z (or y =2+ 0.9 or y = 2 — 200 or... ), then z + 1 > y is True.

* (Jy € R)[(Vz € R)q(z,y)]

is False: given y € R, we can take z =y —2 (or z =y — 100 or z =y — 1 or... ), then z + 1 > y is False.

1-21



1.3 Mathematical proofs

Most mathematical statements we encounter are of the form: “if p then ¢”.

Example 1.34.
« Let f: R— R. If f is differentiable, then f is continuous.
« Let f: R— R. If f is a quadratic function, then the graph of f crosses the xz-axis at most twice.

« Let V be a vector space. If V is finite-dimensional, then V' has a basis.

All of these are conditions depending on a variable:

(Vf € Fp(f) = q(f)

The general approach to proving the above statement is: Fix f € F, arbitrary. We want to check that the statement p(f) = q(f)
is True. This can be done directly: assume p(f) is True deduce that ¢(f) must also be True. From the truth table of =, this is the
only possible point of failure for the implication. We will shortly see other viable approaches (contrapositive, or contradiction).
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Definition 1.35. A formal mathematical proof of the statement p = ¢ is a finite sequence of statements

p17p27' "7pn

such that p; = p, pn = ¢, and each p; is either
« known or assumed true, or

« can be inferred from a known or assumed true statement p; with j <.

The purpose of a formal mathematical proof is to verify the truth of a mathematical statement.

A mathematical proofis a human-readable version of a formal mathematical proof that does not sacrifice the rigour. While the
main purpose of a mathematical proof is still to verify the truth value of a statement, it also has the important secondary role of
communicating the argument to others in a manner that is as clear and understandable as possible.
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2

Theorem 1.36. Let x be an integer. If x is even, then x* is even.

Discovery (scrap work)

Hypothesis p(z): “x is an even integer”.

2

Conclusion g¢(z): “22 is even”

Argument: “z is even” means that = = 2k, so 22 = 4k? is even.
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A formal proof

Proof.

Fix x € Z.

pilz) :
pa(z) :
p3(x) :
pal(x) :
ps(x) :

pe() :

x is even
(Fk € L)z =

(3k € Z)2? = (2k)?
3k € T)z? = 2(2k%)
(3 € Z)z? =

22 is even

We conclude that (Vo € Z)(z is even = 27 is even).

ypothesis)
p1(z) and def of even)
po(x) and algebra)

(h
(p1(
(P2
(p3(z) and algebra)
(pa(z) and put ¢ = 2&?)
(ps(

p5(z) and def of even).
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An (informal) proof

Proof. Let x be an even integer. Since x is even there exists an integer k such that x = 2k.

Squaring both sides of the equality we get
22 = (2k)? = 4k = 2(2k?).

Let ¢ = 2k?, then ¢ is an integer and z* = 2¢. Therefore 22 is even. ]

Note that “informal” does not mean unrigorous! This should still be a sequence of statements that follow logically from previous
ones, starting with the hypothesis and ending with the conclusion.
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Theorem 1.37. Let « and y be integers. If x and y are even, then (z + y)? is even.

Scrap work: (z + y)? = 22 + y? + 2zy and 2zy is always even.

Formal proof.

Fix z,y € Z.

. x and y are even
: (z+y)? =2 + 20y + o

. 22 and y? are even

. 2xy 1S even

)

)

)

) (3k € Z)2xy = 2k
)

)1 2%+ 2zy + y? is even
)

. (z+1y)? is even

We conclude that (Va,y € Z)(x.y are even = (z + ) is even).

hypothesis)
algebra)
p1(x,y) and Theorem 1.36)

p4(z,y) and def of even)

(
(
(p1
(algebra and put k = zy)
(pa(
(p3(z,y) and p5(z,y) and 777)
(P2

po(z,y) and pg(x,y)).
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Fixing the gap

We realise that there is a gap in our proof in the justification of pg(x,y). We need:
Lemma 1.38. If a,b,c are even integers, then a + b+ ¢ is even.

(A Lemma is a Theorem whose primary purpose is to help prove another Theorem.)
One possibility is to prove this, then the formal proof on the previous page is complete.

Another possibility is to simplify the approach altogether by proving

Lemma 1.39. If a and b are even integers, then a +b is even.

Proof. Let a,b be even integers. Since a is even, there exists k € Z such that a = 2k. Since b is even, there exists j € Z such that
b=2j. Thena+b=2k+2j=2(k+j). Let £=k+ j, then ¢ € Z and a + b = 2, therefore a + b is even. O]

Proof of Theorem 1.87. Let x,y be even integers. By Lemma 1.39, x + y is an even integer. By Theorem 1.36 applied to (x + y),
we conclude that (x +y)? is even. O

1-28



Theorem 1.40. Let = be an integer. If z° — 6z + 5 is even, then z is odd.

(Attempted) formal proof. Let x € Z.

pi(z) :
pa(z) :

p3()

2 — 6z + 5 1S even

(HkEZ)x2—6x+5:2k

777

(A eld)xr=20+1

- x 1s odd

(hypothesis)
(p1(z) and def of even)

(777)

(777)

(pp—1(z) and def of odd).
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Proof by contraposition
A cleaner approach to Theorem 1.40 is to prove its contrapositive.
Recall that (p = q) = (=g = —p).

The contrapositive of Theorem 1.40 is: If x is an even integer, then =2 — 62 + 5 is odd.

Formal proof of Theorem 1.40. We proceed by contraposition, that is, we prove that if z is an even integer, then z? — 6z + 5 is
odd.

Fix x € Z.
pi(x) : 2 is even (hypothesis)
po(z): (Fk e Z)r =2k (p1(x) and def of even)
p3(z): (Fk € L)z® — 6z +5=2(2k* — 6k +2) + 1 (pa(z) and algebra)
pa(z): (A eZ)r? —6x+5=20+1 (p3(z) and put ¢ = 2k* — 6k + 2)
ps(z) : 22 — 62 + 5 is odd (p4(z) and def of odd).
This proves the contrapositive, hence also the statement of Theorem 1.40. O
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Proof by contradiction

Proving that a statement s is True is equivalent to proving that its negation —s is False.

In the case of a statement of the form p = ¢, this means proving that —=(p = ¢) is False.

An essential point is that —(p = q) = (p A —q):

p q¢lp=q ~(p=q —qg pA—g
T T| T F F F
T F F T T T
F T T F F F
F F T F T F




Schematically, we then prove that p = ¢ as follows:

Proof.

We proceed by contradiction.

Suppose p A —q is True.

(... work to obtain a contradiction, that is something that we know is False ... )

Therefore p A —q is False, hence its negation p = ¢ is True.



Theorem 1.41. Let a and b be real numbers. If a is rational and b is irrational, then a + b is irrational.

Let p(a, b) be the statement "« is rational and b is irrational”
Let q(a,b) be the statement “a + b is irrational”

The theorem is then (Va.b € R)pla,b) = qla,b).

The negation of the theorem is

(Ja,b € R)p(a,b) A —q(a,b): there exist real numbers a, b such that a is rational, b is irrational, and a + b is rational.

Proof of Theorem 1.41.

We proceed by contradiction.

Suppose there exist real numbers a, b such that a is rational, b is irrational, and a + b is rational.
Let c=a+b,thenc—a=(a+b) —a=0.

But both ¢ and a are rational, therefore their difference ¢ — a is rational.

Hence b is both rational and irrational, which is a contradiction. O
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Multiple cases

Theorem 1.42. If an integer a divided by 8 gives a remainder of 1 or 7, then a® divided by 8 gives a remainder of 1.

This is equivalent to conjunction of the two statements
(a) If an integer a divided by 8 gives a remainder of 1, then o divided by 8 gives a remainder of 1.

(b) If an integer a divided by 8 gives a remainder of 7, then a* divided by 8 gives a remainder of 1.

[t can therefore be proved as such (one statement at a time):

Proof.
(a) Suppose a divided by 8 gives a remainder of 1.

Then there exists n € Z such that a = 8n 4 1. Therefore a? = (8n +1)? = 64n? + 16n + 1 = 8(8n? +2n) + 1. Let m = 8n? + 2n,
then m € Z and a® = 8m + 1.

(b) Suppose a divided by 8 gives a remainder of 7.

You do it! (Follow the same approach as in (a).) (]

[t is possible to rewrite the proof so that it basically does not involve two cases but only one. You should try that.
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Proof by example

A statement of the form (3x € D)p(x) is True precisely when p(x) is True for at least one element of D.

Hence we can prove the statement by giving an example, that is finding one a € D for which p(a) is True.
Theorem 1.43. There exists a linear function R — R whose graph passes through the origin.

Let D = {linear functions f : R — R}
Let q(f) : the graph of f passes through the origin.

Then the Theorem is: (9f € D)q(f).

Proof. Consider the function f(x) =z for all z € R. Since f(0) =0, the graph of f passes through the origin. ]

Caveat: Proofs by example are only valid for statements of the form (3x € D)p(x).
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Disproof by counterexample

A statement of the form (Va € D)p(x) is True precisely when p(x) is True for every element of D.

Hence we can disprove the statement by giving a counterexample, that is finding one a € D for which p(a) is False.

Example 1.44. “Every prime number is odd.”
Let D be the set of prime numbers, let p(z) be “z is odd”, then the statement is (Vx € D)p(z).

[ claim that the statement is False. Consider x = 2. 2 is a prime number, so 2 € D. But 2 is not odd, so p(2) is False.

1-36



Proof by mathematical induction

For n € N, consider the sum

s(n):i2i220+21—|—---—|—2n.
1=0
For small values of n we have
s(0) =1 =2l
s(1)=1+2=23 |
§(2)=1+2+4=7 =20 ]
s(3)=14+2+4+8=15 =2t 1

We conjecture that s(n) = 2"+ — 1 for all n e N

This condition has two special properties: (a) the domain of the free variable n is the set of natural numbers N: (b) there is a
simple relation s(n 4 1) = s(n) + 21

1-37



Theorem 1.45 (Principle of Mathematical Induction). Let p(n) be a condition over n € N. If the following two statements
are True, then p(n) is True for every n € N.

(a) (Base case) p(0) is True.

(b) (Induction step) For each k € N, if p(k) is True, then p(k +1) is True.

In formal language:
(p(0) A [(VE € N)p(k) = p(k +1)]) = [(Vn € N)p(n)].

We stated the Principle as a theorem (that we won’t prove), but some take it as an axiom of the natural numbers N. You should
think of it as a fundamental property of N.
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We can now prove our conjecture:

Theorem 1.46. For every n € N we have

n
1=0
Proof. We proceed by induction on n.
For any n € N, let p(n) denote the statement
n
p(n): Y 2t=2"t
1=0

Base case: p(0) is the statement “20 = 21 — 17 which is True.
Induction step: Let k € N be arbitrary but fixed; suppose p(k) is True.

Then
k+1 k

Z i _ Zzi L ogk+l _ (2k+1 - 1) 4 ook+l _ok+2
i=0 i=0

This is precisely the statement p(k + 1), which is therefore True.

By the Principle of Mathematical Induction, we conclude that p(n) is True for all n € N. O
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You should now try your hand at the more general result:

Theorem 1.47 (Geometric Sum). Let r € R. For every n € N we have

n
i Tn+1—1
r = —-
; r—1
1=0
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Induction can start at other base cases than n = 0. In other words, the following slightly more general principle also holds:

Theorem 1.48 (Principle of Mathematical Induction). Let p(n) be a condition over n € Z. Let ng € Z be fized. If the

following two statements are True, then p(n) is True for every n = ny.

(a) (Base case) p(ng) is True.

(b) (Induction step) For each k = ng, if p(k) is True, then p(k + 1) is True.

(In typical applications of this, the starting point ng is a non-negative integer.)
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There is another formulation of the principle of induction:

Theorem 1.49 (Principle of Strong Mathematical Induction). Let p(n) be a condition over n € Z. Let ny € Z be fixed. If the
following two statements are True, then p(n) is True for every n = ny.

(a) (Base case) p(ng) is True.

(b) (Induction step) For each k = ng, if p(ng),p(ng+1),...,p(k) are all True, then p(k + 1) is True.

“Strong” is an unfortunate misnomer: although it appears to require a stronger condition in the induction step (b) than
Theorem 1.45, the two principles are logically equivalent.
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Theorem 1.50. Every integer n > 2 can be expressed as a product of prime numbers.

More precisely: given any integer n > 2, there exists r € Z>1 and r prime numbers py,...,p, (not necessarily distinct) such
that

n:pl...pr.

Proof. The base case is trivial: 2 is a prime number, hence trivially a product of prime numbers (take r = 1 and p; = 2).
For the induction step, let & > 2 be arbitrary but fixed and suppose that the statement is True for all the integers 2,3,... k.

Consider the integer k£ + 1. If k£ + 1 is a prime number, we are done. Otherwise, k + 1 is composite, so there exist integers a, b such
that 2 < a,b < k. Hence the induction hypothesis holds for n = a and for n = b:

a=1pi...pr and b=gqq...qs,

sothat k+1=ab=py...prq1...qs is a product of primes.

By the Principle of (Strong) Mathematical Induction, the statement holds for all n > 2. (]
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In fact, more is true:

Theorem 1.51 (Fundamental Theorem of Arithmetic). Every integer n > 2 can be expressed uniquely (up to permutation of

the factors) as a product of prime numbers.

We do not give a proof of this result, but the crucial ingredient is the following statement: “If p is prime and a, b are integers such

that p | ab, then p | a or p| b

The rest then follows by a couple of simple induction arguments.
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Balancing formality and readability

It is possible to overdo the use of formal language.

Here is some advice regarding your own proof writing in this subject:

« We generally prefer words to symbols, and we try to strike the right balance between conciseness and clarity (without
sacrificing rigour).

« It is okay to use “and” instead of A, “or” instead of Vv, “not” instead of —, “if. . .then...” instead of =, “if and only if” or
“ift” instead of <. You should be familiar with the symbols however, as they may be used by others.

« The “three dots” symbols .. and .- are banned in this subject. Use appropriate words such as: so, hence, therefore,
because, since.

« We generally prefer to give proofs in the informal style, rather than the formal enumeration of steps. However, as you refine
your proof writing and reading skills, you may occasionally benefit from using the formal style to clarify an argument that
you are trying to understand or to make. This is especially useful for figuring out the correct order in which to write the
steps in the proof.
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