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3.1 Definition and examples

Recall that, in our convention, the first natural number is 0:

N ={0,1,2,3,... }.

Definition 3.1. A sequence (of real numbers) is a function z : N — R.

We usually denote z(n) by z,, and we call it the n-th term of the sequence; we denote the sequence itselt by (x,) = (zg, x1, 29, 23, ... ).
Example 3.2. (z,) = (n® +1) = (1,2,5,10,17,...).
Sometimes we want to start the sequence at a point ng € N, ng > 0. In this case we would denote the sequence as

(mn)n>n0 — (xnoa Lng+1s LTng+2s - - - )

Example 3.3.



Example 3.4. We can “approximate” = by the sequence
(zn) = (3,3.1,3.14,3.141, 3.1416, . ...

Intuitively, the terms of this sequence converge to the real number 7.
On the other hand, the sequence ((—=1)") = (1, 1,1, —1....) does not appear to converge.

Neither does the sequence (2n) = (0,2,4,6,8, 10,12, ... ).

We need to make the intuitive notion of “convergence” more precise.
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Example 3.5. Consider the sequence

2 2 2
= (1400 ) = (1= par - et )
nz
~ (2,5.41,2.85,5,3.11,4.82,3.24,4.71, . . .).

Not so clear what’s going on? Computing further:

n In n Tn
100 4.2 999 3.937
10000 4.02 99999 3.994
1000000 4.002 9999999 3.9994.

Looks like we're tending towards 4 in the long run.

We are trying to express mathematically the situation: “as n gets larger and larger, the term x, gets closer and closer to 4”.

Let’s note that this is the same as: “as n gets larger and larger, the distance |z, — 4| gets smaller and smaller”.



3.2 Limit and convergence

Definition 3.6. Let (x,) be a sequence and let L € R.
We say that (xy,) converges to L if: for every € > 0 there exists M € N such that for all n € N, if n > M then |z, — L| < ¢.

In this case, we write

Ty — L or lim z, =L
n—oo

and call L a [tmat of the sequence (zy,).

In formal logic notation, the definition of “(x,) converges to L” is

Ve >0)(AM e N)(Vne N)n> M = |z, — L| <e.

[ts negation “(xj,,) does not converge to L” is

(e >0)(VM e N)(3neN)n> M A |z, — L| > ¢.

8
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Going back to the sequence from Example 3.5:

5.5

4.5

3.5

2.5

20 30 40 50 60 70 80 9 100 110 120 130 140 150 160



Example 3.7. Prove that 1 — 1 — 1.
n

Scrap work. Fix e > 0 and “solve for” M:

|z — 1| <€
1
1-2-1)<e
n
‘ 1
——|<e¢
n
1
— <€
n
- <n.
5

So: take M = [1/e].

We conclude that z,, — 1.

n > M. Then:
1
—<n
€
1
— < £
n
‘ 1
— | < £
n
1
P_1<g
n
|z — 1] < e.

Proof. Let ¢ > 0. Define M = [1/e]. Let n € N be such that
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We return to:

Example 3.8. Prove that

Scrap work. Fix e > 0 and “solve for” M:

lzn, — 4| <e

So: take M = [4/£2].

(4 + (=1)"

%) — 4.

Proof. Let € > 0. Define M = [4/?]. Let n € N be such that

n > M. Then:

We conclude that z,, — 4.
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Definition 3.9. Let (z,) be a sequence.

We say that (z,,) converges (without reference to a particular limit) if there exists L € R such that x,, — L.

We say that (xy,) diverges if it does not converge.

S0 (xp) diverges if for all L € R, the statement “(z,) converges to L” is False. In formal logic notation:

(VLeR)(Fe>0)(VM e N)(GneN)n>MA|z, —L| > e



Example 3.10. Consider the sequence ((—1)") = (1, 1.1, 1

9 Y

o).
Let z, = (—1)" for all n € N.

Suppose that (z),) converges, so there exists L € R such that =, — L.
Let € = 1. There exists M € N such that for all n > M we have |z, — L| < 1.
Let n > M such that n is even. Then x,, =150 |x,—L| =|1—L| < 1. Alson+1isodd, so z,;1 = —1and |z, 1 —L| =|-1-L| < 1.

But by the triangle inequality we have
2=12|=|01—-L)—(—1-L)|<|1-L|+|-1-L|<1+1=2,

which is a contradiction.

S0 the sequence (zy,) diverges.
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3.3 Bounded sequences

The sequence (n?) = (0,1,4,9,16,...) also looks like it should diverge, but for a different reason.

Definition 3.11. We say that a sequence (xy,) is bounded if the set {x,, : n € N} is bounded (both above and below).

We say that a sequence is unbounded if it is not bounded.

Theorem 3.12. A sequence (zy,) is bounded if and only if there exists C > 0 such that

2y <O for all n € N.

Proof. 1t (xy,) is bounded then there exist a, § € R such that
a<ay,<pB for all n € N.
Let C = max{|a|,|5|}. Then —C < a < <O, so that —C < x,, < Cfor all n € N, so |z, < C for all n € N.

Conversely, if |x,| < C for all n € N then —C < x,, < C for all n € N, so (x5,) is bounded. ]
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Theorem 3.13. Let (zy,) be a sequence. If (xy,) converges, then (xy) is bounded.

Proof. Let L be the limit of (z;,).

Let e = 1. There exists M € N such that for all n € N we have
n>M=|lz,—Ll<l=L-1<xz,<L+1.

The set X = {xg,x1,...,2),} is finite, so we can take v = min X and 6 = max X. Let a =min{y, L — 1} and 8 = max {0, L + 1},
then

/N

a<zy,<p for all n € N,

in other words (x;,) is bounded. O

Taking the contrapositive we obtain:

Corollary 3.14. Let (x,) be a sequence. If (xy) is unbounded, then (x,) diverges.
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3.4 Properties of limits

Theorem 3.15 (Algebra of Limits). Let (xy,) and (yn) be convergent sequences with x, — « and y, — 3, where o, B € R.
Then

(a) Tp+yn — a+ f;
(b) Tn — Yn — @ — f3;
(c) TnYn — af3;

(d) xp/yn — /B, if B#0 and y, # 0 for all n € N.

Proof.

(a) We want to prove that
(Ve > 0)(3M € N)(Vn € N)n > M = |(zy, + yn) — (a+ B)| < e.

Let ¢ > 0.
Since x, — «, there exists M, € N such that for all n € N we have

g



Similarly, since y, — «, there exists M, € N such that for all n € N we have
£
n>My:>]yn—6\<§.

Let M = max{M,, My}. Let n € N. We have

£
n>M:>n>M$:>\xn—oz\<§

£
n>M:>n>My:>]yn—6\<§

€
2

€
n>M:>|(xn+yn)—(oz—|—ﬁ)|<\xn—0z|—|—\yn—ﬁ|<§+ =€.

(¢) We want to prove that
(Ve > 0)(IM € N)(Vn € N)n > M = |zpyn — af| < e.

Before we start in earnest: since (y,) converges, it is bounded (by Theorem 3.13), so by Theorem 3.12 there exists C' > 0
such that |y,| < C for all n € N.

Also, we will assume that a # 0. The remaining case (a = 0) is Exercise 3.5.
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Now let € > 0. Since z,, — «, there exists M, € N such that for all n € N we have

£
> M, = — o < —.
n ” Ty — | 50

Similarly, since y, — «, there exists M, € N such that for all n € N we have (recall that « # 0)

9
n> My = lyp — B < ==

2]ar|
Let M = max{M,, M;}. Let n € N. We have
>M=n>M;=| | < .
n n ITn — & —
n>M:>n>My:>]yn—/ﬂ<m
E E
n> M= |znyn — af| = |(@n = @)yn + alyn = B) < lon — allyal + lallyn = 5] < 55 C + ’O"M = n
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Theorem 3.16 (Inequalities and Limits). Let (z,) and (yn) be convergent sequences. If x,, < yn for all n € N then

lim z, < lim y,.
n—oo n—oo

Proof. Let x,, — a and vy, — 3, where «, 8 € R. The claim is that a < 3.
We proceed by contradiction. Suppose a > 5. Let e = (e — 3)/3 > 0. Then f+¢ < a+e.

Since x, — «, there exists M, € N such that

VneNn>M,= |z, —a|l<e=a—e<zp<a+te.

Similarly, since y, — 3, there exists M, € N such that

(VneNn>M = |lys -8 <e=>0L—-ec<y, <B+e.

Let M = max{M,, My}. Let n € N. If n > M, then n > M, and n > M, therefore
b—e<yp<PHe<a—c<zp<a+te.

This implies that x,, > vy, contradiction.
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Corollary 3.17. If a € R s such that a < xzp, for all n € N, then

a < lim z,.

n—oo

If b € R s such that x,, < b for alln € N, then

lim z, <b.

n—oo

Have a look at Tutorial Question 5.10.

o
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3.5 Subsequences

Definition 3.18. Let (x;,) be a sequence. Let ng,n1,n9,... be integers such that
0<ng<ny<ng <....

We define

(xnk>k — ('CETL()) xnp xTIQ? LA )

and we call (zy,,) a subsequence of (xy,).

Example 3.19. Consider (z,) = ((-1)") = (1,-1,1,-1,1,-1,...).

Here are two subsequences of (x,):

(z9r) = (1,1,1,1,...), (zope1) = (—1,—1,-1,—1,...).

Lemma 3.20. Let (z,) be a sequence and (zy,) o subsequence of (z). Then ny >k for all k € N.

See Exercise 3.11.
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Theorem 3.21. Let L € R. A sequence (zy,) converges to L if and only if every subsequence of () converges to L.

Proof. Suppose every subsequence of (xy,) converges to L. Since (zy,) itself is a subsequence of (z,) (just take ny = k for all k € N),
we get that (z,) converges to L.

Conversely, suppose that (z;,) converges to L and let (z,,) be a subsequence. By Lemma 3.20 we have ny > k for all k € N.

Let € > 0. Since x,, — L, there exists M € N such that for all n € N
n>M=|r,— Ll <e.

Let k € N, since n;. > k we have
k>M=mn.>M= |z, —L| <e.

Hence (xp,) converges to L. (]
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Theorem 3.22 (Divergence Criteria). Let (zy,) be a sequence. If any of the following statements is True, then (z,) diverges:
(a) (zn) is unbounded;
(b) (xy) has a subsequence that diverges;

(c) (zy) has two subsequences that converge to different limits.

Proof.
(a) Contrapositive of Theorem 3.13.
(b) Contrapositive of Theorem 3.21.

(¢) Contrapositive of Theorem 3.21. (]



Example 3.23.
(zn) = ((-1)™) = (1,-1,1,-1,...) is divergent because (z9;) — 1 and (w9, 1) — —1.

(zn) = ((=1)"n) = (0,-1,2,—-3,4,—5,...) is divergent because it is unbounded.
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3.6 Monotone sequences

Definition 3.24. Let (z,) be a sequence. We say that (xj) is

e monotone increasing if
Ty < Ty for all n € N;

« monotone decreasing if
Ty 2= Tyl for all n € N;

« monotone if it is monotone increasing or monotone decreasing.

Example 3.25.

Iy . :
(xn) = (— is monotone decreasing, hence monotone
n
(xn) = (1 — —) is monotone increasing, hence monotone
n
(zn) = (3,3,3,3,3,...) is both monotone increasing and monotone decreasing, hence monotone

(zn) = ((=1)"n) is neither monotone increasing nor monotone decreasing, hence not monotone.
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Theorem 3.26. Let (zy,) be a bounded sequence. If (xy) is monotone, then (x,) converges.

Proof. We do the case where (z,,) is monotone increasing (the other is an exercise in flipping inequalities).

Suppose (z5,) is monotone increasing and bounded. Consider the set X = {x), : n € N}, then X is bounded (in particular, bounded
above). By the Completeness Axiom, sup X exists. Let L = sup X. I claim that z,, — L.

Let ¢ > 0. Then L — ¢ is not an upper bound of X, so there exists M € N such that z;; > L — «.

Suppose n € N is such that n > M. Since (xy,) is increasing, x, = xj; > L — e. Therefore

n>M=L+e>L=2zy,>L—c=|r,—L|<e. ]
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Corollary 3.27. Let (x,) be a monotone sequence. Then (xy) converges if and only if (xy,) is bounded.

Proof. Suppose (x,,) converges, then (z,) is bounded by Theorem 3.13.

In the other direction, suppose (x,) is bounded. Since (zy,) is also monotone, then (x,) converges by Theorem 3.26. O

Corollary 3.28. Let () be a bounded sequence and let X = {xy, : n € N}.
(a) If (xy,) is monotone increasing, then x, — sup X.

(b) If (zn) is monotone decreasing, then x, — inf X.

This is simply stating a fact that we proved in the course of proving Theorem 3.26.
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Definition 3.29. Let (x,) be a sequence. We say that p € N is a peak of (zy,) if

Ty < Tp for all n > p.

A picture?

Example 3.30. The sequence

has only two peaks: n =0 and n = 1.

Example 3.31. The sequence

(—1)" 1
- —(=1,=,—=,
(xn)n>1 ( 0 . DY

has infinitely many peaks: for each &k € N, 2k is a peak.



Lemma 3.32. Let (x,,) be a bounded sequence.

(a)
()

Proof.
(a)

If (xn) has finitely many peaks, then (xy) has a monotone increasing subsequence.

If (zn) has infinitely many peaks, then (x,) has a monotone decreasing subsequence.

Suppose (zy,) has finitely many peaks. Let p be the (index of the) largest peak, then (z,) does not have a peak at n for all
n > p.

Let ng = p+ 1. Since (z5,) does not have a peak at ng, there exists n; > ng such that x,, < x,,. Since (z,) does not have a
peak at nq, there exists ng > ny such that z,, < xz,.

Continuing in this manner, we get ng < n; < ng < ... such that x,, <z, for all ¥ € N. Therefore (z,,) is monotone
Increasing.

Suppose (xy) has infinitely many peaks. Enumerate these peaks in increasing order: ng < nj <ng < ....

For every k € N, since (x5,) has a peak at ny, we have xy, | < xy,. Therefore (flfnk) is monotone decreasing. ]
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Theorem 3.33 (Bolzano—Weierstrass). Let (zy,) be a sequence. If (xy) is bounded, then it has a convergent subsequence.

Proof. Follows directly from Lemma 3.32: either (x,) has finitely many peaks or it has infinitely many peaks. In either case,

we know that (z,,) has a monotone subsequence (zy, ), which is also bounded (since (z;,) is bounded). By Theorem 3.26, (zy,)
converges. ]
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3.7 Cauchy sequences and completeness

If (zy) is a sequence that converges to L € R, then as n — oo, the terms z,, are getting closer and closer to L.

It follows that they are also getting closer and closer to each other.

Definition 3.34. Let (z,,) be a sequence. We say that (zy,) is a Cauchy sequence it for every e > 0 there exists M € N such that

(Vj,kEN)j,k>M:>|asj—xk\ < e

Example 3.35. Consider the sequence

[ claim that (x;,) is Cauchy:.

Let € > 0. Define M = [2/e]. If 5,k € N satisty j, k > M, then by the triangle inequality

Lol 1,12
=T < T =77x¢
ik M M M

[z j — @y ' -
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Theorem 3.36. Let (zy,) be a sequence. If (xy) s Cauchy, then (xy,) is bounded.

Proof. Let e = 1. There exists M € N such that for all j,k € N
Jk>M=|v;— x| <1

In particular, if & > M then |z;| < |xpr4q] + 1.

Let C = max{|x0\, ‘{L‘ll, Ceey |$]m, ‘:C]w_i_ll + 1}, then ’xk‘ <C for all £ € N. []
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Theorem 3.37. Let (zy,) be a Cauchy sequence and (:I:nk) a subsequence that converges to L € R. Then x,, — L.

This is of course not True if (z,) is not a Cauchy sequence!
Proof. We proceed by contradiction. Suppose (z5,) does not converge to L. This means that there exists ¢ > 0 such that:
(VM € N)(3n € N)n > M and |z, — L| > ¢. ().

Fix such € > 0.

Since (xy,) is Cauchy there exists M; € N such that for all 7, j € N we have

i, > My = |xv; — xj] <§.

Since xp, — L there exists My € N such that for all £ € N we have
E
k> My = |z, — L| <3

Let M = max{M;, Ms}. Take an arbitrary n > M. Let k > M, then n;. > M > My, so

€

3-30



On the other hand, we have n,n, > M > My so

£
Ty — T, | < 5

Combining the last two inequalities we have

‘CL’n _L| < |33n _xnk’ + |xnk o L‘ <§g,

which contradicts (*). (]
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Theorem 3.38. Let (zy,) be a sequence. Then (xy) converges if and only if it is Cauchy.

Note: this is what is more generally known as “completeness”.

Proof. Suppose (xy) converges and let L € R be its limit.

Let € > 0. There exists M € N such that for all n € N

3
n>M:>\a:n—L]<§.

Therefore, for all j,k € N

. £ €
],/{:>Mz>\:Uj—xk\:\(a:j—l))—(xk—l})\<\xj—L\+\xk—L\<§+§:5.

We conclude that (x;,) is Cauchy.

Conversely, suppose (x,) is Cauchy. By Theorem 3.36 we know that (x;,) is bounded. By the Bolzano-Weierstrass Theorem we
know that (z,) has a convergent subsequence. By Theorem 3.37, (z,) converges. O
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We illustrate the power of the Cauchy convergence criterion with an application.

Definition 3.39. Let (x,) be a sequence. We say that (z,) is contractive if there exists 0 < ¢ < 1 such that

| Tpa9 — Tpat| < clxnat — oy for all n € N.

This is a fairly strong condition on the sequence. We will soon see that it implies convergence.
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Example 3.40. Define a sequence (xy,) by letting xg = i and

7
1
— x”; for all n € N

[ claim that 0 <z, < 1/2 for all n € N.

We proceed by induction.

Base case n = 0: xg = 1/4 so True.

Induction step: let £ > 0 be arbitrary but fixed and suppose that 0 < z;. < 1/2. We have

0 <:c7 < L
k™ 198

129

1<zl +1 <=2
T <108

zl+1 129
<

1
- < <
5 5 640

0 <

DO | —

S50 0 < xpyq < 1/2.
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Now we show that (xj,) is contractive.

Let n > 0. We have

5 5

T 1

5

7 7
LTp+2 — xn—H’ - ’anrl - xn’

1
— 5\xn+1 — anngrl ] x%+1xn + -4 :I:on% + :132]

1
S £ ltnt1 — 2l (l2ns1l” + lens1 P len] + - + |zagallzal” + |20l %)
6
1 1 7
< g|$n—|—1 — |7 (5) - %MTL—H — .

S0 (x,) 1s contractive with z = 7/320.
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Lemma 3.41. Let (x,,) be a contractive sequence with constant c. Then
[Ty — x| < — 29 for all n € N.
In particular, if x1 = xg then the sequence is constant (xn) = (xg, xg, g, - - - )-

See 77.

Theorem 3.42. Let (zy,) be a sequence. If (xy,) is contractive, then it converges.

Proof. By the Lemma, it x1 = xy then (x,) is constant, so it clearly converges.

[t remains to deal with the case where x1 # zy. Again by the Lemma, we have that for all n € N:
Tpp1 — 2n| < Mo — 2]

We will prove that (z,) is a Cauchy sequence.
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Fix M € N and suppose m,n are such that n > m > M. Then

[zn — x| = (20 — 2p—1) + (Tp—1 — Tn-2) + -+ (@m42 — Tm41) + (@my1 — 2m)|
< |en —xp—1| + |xn—1 — Tn_a| + -+ |Tma2 — Tmat1| + |Tma1 — Tm|
< "oy = mo| + Py — ol + -+ M g — wol 4+ ¢y — o)
=" (cn_m_l F TR ey 1) 21 — 20
ml ="

= e — ] < ()

1 — ol _ (CM>!931 —330|_
1—c 1—c

h l—c
Let e > 0. Since 0 < c¢ < 1, ¢ — 0 as n — oo, so there exists N € N such that for all j > N we have

. 1 —

e
|71 — @0

Take M = N + 1 and consider n, m with n > m > M, then by the above inequalities we have

29 — T < (cM)@ <e

We conclude that (x,,) is Cauchy, therefore convergent. O
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Example 3.43. In particular, the sequence (x;,) from Example 3.40 converges. What is the limit?
Let L be the limit.

Recall that .
Tyl = xn; ! for all n € N.

Taking the limit as n — oo on both sides of the equality and using the Algebra of Limits we have

CLT+1

- — LT —5L+1=0.

L

In addition, as 0 < x,, < 1/2 for all n € N, we know that 0 < L < 1/2.
So L is a real root of the polynomial function f(z) = 2 — 5z + 1 located in the interval [0,1/2)].

We can think of (x;,) as a sequence of increasingly accurate approximations to the root L. This sequence converges very fast to L;

already when n =5 we have
L =~ x5 = 0.200002560229405 . . .,

where all the displayed decimals are correct.
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Our focus has so far been mainly on convergent sequences. There is a special case of divergence that is very useful and worth
pointing out.
Definition 3.44. Let (x,) be a sequence.

« We say that (zy,) diverges to oo, and write x,, — oo, if for every C € R there exists M € N such that for all n € N we have

n>M=xz,>C.

« We say that (zy,) diverges to —oo, and write x,, — —oo0, if for every C' € R there exists M € N such that for all n € N we
have
n>M=z,<C.

Example 3.45.
« The sequence (x,) = (n) =(0,1,2,3,4,...) diverges to oo.
e The sequence (x,) = (—n) = (0, —1,—2, =3, —4,...) diverges to —oo.

« The sequence (z,) = ((=1)"n) = (0, —1,2,=3,4,—5,...) diverges, but does not diverge to oo or to —oo.
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