6.2 Series of functions
©.9)

We shift our attention from series of real numbers Z aj. to series of functions
k=0

> filw).
k=0

The approach is similar: convergence of the series is defined by the convergence of the sequence (F},) of partial sums
n
Fu(z) =) fil).
k=0

The convergence can be pointwise or uniform.
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Proving uniform convergence

We start with a uniform version of the Cauchy Convergence Criterion for sequences

Theorem 6.26 (Cauchy Uniform Convergence Criterion for Sequences). Let E C R and let (fy,) be a sequence of functions

fn: E— R. This sequence converges uniformly on E if and only if for every e > 0 there exists M € N such that for all
m,n > M we have

|fm(x) — fo(x)] <e¢ for all z € E.
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©.¢)
Corollary 6.27 (Cauchy Uniform Convergence Criterion for Series). Let E C R and consider the series Z [, where

k=0
fi: E— R for all k € N. The series converges uniformly on E if and only if for every ¢ > 0 there exists M € N such

that for all m,n € N, if n >m > M then

| fma1(x)+ -+ fulx)] <e for all x € E.

This leads to a very useful criterion:

Corollary 6.28 (Weierstrass M-test). Let (M},) be a sequence of positive real numbers such that for all k € N we have

| fr(z)] < My for all z € E.

oo oo
If the series Z M. converges, then the series Z fi. converges uniformly on E.
k=0 k=0
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Sequences of differentiable and integrable functions

Let (f,) be a sequence of differentiable functions f, : [a,b] — R.

Based on our (limited) experience with sequences of continuous functions, we would perhaps expect that (a) if f,, converges
pointwise to f, then f is not necessarily differentiable, but (b) if f,, converges uniformly to f, then f is differentiable.

However, even this last statement is too optimistic.

n k
Example 6.29 (Weierstrass). Consider Fj,(z) = Z w.

k=0
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In order to guarantee that the limit is differentiable, we need to assume something about the sequence (f;,) of derivatives.

Theorem 6.30. For each n € N, let f, : [a,b] — R be differentiable functions. Suppose there exists xq € |a,b] such that
the sequence (fn(zo)) converges, and that the sequence (f;) converges uniformly to a function g: [a,b] — R. Then the
sequence (fn) converges uniformly to a differentiable function f: [a,b] — R. Moreover ' = g, in other words

f'(c)= lim fl(c) for all ¢ € [a, b].

n—oo
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Theorem 6.31. For each n € N, let f, : [a,b] — R be a Riemann integrable function. Suppose that the sequence (fp)
converges uniformly to a function f: [a,b] — R. Then f is Riemann integrable and

n—oo

/a ’ f(z)dz = lim / ’ fulz) dz.
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6.3 Power series

Definition 6.32. Let (ay) be a sequence in R and let ¢ € R. The corresponding power series at ¢ is given by

Z an(x — )" =ag + a1(x — ¢) + as(x — ¢)
n=>0

24,

The set S of all z € R for which the power series converges is called the domain of convergence of the power series.

©¢)

Theorem 6.33. If the power series Z an(x — )" converges at some point xg € R, then it converges absolutely at any

n=>0
r € R satisfying |x — c| < |xg — ¢|.
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Corollary 6.34. The domain of convergence of a power series at ¢ is of one of the following forms:

(c—=R,c+R) or (¢c—R,c+R] or [c— R,c+ R) for some Re€ R~g, [c— R,c+R] for some R € Ry, R.

The real number R is called the radius of convergence of the power series. In the case R we declare (by abuse of notation) R = oo.
Because of the Corollary, the domain of convergence is also called interval of convergence.

We will write

to denote the function f: E — R that is the pointwise limit of the series, where F is the interval of convergence of the series.
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Example 6.35.

2 23

=1+$+§+§+...

0-

u') ~
9J



oo
Lemma 6.36. If the power series Z an(x — )" converges absolutely at xo € R, then it converges uniformly on the closed

n=0
interval [c — rg, ¢+ o], where ry = |xg — cl.

Theorem 6.37. Consider a power series with radius of convergence R > 0:
©.9)
f(:U)zZan(x—c)n for all x € (c— R,c+ R).
n=0
(a) The function f is differentiable on (c — R,c+ R) with derivative

fl@)=> nagzx—e"""  forallze(c—R,c+R).
n=1

(b) The function f is integrable on (c,z) for every x € (c — R,c+ R) and

x B 0 an(x-—(ﬂn+1
/Cf(t)dt_nz_:o —
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Example 6.38. Going back to f: R — R defined by

2 3

xr
:1+£L‘+§+§+...
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Theorem 6.39 (Algebra of Power Series). Let ¢ € R and

oo o
flz) = Z an(z — )", g(x) = Z bp(z — )"
n=0 n=0
be power series at ¢ with respective intervals of convergence Ey and Eg.
Then
oo
fl)+g@)=> (an+by)(xz—c)  forallze EfnE,.
n=0
If A e R, then

A(x) = Z Aap(x —¢)" Jor all x € Ey.
n=>0



Cauchy product (discrete convolution)

What about f(x)g(z)?

©.¢) (0,0)

Before answering this question, let’s go back to series of numbers and suppose Z ap = a and Z by = .

n=0 n=0

[s there something that has limit a87

0-
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o o o0 n
The Cauchy product of infinite series Z an, and Z by, is the infinite series Z dy,, where d,, = Z apby,_ .
n=0 n=0 n=0 k=0

A slightly more rigorous version of our above calculation establishes:

oo oo
Theorem 6.40. [f Z ap =« and Z bn = B and at least one of the two series converges absolutely, then their Cauchy

n=0 n=0
product converges to af.
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The power series version is:

Theorem 6.41 (Product of Power Series). Let ¢ € R and

oo o
flz) = Z an(z — )", g(x) = Z bp(z — )"
n=0 n=0
be power series at ¢ with respective intervals of convergence Ey and Ey.
Then
oo
flx)glx) =D dp(z—c)"  forallze EfnE,,
n=0
where

n

dn = Z akbn_k.

k=0
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Example 6.42. Going back once more to f: R — R defined by
n 562 5133
nl

x
=l4+ax+—+—=+...
n! 20 3l
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Taylor series

Definition 6.43. Let ¢ € (a,b) and let f: (a,b) — R be a function that is (at least) n times differentiable at c.

The n-th Taylor polynomial of f at ¢ is

noork) (e ue (n) (¢
Tor) =3 T @ of = fl0 4 PO -+ D et T

2!

If ¢ =0 we write Ty (x) = T, o(x).

Theorem 6.44. We have
Tyid(e)=f¥e)  for all0 <k < n.
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Definition 6.45. Let ¢ € (a,b) and let f: (a,b) — R be a function that is (at least) n times differentiable at c.

The Taylor series of f at ¢ is

Example 6.46. Suppose that you have defined the exponential function f(x) = e’ in some way that gives you that f(0) =1 and
f'(z) = e".
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We think of the Taylor polynomial T}, . as an approximation to the function f near the point c¢. The error in approximating the
value f(z) by Ty e(x) is

[f(x) = The()].

Theorem 6.47 (Taylor). Let ¢ € (a,b) and let f: (a,b) — R be a function that is (at least) n+ 1 times differentiable at c.

For every x € (a,b) \ {c} there exists & between ¢ and x such that

Frre)

f(x) = Thelz) = Tyl

(513 . C)?’H—l.
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Corollary 6.48. Under the same assumptions as Taylor’s Theorem, suppose there exists a constant M > 0 such that
FHD @) < M for all t between ¢ and . Then

M
(n+1)!

’33 . C‘n—i—l.

() = Thelx)] =
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Example 6.49. Consider a function f: R — R with the properties f(0) = 1 and f/(z) = f(z) for all € R. Prove that

oo $k
fla)y=>" o forallzeR.
k=0
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Example 6.50. Explore the convergence of the Taylor series at 0 of the function f: R — R defined by

e~ if g >0,
flz) = ,
0 if z <0.
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6.4 Fourier series

Definition 6.51. Let f: R — R be integrable on [—7, 7] and (27)-periodic, that is f(x + 27) = f(z) for all z € R.

The Fourier series of f is
oo
ag + Z (aj cos(kz) + by sin(kx)),

k=1
where

1 m

ang = 5= ('CU) dZC,
2m J_
1 T

ap = — f(x)cos(kx)dr for k> 1,
mJ—x

1 s
b = — f(z)sin(kx)dz for k > 1.
Q0 —T
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Example 6.52. Consider the (27)-periodic function f: R — R given by f(z) =z for all z € (—m, 7.
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What is the relation between the values of the Fourier series and the values of f itself?” In other words, when does the Fourier
series of f converge to f7

Theorem 6.53. Let f: R — R be bounded and (2r)-periodic. Suppose that f is piecewise continuous and piecewise
monotone, that is there is a partition

— T =20 <T1<19< < Tp_1<Tp="

so that f is continuous and monotone on (x;_1,x;) for all 1 <i < n.

Then the Fourier series converges pointwise to f(x) for every x € R at which f is continuous:

©.¢)

f(z) =ag+ Z (aj, cos(kz) + by sin(kx)).
k=1

If x is a point of discontinuity of f, the Fourier series converges to the average of the left and right limits at x:

t—x~ t—axt

)= (Jim 0+ lim 1)
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Example 6.54. What is the limit of the Fourier series of the function from Example 6.527
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Example 6.55. Consider the (2r)-periodic function f: R — R given by f(z) = 2 for all z € (—x, 7).
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