
6.2 Series of functions

We shift our attention from series of real numbers
1X

k=0

ak to series of functions

1X

k=0

fk(x).

The approach is similar: convergence of the series is defined by the convergence of the sequence (Fn) of partial sums

Fn(x) =
nX

k=0

fk(x).

The convergence can be pointwise or uniform.
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Proving uniform convergence

We start with a uniform version of the Cauchy Convergence Criterion for sequences (“a sequence of real numbers converges i� it
is Cauchy”)

Theorem 6.26 (Cauchy Uniform Convergence Criterion for Sequences). Let E ✓ R and let (fn) be a sequence of functions
fn : E �! R. This sequence converges uniformly on E if and only if for every " > 0 there exists M 2 N such that for all
m,n > M we have

|fm(x)� fn(x)| < " for all x 2 E.

Here’s a way to think about this:

Fixing x 2 E, (fn(x)) converges if and only if (fn(x)) is Cauchy, by the usual Cauchy Convergence Criterion.

In other words: a sequence (fn) converges pointwise if and only if it is pointwise Cauchy.

What the Theorem says is: a sequence (fn) converges uniformly if and only if it is uniformly Cauchy.
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Proof. Suppose (fn) converges uniformly to some function f : E �! R. Let " > 0. There exists M 2 N such that for all n 2 N,
if n > M then

|fn(x)� f (x)| < "

2
for all x 2 E.

Now suppose m,n 2 N are such that m,n > N . Then

|fm(x)� fn(x)| 6 |fm(x)� f (x)| + |f (x)� fn(x)| < " for all x 2 E.

Conversely, suppose (fn) is uniformly Cauchy. Let " > 0 and take M 2 N such that for all m,n 2 N, if m,n > M then

|fm(x)� fn(x)| < " for all x 2 E. (1)

Hence for each x 2 E, the sequence of real numbers (fn(x)) is Cauchy, hence it converges to some real number that we call f (x).
This gives us a function f : E �! R. We show that (fn) converges uniformly to f . Going back to (1), we have, for all m,n > M :

fn(x)� " < fm(x) < fn(x) + " for all x 2 E.

Fixing m and varying n, we use the fact that (fn(x)) �! f (x) to get that for all m > M :

f (x)� " < fm(x) < f (x) + " for all x 2 E.
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Corollary 6.27 (Cauchy Uniform Convergence Criterion for Series). Let E ✓ R and consider the series
1X

k=0

fk, where

fk : E �! R for all k 2 N. The series converges uniformly on E if and only if for every " > 0 there exists M 2 N such
that for all m,n 2 N, if n > m > M then

|fm+1(x) + · · · + fn(x)| < " for all x 2 E.

See Tutorial Question 12.5.

This leads to a very useful criterion:

Corollary 6.28 (Weierstrass M-test). Let (Mk) be a sequence of positive real numbers such that for all k 2 N we have

|fk(x)| 6 Mk for all x 2 E.

If the series
1X

k=0

Mk converges, then the series
1X

k=0

fk converges uniformly on E.
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Proof. Given m,n 2 N with n > m we have

|fm+1(x) + · · · + fn(x)| 6 Mm+1 + · · · +Mn for all x 2 E.

If
1X

k=0

Mk converges then for all " > 0 there exists M 2 N such that for all m,n 2 N, if n > m > M then

Mm+1 + · · · +Mn < ".
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Sequences of di�erentiable and integrable functions

Let (fn) be a sequence of di�erentiable functions fn : [a, b] �! R.

Based on our (limited) experience with sequences of continuous functions, we would perhaps expect that (a) if fn converges
pointwise to f , then f is not necessarily di�erentiable, but (b) if fn converges uniformly to f , then f is di�erentiable.

However, even this last statement is too optimistic.

Example 6.29 (Weierstrass). Consider Fn(x) =
nX

k=0

cos(3kx)
2k

.

Let fk : R �! R be given by fk(x) =
cos(3kx)

2k
. This is di�erentiable on R, so for each n 2 N, the function Fn : R �! R is

di�erentiable.

For each k we have |fk(x)| 6 1/2k for all x 2 R. Since
1X

k=0

1/2k converges, the series of functions converges uniformly by the

Weierstrass M-test.

However, Weierstrass proved that the limit function F : R �! R is not di�erentiable at any c 2 R. Note, crucially, that the
Weierstrass M-test does not apply to the series of derivatives.
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In order to guarantee that the limit is di�erentiable, we need to assume something about the sequence
�
f 0n
�

of derivatives.

Theorem 6.30. For each n 2 N, let fn : [a, b] �! R be di�erentiable functions. Suppose there exists x0 2 [a, b] such that
the sequence �fn(x0)

� converges, and that the sequence �f 0n
� converges uniformly to a function g : [a, b] �! R. Then the

sequence (fn) converges uniformly to a di�erentiable function f : [a, b] �! R. Moreover f 0 = g, in other words

f 0(c) = lim
n!1

f 0n(c) for all c 2 [a, b].

Proof. Fix x 2 [a, b]. For any m,n 2 N, apply the Mean Value Theorem to the function fm� fn on the interval with endpoints x0
and x. There exists y between x0 and x such that

fm(x)� fn(x) = fm(x0)� fn(x0) + (x� x0)
�
f 0m(y)� f 0n(y)

�
.

Therefore
|fm(x)� fn(x)| 6 |fm(x0)� fn(x0)| + |b� a| |f 0m(y)� f 0n(y)|.

Since (f 0n) is uniformly Cauchy and (fn(x0)) is Cauchy, we conclude that (fn) is uniformly Cauchy, hence converges uniformly to
some function f : [a, b] �! R.

It remains to show that f is di�erentiable with derivative f 0 = g. Let c 2 [a, b], x 2 [a, b] \ {c}, m,n 2 N. Apply the Mean Value
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Theorem to fm � fn on the interval with endpoints c and x to get that there exists y between c and x such that
����
fm(x)� fm(c)

x� c
� fn(x)� fn(c)

x� c

���� = |f 0m(y)� f 0n(y)|.

Since (f 0n) is uniformly Cauchy, given " > 0 there exists M 2 N such that for all m,n 2 N, if m,n > M then for all x 2 [a, b] \ {c}:
����
fm(x)� fm(c)

x� c
� fn(x)� fn(c)

x� c

���� <
"

3
) fn(x)� fn(c)

x� c
� "

3
<

fm(x)� fm(c)

x� c
<

fn(x)� fn(c)

x� c
+

"

3
.

Taking the limit as n �! 1 we get that for all m 2 N, if m > M then
����
fm(x)� fm(c)

x� c
� f (x)� f (c)

x� c

���� 6
"

3
for all x 2 [a, b] \ {c}.

Since lim
n!1

f 0n(c) = g(c), there exists N 2 N such that for all n 2 N, if n > N then

|f 0n(c)� g(c)| < "

3
.

Let K = max {M,N} + 1. Since fK is di�erentiable at c, there exists � > 0 such that for all x 2 [a, b], if 0 < |x� c| < � then
����
fK(x)� fK(c)

x� c
� f 0K(c)

���� <
"

3
.
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We conclude that for all x 2 [a, b], if 0 < |x� c| < � then
����
f (x)� f (c)

x� c
� g(c)

���� 6
����
f (x)� f (c)

x� c
� fK(x)� fK(c)

x� c

���� +
����
fK(x)� fK(c)

x� c
� f 0K(c)

���� + |f 0K(c)� g(c)| < ".

Therefore f is di�erentiable at c and f 0(c) = g(c).
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Theorem 6.31. For each n 2 N, let fn : [a, b] �! R be a Riemann integrable function. Suppose that the sequence (fn)

converges uniformly to a function f : [a, b] �! R. Then f is Riemann integrable and
Z b

a
f (x) dx = lim

n!1

Z b

a
fn(x) dx.

Proof. Let " > 0. Since (fn) converges uniformly to f , there exists M 2 N such that for all n 2 N, if n > M then

|fn(x)� f (x)| < "

4(b� a)
for all x 2 [a, b].

Consider fM+1; since it is integrable, there exists a partition P = {x0, x1, . . . , xn} of [a, b] such that

U(fM+1, P )� L(fM+1, P ) <
"

2
.

Let Mk(f ) = sup {f (x) : x 2 [xk�1, xk]} and similarly with Mk(fM+1). Since

|fM+1(x)� f (x)| < "

4(b� a)
for all x 2 [a, b],

we have
Mk(f ) 6 Mk(fM+1) +

"

4(b� a)
.

6-31



Therefore
U(f, P ) 6 U(fM+1, P ) +

"

4
.

Similarly,
L(f, P ) > L(fM+1, P )� "

4
.

Hence
U(f, P )� L(f, P ) 6 U(fM+1, P )� L(fM+1, P ) +

"

2
< ".

This implies that f is integrable.

For the last step, note that f and fn are bounded on [a, b], so fn�f is bounded on [a, b]. Therefore the set {|fn(x)�f (x)| : x 2 [a, b]}
has a supremum Cn. We have (see Tutorial Question 10.8)

�����

Z b

a
fn(x) dx�

Z b

a
f (x) dx

����� =

�����

Z b

a

�
fn(x)� f (x)

�
dx

����� 6 (b� a)Cn.

Since (fn) converges uniformly to f , Cn �! 0 as n �! 1, so

lim
n!1

Z b

a
fn(x) dx =

Z b

a
f (x) dx.
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6.3 Power series
Definition 6.32. Let (an) be a sequence in R and let c 2 R. The corresponding power series at c is given by

1X

n=0

an(x� c)n = a0 + a1(x� c) + a2(x� c)2 + . . .

The set S of all x 2 R for which the power series converges is called the domain of convergence of the power series.

Theorem 6.33. If the power series
1X

n=0

an(x � c)n converges at some point x0 2 R, then it converges absolutely at any

x 2 R satisfying |x� c| < |x0 � c|.

Proof. Let x 2 R satisfy |x� c| < |x0 � c|. Let r =
|x� c|
|x0 � c|, then 0 6 r < 1. Since

1X

n=0

an(x0 � c)n converges, we have that the

sequence
�
an(x0 � c)n

�
converges to 0, in particular it is bounded. Let C be such that |an(x0 � c)n| < C for all n 2 N, then

|an(x� c)n| = |an(x0 � c)n|
����
x� c

x0 � c

����
n

6 Crn.

By Comparison Test against the geometric series C
1X

n=0

rn, we conclude that
1X

n=0

|an(x� c)n| converges.
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Corollary 6.34. The domain of convergence of a power series at c is of one of the following forms:

(c�R, c +R) or (c�R, c +R] or [c�R, c +R) for some R 2 R>0, [c�R, c +R] for some R 2 R>0, R.

The real number R is called the radius of convergence of the power series. In the case R we declare (by abuse of notation) R = 1.

Because of the Corollary, the domain of convergence is also called interval of convergence.

We will write
f (x) =

1X

n=0

an(x� c)n

to denote the function f : E �! R that is the pointwise limit of the series, where E is the interval of convergence of the series.

Proof. Let

R = sup
(
|x� c| : x 2 R such that

1X

n=0

an(x� c)n converges
)
.

You are asked to finish the proof of the Corollary in Tutorial Question 12.6.
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Example 6.35.
1X

n=0

xn

n!
= 1 + x +

x2

2!
+

x3

3!
+ . . .

Fix x 2 R. If x = 0, then the series trivially converges to 1.

Otherwise, let bn = xn/n! and apply the (Limit) Ratio Test:

lim
n!1

����
bn+1

bn

���� = lim
n!1

����
xn+1

(n + 1)!

n!

xn

���� = lim
n!1

|x|
n

= |x| lim
n!1

1

n
= 0 < 1.

So the series converges for all x 2 R. The interval of convergence is R.
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Lemma 6.36. If the power series
1X

n=0

an(x� c)n converges absolutely at x0 2 R, then it converges uniformly on the closed

interval [c� r0, c + r0], where r0 = |x0 � c|.

Simple application of the Weierstrass M-test, see Tutorial Question 12.7.

Theorem 6.37. Consider a power series with radius of convergence R > 0:

f (x) =
1X

n=0

an(x� c)n for all x 2 (c�R, c +R).

(a) The function f is di�erentiable on (c�R, c +R) with derivative

f 0(x) =
1X

n=1

nan(x� c)n�1 for all x 2 (c�R, c +R).

(b) The function f is integrable on (c, x) for every x 2 (c�R, c +R) and
Z x

c
f (t) dt =

1X

n=0

an(x� c)n+1

n + 1
.
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Example 6.38. Going back to f : R �! R defined by

f (x) =
1X

n=0

xn

n!
= 1 + x +

x2

2!
+

x3

3!
+ . . .

we have f (0) = 1 and

f 0(x) =
1X

n=0

d

dx

✓
xn

n!

◆
= 1 + x +

x2

2!
+ · · · = f (x).
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Theorem 6.39 (Algebra of Power Series). Let c 2 R and

f (x) =
1X

n=0

an(x� c)n, g(x) =
1X

n=0

bn(x� c)n

be power series at c with respective intervals of convergence Ef and Eg.

Then
f (x) + g(x) =

1X

n=0

(an + bn)(x� c)n for all x 2 Ef \ Eg.

If � 2 R, then
�f (x) =

1X

n=0

�an(x� c)n for all x 2 Ef.
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Cauchy product (discrete convolution)

What about f (x)g(x)?

Before answering this question, let’s go back to series of numbers and suppose
1X

n=0

an = ↵ and
1X

n=0

bn = �.

Is there something that has limit ↵�?

From the Algebra of Limits for sequences, letting Am and Bm denote the partial sums of the two series, we have

↵� =
⇣

lim
m!1

Am

⌘⇣
lim

m!1
Bm

⌘
= lim

m!1
AmBm.

But

AmBm =

0

@
mX

k=0

ak

1

A

0

@
mX

k=0

bk

1

A = (a0 + a1 + · · · + am) (b0 + b1 + · · · + bm)

= a0b0 + (a0b1 + a1b0) + · · · + (a0bm + a1bm�1 + · · · + am�1b1 + amb0)

=
mX

n=0

dn, where we define dn =
nX

k=0

akbn�k.
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If we let
Dm =

mX

n=0

dn,

then we expect to have that

↵� = lim
m!1

Dm =
1X

n=0

dn.

The Cauchy product of infinite series
1X

n=0

an and
1X

n=0

bn is the infinite series
1X

n=0

dn, where dn =
nX

k=0

akbn�k.

A slightly more rigorous version of our above calculation establishes:

Theorem 6.40. If
1X

n=0

an = ↵ and
1X

n=0

bn = � and at least one of the two series converges absolutely, then their Cauchy

product converges to ↵�.
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The power series version is:

Theorem 6.41 (Product of Power Series). Let c 2 R and

f (x) =
1X

n=0

an(x� c)n, g(x) =
1X

n=0

bn(x� c)n

be power series at c with respective intervals of convergence Ef and Eg.

Then
f (x)g(x) =

1X

n=0

dn(x� c)n for all x 2 Ef \ Eg,

where
dn =

nX

k=0

akbn�k.
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Example 6.42. Going back once more to f : R �! R defined by

f (x) =
1X

n=0

xn

n!
= 1 + x +

x2

2!
+

x3

3!
+ . . .

let x, y 2 R and consider

f (x)f (y) =
1X

n=0

dn,

where

dn =
nX

k=0

xk

k!

yn�k

(n� k)!
=

1

n!

nX

k=0

n!

k!(n� k)!
xkyn�k

=
1

n!

nX

k=0

✓
n

k

◆
xkyn�k =

(x + y)n

n!
.

We conclude that f (x)f (y) = f (x + y).

This is not a terribly bad definition of the exponential function ex.
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Taylor series

Definition 6.43. Let c 2 (a, b) and let f : (a, b) �! R be a function that is (at least) n times di�erentiable at c.

The n-th Taylor polynomial of f at c is

Tn,c(x) =
nX

k=0

f (k)(c)

k!
(x� c)k = f (c) + f 0(c)(x� c) +

f 00(c)
2!

(x� c)2 + · · · + f (n)(c)

n!
(x� c)n.

If c = 0 we write Tn(x) = Tn,0(x).

Theorem 6.44. We have
T
(k)
n,c (c) = f (k)(c) for all 0 6 k 6 n.

You are asked to prove this in Tutorial Question 12.8.
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Definition 6.45. Let c 2 (a, b) and let f : (a, b) �! R be a function that is (at least) n times di�erentiable at c.

The Taylor series of f at c is

lim
n!1

Tn,c(x) =
1X

k=0

f (k)(c)

k!
(x� c)k.

Example 6.46. Suppose that you have defined the exponential function f (x) = ex in some way that gives you that f (0) = 1 and
f 0(x) = ex.

We have the n-th Taylor polynomial of ex at 0:

Tn(x) =
nX

k=0

xk

k!

and the Taylor series of ex at 0:
1X

k=0

xk

k!
.
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We think of the Taylor polynomial Tn,c as an approximation to the function f near the point c. The error in approximating the
value f (x) by Tn,c(x) is

|f (x)� Tn,c(x)|.

Theorem 6.47 (Taylor). Let c 2 (a, b) and let f : (a, b) �! R be a function that is (at least) n + 1 times di�erentiable at c.

For every x 2 (a, b) \ {c} there exists ⇠ between c and x such that

f (x)� Tn,c(x) =
f (n+1)(⇠)

(n + 1)!
(x� c)n+1.

Proof. Fix x and let I denote the closed interval between x and c. Define F : I �! R by

F (t) = f (x)� Tn,t(x),

then F (x) = 0 and F (c) appears as the LHS of the identity we want to establish. Note that

Tn,t(x) =
nX

k=0

f (k)(t)

k!
(x� t)k ) d

dt
Tn,t(x) =

nX

k=1

 
f (k+1)(t)

k!
(x� t)k � f (k)(t)

(k � 1)!
(x� t)k�1

!
=

f (n+1)(t)

n!
(x� t)n.

6-45



Hence
d

dt
F (t) = �f (n+1)

n!
(x� t)n+1.

Define G : I �! R by

G(t) = F (t)�
✓
x� t

x� c

◆n+1

F (c).

Since G(x) = G(c) = 0, Rolle’s Theorem says that there exists ⇠ between x and c such that G0(⇠) = 0, so that

F 0(⇠) + (n + 1)
(x� ⇠)n

(x� c)n+1F (c) = 0.

Finally we isolate F (c):

F (c) = � 1

n + 1

(x� c)n+1

(x� ⇠)n
F 0(⇠) =

f (n+1)(⇠)

(n + 1)!
(x� c)n+1.

Corollary 6.48. Under the same assumptions as Taylor’s Theorem, suppose there exists a constant M > 0 such that
|f (n+1)(t)| 6 M for all t between c and x. Then

|f (x)� Tn,c(x)| =
M

(n + 1)!
|x� c|n+1.
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Example 6.49. Consider a function f : R �! R with the properties f (0) = 1 and f 0(x) = f (x) for all x 2 R. Prove that

f (x) =
1X

k=0

xk

k!
for all x 2 R.
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Example 6.50. Explore the convergence of the Taylor series at 0 of the function f : R �! R defined by

f (x) =

8
<

:
e�1/x if x > 0,

0 if x 6 0.
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6.4 Fourier series
Definition 6.51. Let f : R �! R be integrable on [�⇡, ⇡] and (2⇡)-periodic, that is f (x + 2⇡) = f (x) for all x 2 R.

The Fourier series of f is

a0 +
1X

k=1

�
ak cos(kx) + bk sin(kx)

�
,

where

a0 =
1

2⇡

Z ⇡

�⇡
f (x) dx,

ak =
1

⇡

Z ⇡

�⇡
f (x) cos(kx) dx for k > 1,

bk =
1

⇡

Z ⇡

�⇡
f (x) sin(kx) dx for k > 1.
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Example 6.52. Consider the (2⇡)-periodic function f : R �! R given by f (x) = x for all x 2 (�⇡, ⇡].

Note that f is odd: f (�x) = f (x) for all x 2 (�⇡, ⇡). So a0 = 0.

Moreover, cos(nx) is even for all n > 1, so f (x) cos(nx) is odd, so an = 0 for all n > 1.

We get the coe�cients bn by integration by parts:

bn =
1

⇡

Z ⇡

�⇡
x sin(nx) dx =

1

⇡

h
�x

n
cos(nx)

i⇡
�⇡

+
1

n⇡

Z ⇡

�⇡
cos(nx) dx = �2⇡

n
cos(n⇡) = 2(�1)n+1

n
.

Hence the Fourier series of f is
1X

n=1

2(�1)n+1

n
sin(nx).
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What is the relation between the values of the Fourier series and the values of f itself? In other words, when does the Fourier
series of f converge to f?

Theorem 6.53. Let f : R �! R be bounded and (2⇡)-periodic. Suppose that f is piecewise continuous and piecewise
monotone, that is there is a partition

�⇡ = x0 < x1 < x2 < · · · < xn�1 < xn = ⇡

so that f is continuous and monotone on (xi�1, xi) for all 1 6 i 6 n.

Then the Fourier series converges pointwise to f (x) for every x 2 R at which f is continuous:

f (x) = a0 +
1X

k=1

�
ak cos(kx) + bk sin(kx)

�
.

If x is a point of discontinuity of f , the Fourier series converges to the average of the left and right limits at x:

f (x) =
1

2

✓
lim
t!x�

f (t) + lim
t!x+

f (t)

◆
.
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Example 6.54. What is the limit of the Fourier series of the function from Example 6.52?

We see that the Fourier series converges to 0 at all the discontinuity points n⇡ of f .

At all other points the Fourier series converges to f (x). For instance, if we evaluate at ⇡/2 we get

⇡

2
= f

⇣⇡
2

⌘
= 2

1X

n=1

(�1)n+1

n
sin
⇣n⇡

2

⌘
= 2

✓
1� 1

3
+

1

5
� 1

7
+

1

9
� 1

11
+ . . .

◆
.
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Example 6.55. Consider the (2⇡)-periodic function f : R �! R given by f (x) = x2 for all x 2 (�⇡, ⇡].

This time we have an even function so all the bn coe�cients are zero. We get

a0 =
1

2⇡

Z ⇡

�⇡
x2 dx =

1

2⇡


x3

3

�⇡

�⇡
=

⇡2

3

and for n > 1:
an =

1

⇡

Z ⇡

�⇡
x2 cos(nx) dx =

1

⇡


x2

n
sin(nx)

�⇡

�⇡
� 2

n⇡

Z ⇡

�⇡
x sin(nx) dx =

4(�1)n

n2
.

(Here we used an integral we already computed in Example 6.52.)

In this case the function f is continuous on R, so the Fourier series converges to f (x) for all x 2 R.

In particular, if we evaluate at x = ⇡:

⇡2 = f (⇡) =
⇡2

3
+ 4

1X

n=1

1

n2
,

from which we deduce 1X

n=1

1

n2
=

⇡2

6
.
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