Tutorial 7TA

Topics: more sequences; limit points

7.1 (Zeno’s Non-Paradox). For n € N, let

(
(b
(c

)
)
)
(d)

a) Write out the first few terms of the sequence (z,,).

Prove that (x,) is bounded and monotone.
Prove that sup {z, : n € N} = 2.

Find the limit of (z,) as n — co.

Solution.

(b)

(d)

137 15 31
192940 87167 "

1<z, <2forallneN. That 1 < z,, is clear from o = 1 and the fact that the sum
has only positive terms. For the other inequality we observe that x,, is a geometric sum,
hencemn:2—2in <2

That (z,) is monotone increasing is clear from the fact that the sum has only positive

terms.

As we have seen above,

S ={z,: nEN}:{2—2in: nEN},

and 2 is an upper bound for S.
Let € > 0. By the Archimedean Principle, there exists n € N such that n > 1/¢. Then
2" >n>1/¢e, s0

1 1
—<e=>2—-——>2—¢.
o = ° 2" :

We conclude (by Theorem 2.50) that sup S = 2.

(In the proof we used the fact that 2" > n for all n > 1. Practice your mathematical
induction skills by proving this fact.)

Since (x,,) is monotone increasing, we know from Corollary 3.28 that its limit is equal
to the supremum of its set of terms, hence x,, — 2. ]

7.2 (Alternating Divergent). Let (x,) be a sequence converging to a limit L € R and let (y,)
be the sequence given by y,, = (—1)"z, for all n € N.

()
(b)

Prove that if L # 0 then (y,) diverges.

What happens if L =07 Make a precise statement and prove it.

Solution.

(a)

By the Algebra of Limits, the subsequence (yor) = (%) converges to L and the
subsequence (Yog11) = (—Zok+1) converges to —L. Since L # 0 we have L # —L, so (y,)
diverges.
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(b) I claim that (y,) — 0.

Note that |y, — 0] = |yn| = |x.| = |z, — 0], so that the convergence of (x,) to 0 is
equivalent to the convergence of (y,) to 0. O

7.3 (Limit Points of N). In Example 4.5 we have seen that if a € N, then a is not a limit
point of N C R.
Now prove that if a € R\ N, then «a is not a limit point of N C R.

Solution. If a < 0, let 6 = —a. If a > 0, by the Archimedean Principle II there exists n € N
such that n — 1 < a <mn;let § =min{n —a,a — (n —1)}.

In either case we have § > 0 and 0 is the distance to the nearest natural number, so there
exists no x € N such that 0 < |z — a|] <.

Therefore a is not a limit point of N. O

7.4 (Limit Points). Find all limit points of each of the following subsets of R:

{0}, 0

7.5 (Limits from Scratch). Using the € — 0 definition of limit of a function, prove that each of
the statements below is True.

(a) 9101_%1:1

(b) :161_%1:1

(c) 3151_%9522

(d) limz =a
r—a
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(e) lima? =4

r—2

(f) lim 2® = a® for a > 0.

Tr—a

Solution.

a) Any 0 works. For example, take 6 = 1.

b) Again, any ¢ works. For example, take § = 1.
(c

(
(
(d

)
)
) Let 6 = <.
)
)

(e) Let ¢ > 0. Let 6 = min{1,e/5}. First suppose that ¢ > 5 so that 6 = 1. If |z — 2| < 1,
then 1 <z < 3s0o1<z?<9. It follows that |22 — 4| <5 =¢.

Now suppose that ¢ < 5 so that 6 = ¢/5. Since |x — 2| < 1, by the triangle inequality
le4+2|=|(zx+2)—4] < |z —2|+4<5.

Therefore
|22 — 4| = |z +2||r — 2| < 5|z —2| <55 =«

(f) Let § = min{1,&/(1+ 2a)}. Proceed as in (e), swapping 4 for a?. ]
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Topics: limits of functions, one-sided limits, sequential methods

7.6 (One-Sided Limits). Let E C R, let f: E — R be a function, and let a, L € R.
Suppose that @ is a limit point of the set E N (a, 00).
We write
lim f(z) =1L

z—at

if for every € > 0 there exists 6 > 0 such that if € E'and a < x < a+ 9, then |f(z) — L| < e.

(a) Write down the analogous definition of lim f(z) = L.

T—a

(b) Consider the function f: R — R given by

2x x> 1,
flz) =< -2z x<1,
0 T =

Sketch a graph of the function.
Prove that
lim f(x)=-2  and lim f(x)=2.

r—1— z—1t

(c) Back to the general setting.

Let ECR, f: EF— R a function, and L € R. Suppose that a € R is a limit point of
both sets E N (—o0,a) and E N (a,00). Prove that

lim f(x) = L if and only if lim f(z) =1L = lim f(z).

r—a r—a— T—a
(d) What can you say about the limit of the function f from part (b) as 2 — 17

Solution.

(a) Suppose that a is a limit point of the set £ N (—o0,a).

We write

lim f(z)=1L

r—a—
if for every € > 0 there exists 6 > 0 such that if z € F and a — 0 < = < a, then
|f(x) — L| <e.

(b) Let € > 0. Set § =¢/2. If x € R is such that 1 <z < 1+, then
|f(z) =2 =2z —2|=2]z— 1| <20 ==
Therefore lim f(z) = 2.

z—1t

The other one-sided limit is proved similarly.

Here is the graph:
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— @

(c) It follows directly from the definitions that if lim f(x) = L then lim f(z) = L =

T—a r—a~
lim f(x).
z—at

Let’s consider the other direction. Suppose lim f(z) =L = lim f(z).

T—a~ z—at
Let ¢ > 0. There exists _ > 0 such that if x+ € F and a — _ < = < a, then
|f(z) — L| < e. There exists 0, > 0 such that if z € £ and a < x < a + 04, then
[f(z) = L <e.

Let 6 = min{d_,d;}. Suppose z € E and 0 < |z —a| < 6. Then x # a and
a—)_<a—d6<zx<a+d<a+d,.

Ifxr <a,thena—0_- <x <a,so|f(x)—L|<e Ifz>a,thena <z <a+d,,so

)~ L <e.

In all possible cases we conclude that |f(z) — L| < e, so lim f(x) = L.
Tr—a

(d) By part (c), the limit of the function does not exist since the two one-sided limits at 1
are —2 # 2. O

7.7 (Inequalities and Limits of Functions). Prove Theorem 4.12:
“Let E C R, a a limit point of E, and f,g: F — R such that

lim f(z) =a and limg(z) = g.
T—a r—a
If f(z) < g(x) for all z € E, then a < 577
[Hint: Combine Theorem 4.10 and Theorem 3.16.]

Solution. By the Sequential Criterion for Function Limits (Theorem 4.10), for every sequence
(ay) such that a, € E \ {a} for all n € N and a,, — a, we have that f(a,) — «a and
g9(an) — f.

But f(a,) < g(a,) for all n € N, so by the Inequalities and Limits of Sequences Theo-
rem 3.16 we have a < . O

7.8. Prove the Sandwich Theorem for Functions, which is the following statement:
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Let E C R, let a be a limit point of F, let f,g,h: EF — R, and L € R.

Suppose
lim f() = lim h(x) = L
and
f(z) < g(x) <h(z) forallze E.
Then
lim g(z) = L.
T—a

Solution. We’ll use the Sequential Criterion for Function Limits and the Sandwich Theorem
for Sequences (Exercise 3.7).

Let (a,) be a sequence such that a, € E\ {a} for all n € N and a,, — a. Then
f(a,) — L and h(a,) — L. But f(a,) < g(a,) < h(a,) for all n € N, so by the Sandwich
Theorem for Sequences we get that g(a,) — L.

Therefore, using the Sequential Criterion again, we conclude that lim g(x) = L. ]
Tr—a

7.9. Using the Sandwich Theorem, find

2

lim z* sin(z).

x—0

Solution. We have for all x € R:

—1 <ssin(z) < 1= —2? < 2?sin(z) < 22
we have

—232)7

By Tutorial Question 7.5 (or the Algebra of Limits)
lim 2* = 0 = lim(
z—0 z—0
so by the Sandwich Theorem:

lim z” sin(x) = 0.
z—0

7.10 (Characteristic Function of Q). Let g : R — R be defined by
1 2€Q
g(x) = { 0 1¢Q
Let a € R.
(a) Prove that there exists a sequence (a,) with a,, € Q for all n € N and a,, — a.

[Hint: Use the fact that Q is dense in R, see Corollary 2.61.]

(b) It is also the case that R\ Q is dense in R. Use this to prove that there exists a sequence
(b,) with b, € R\ Q for all n € N and b, — a.

(¢) Find lim g(x) (or show that it does not exist).
Tr—a

Solution.

(a) Fix n € N and let ¢ = 1/(n + 1). By Corollary 2.61, there exists a, € Q such that
la — a,| < €, in other words

1
n -+

1
a— <ap<a+-—— for all n € N.
1 n+1

Using the Sandwich Theorem for sequences, we conclude that a, — a.
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(b) Use the exact same argument as in (a), but taking b, € R\ Q.

(¢) We prove by contradiction that the limit does not exist. Suppose L € R is such that
lim g(z) = L. Consider a sequence (a,) as in part (a). By Theorem 4.10, lim ¢g(a,) = L,
%zg g(a,) =1forallm € N, so L =1. o
Now take a sequence (b,,) as in part (b). We have nh_)rgo g(b,) = L, but g(b,) = 0 for all
n € N, so L = 0, contradiction. O
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